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Outline & Table of Contents

This document contains the solutions to the exercises in the course
material (on the slides).

@ Solutions to Topic 1: Revision of Linear Algebra & Variance/Covariance
© Solutions to Topic 2: Factor Analysis

9 Solutions to Topic 3: Introduction to Structural Equation Modeling

@ Solutions to Topic 4: LISREL (Linear Structural Relationships)

© Solutions to Topic 5: PLS (Partial Least Squares) Path Modeling

| will upload this document after the end of the course, so that you have
all the solutions for the assignment.
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Ex. 1.1: Matrix Multiplication

Execute the matrix multiplication
1 1 -1
-1 1 0
0 -2 1

2+15+(-1)-8 1-3+1-6+(-1)9
~1)2+1.54+08 (-1)-3+1-6+0-9

~N B
o O N
O O W

Solution:
1 1 -1 1 2
-1 1 0 4 5
0 -2 1 7 8
1.141-44(-1)-7
= (-1)-1+1-4+07

~ = OO W

0-1+(-2)4+17 02+(-2)5+18 03+ (-2)6+19
2 -1 0

= 3 3 3
-1 -2 -3
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Ex. 1.2: Determinants of 2 x 2 and 3 x 3 Matrices

Compute the determinants of the following two matrices

1
A:<1 2) and B = 4
3 4 7

o OC1 N
O O W

Solution:
det(A)=1-4-3-2=4—-6=-2

and

det(B) = 1-5-9+2.6-7 +3-4-8 — 7-5.3 — 8:6:1 — 9-4-2
— 45+ 84 + 96 — 105 — 48 — 72
= 225 — 225 = 0.
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Ex. 1.3: General Formula for the Determinant

Use the expansion with respect to the first column formula from page 17
of the lecture slides to compute the determinant of

B =

~N D

2
5
8

O O W

Solution: We expand with respect to the first column:

det(B) = (—1)1+1‘1~det<g S)+(—1)2+1-4‘det(§ g)

2 3
)37
+(—1) 7 det< 5 6 )

= [59-86]—4-[2:9—83]+7-[2:6—53]
— [45—48] —4-[18 —24] +7-[12—15] = —3+ 24 — 21 = 0.
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Ex. 1.4: Eigenvectors and Eigenvalues

Consider the symmetric matrix

3 1

2 0 3
A= 0o 3 0|,

1 3

2 0 2

© Compute the eigenvalues A1 > Ao > A3 and the corresponding
eigenvectors xi,X2,x3 of A (where Ax; = \;x;, i =1,2,3).
© Find an orthogonal matrix S such that

M 0 0
SIAS=S'AS=( 0 X 0 |, (1)
0 0 X3

with A1 > Ay > A3. Execute the matrix multiplication in (1) to verify
that you have chosen S correctly.
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Ex. 1.4: Eigenvectors and Eigenvalues

Solution of Part 1: We find the zeros/roots the characteristic polynomial

p(A, ) = det (A1 — A)
of A: Using the rule for the determinant of 3 x 3 matrices yields
A-2 0 -1
p(A,X) = det(Al—A) = det 0 A—3 0
: 0 P

- <)\— g)z(x—s)—<—%>2(x—3)
= <)\2—3)\+%—%>()\—3)

= (P=-3X2+2)(A=3) = A\ -1)(A—2)(A—3),

and we see that the eigenvalues are \; = 3, Ao =2, and A3 = 1.
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Ex. 1.4: Eigenvectors and Eigenvalues

To find the eigenvectors, we solve (A\j1 — A)x; =0 for j =1,2,3.

More precisely, for each value of \; we have to solve the linear system

Ai— 3 0 -3 X 0

0 Ai—3 0 y =101, (2)
1 3

-1 0 A — 3 z 0

where the eigenvector x; is denoted by x; = (x,y,z)".
We note that this is the same as solving the linear system
()\;—%)-X + 0y — %'z =0
0-x + (A—=3)-y + 0-z =0 (3)
-1.x 4+ 0-y + A—-3)-z =0

and it is also equivalent to solving A x; = \; x;. However, it is more
convenient (less computational work!) to use a system with a zero vector
on the right-hand side, and so we prefer to work with (2) or (3).
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Ex. 1.4: Eigenvectors and Eigenvalues

The mathematically economical way to solve such a linear system is to
write is as an augmented matrix (A — \; 1]0), more explicitly:

Ai— 3 0 -2 10
0 A —3 0 0 |. (4)
—3 0 A—3210

You can do this for any linear system Ax = b and would have (Al|b); the
last column contains the right-hand side b of the linear system.

On (4) (and more generally on (A|b)) we can now perform elementary row
operations (important: also apply the operation to the last column!):

@ multiply/divide a row by a real number

@ add/subtract a row from another row.

@ swap two rows

@ combinations: add/subtract a multiple of a row to/from another row
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Ex. 1.4: Eigenvectors and Eigenvalues

For A1 = 3, we first add the third row to the first row.

3 1

30 1o 1 0 10
o 0 00| - 0 0 0]0
1 3 1 3

-1 0 3o -1 0 2o

Subsequently we add 1/2 times the new first row to the third row. Then
we divide the new third row by 2.

1 0 1]0 1 0 1|0
& 0O 0 0] O & 0O 0 0] O
0O 0 2|0 0O 0 1|0
Finally, we subtract the new third row from the new first row.
1 0 0]O0 0
& 0 0 00 & xyx=al|l 1|, aeR (5
0 0 110 0

Setting x3 = (x,y,z) we get, x =0, z=0, y = « for any real number «.
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Ex. 1.4: Eigenvectors and Eigenvalues

(The notation o € R in (5) means: « is an element of the real numbers R.)

For Ao = 2, we add the first row to the third row.

1 1 1 1

2 0 2|0 2z 0 -3
0 -1 0 0 & 0 -1 0 0
1 1 0

-1 0o Ifo 0 0 0

Then we multiply the first row by 2 and multiply the second row by (—1)

1 0 -1]0 1
& 0 1 0 0 & xx=p1 0], Bek
0 0 O 0 1

In the last step we have used that the linear system provides the equations
x —z=0and y = 0 if we denote x; = (x,y,z)". Hence y =0 and
x = z = 3 for any choice of the real number 3.
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Ex. 1.4: Eigenvectors and Eigenvalues

For A3 = 1, we subtract the first row from the third row.

1 1 1 1
T2 0 -2 |0 T2 0 -2 ] 0
0o -2 o0 |0]| = 0 -2 0|0
1 1
-1 0 -ifo o 0 0o

Then we multiply the first row by (—2) and multiply the second row by
(—1/2) and obtain

1 0 1]0 1
& 0 1 00 s x3=~v| 0], ver
0 0 0|0 -1

In the last step we have used that the linear system provides the equations
x+z=0and y =0 if we denote x3 = (x,y,z)". Hence y =0, z= —x
and x =y for any real number ~.
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Ex. 1.4: Eigenvectors and Eigenvalues

We summarize our results so far:

0
A1 =3 has the eigenvectors x1=| «
0
B
Ay =2 has the eigenvectors Xy = 0
B
Y
A3 =1 has the eigenvectors X3 = 0 1,

where the real numbers «, 3,7 can have any value apart from zero.
(Eigenvectors must be different from the zero vector; hence we must
exclude « =0, f=0and v=0.)
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Ex. 1.4: Eigenvectors and Eigenvalues

Solution of Part 2: Since A is symmetric, its eigenvectors to different
eigenvalues are orthogonal. Thus we obtain a suitable orthogonal matrix S
by choosing normalized eigenvectors (i.e. eigenvectors with length 1).

From the results in the previous part of this question, the vectors
0 1/V2 1/v2
X] = 1], x= 0 , and x3= 0
0 1/v/2 ~1/V/2
are normalized eigenvectors to the eigenvalues A\; = 3, A\» = 2, and
A3 = 1, respectively, and they are orthogonal to each other. (Note: To get
a normalized eigenvector, divide the eigenvector by its length.)

Thus we choose the orthogonal matrix to be
1

1
0 7 7 0 1 0
—1 1 1
S = 1 0 0 and S/:S = ﬁ 0 ﬁ
o L _L 1 0o _ 1
V2 V2 V2 V2
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Ex. 1.4: Eigenvectors and Eigenvalues

To confirm that we have correctly chosen an orthogonal matrix S, we
execute the matrix multiplications S’S and SS'.

0 1 0 0 % % 100
ss = |5 0 5 1 0 0 = lo010 |,

5 0 - 0 5 — 001

0o X 0 1 0 100
ss' = [1 0 0 5 0 S | =010

0 % -7 5 0 - 00 1
This shows that 'S =SS’ =1 and hence S’ =S, i.e. our S is an

orthogonal matrix.
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Ex. 1.4: Eigenvectors and Eigenvalues

From executing the matrix multiplications, we find

0 1 0 30 3 0 & 5
SAS = | 55 0 5 0 3 0 1 0 0
Lo -%)\1 0 3/\0 & -5
0 1 0 N
:% % 30 0
300
= o020/,
001
as desired.
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Ex. 1.5: Mean, Variance, Covariance and Correlation

Consider the random variables X = mark of students in percentage and
Y = age of the student. In a sample of 3 students we found the values

x1 =80, x» =90, x3 =70 and y1 =24, yp =23, y3 =22

for X and Y, respectively. Estimate the covariance and the correlation
coefficient of X and Y from the sample.

Solution: From the examples on the lecture slides, we already know that
the mean of X is X = 80 and that the empirical standard deviation of X is
Sx — 10.

1 1 69
y=3Wntytys)=3(4+28+22)===23
1 _ _ —

= 5= |0 =9+ (e =7+ (- )

= % [(24 —23)2 + (23 - 23)% + (22 - 23)2} ; 12+ (-1)] =1
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Ex. 1.5: Mean, Variance, Covariance and Correlation

Hence we find that the mean of Y is ¥y = 23 and that the empirical
standard deviation of Y is sy = /1 = 1.

Next we compute the empirical covariance of X and Y

Cov(X,Y)
= 1 [P -+ G D) (e -9+ (s~ %) (5~ 7Y
= % {(80 —80)-(24 — 23) + (90 — 80)-(23 — 23) + (70 — 80)-(22 — 23)]
- % [o'1+10.0+(—10)'(—1)] :? =5,

The empirical correlation coefficient is given by

_ Cov(X,Y) 5 1
X.Y) = - _—
oX, ) Sx Sy 10-1 2
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Ex. 1.6: Formal Manipulations of Expectation Values

Let X, Y and W be random variables with expectation values px = E(X),

py = E(Y) and pw = E(W) and standard deviations ox, oy and o,
respectively. Let a, b and c be real numbers. Use

E(a-X+b-Y)=a-E(X)+ b-E(Y). (6)
to verify the following relations:
E([a(X =)+ b-(Y = )] - [e-(W = )] )
=a-c- Cov(X, W)+ b-c- Cov(Y, W),

Var(a-X) = a° - Var(X).

Solution: We start by determining the various terms from executing the

multiplication of the two terms of which we take the expectation value.
Dr. Kerstin Hesse (HHL)
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Ex. 1.6: Formal Manipulations of Expectation Values

E([a:(X = ux) + b-(Y = py)] - [e-(W = )] )

= E(a:(X = px) - - (W = jiw) + b-(Y = py) - (W = juw))

= E((a:) - (X = x)- (W = pow) + (b-€) - (¥ = py)-(W = pw))

= (2:¢) - E((X = wx)- (W = uw)) + (b-¢) - E((Y = py)-(W = )
= (a-c) - Cov(X, W) + (b-c) - Cov(Y, W),

where we have used (6) in the 4th step. We note that it was essential that
we kept the centered variables (X — px), (Y — py) and (W — pw).
To verify Var(a-X) = a% - Var(X), we express Var(a-X) as an expectation
value: Using that (from (6) with b = 0) E(a-X) = a- E(X), we have
Var(a-X) = E([a-X — E(a-X)]?) = E([a-X — a-E(X)]?)
= E(a®[X — E(X)]?) = a® - E([X — E(X)]?) = a® - Var(X).
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Ex. 2.1: Standardized Data in Example & Toy Exercise

Given the rating for vitamins (= Xj), rating for calories (= X»), rating for
shelf live date (= X3) and rating for price (= Xi) for 5 types of cereal in
the following table, compute the data for the corresponding standardized

variables Z1,...,Zs and write down the standardized data matrix:
Cereal | X; (Vitamins) | Xy (Calories) | X3 (Shelf Live) | Xs (Price)

e 4 2 3 3

& 2 4 3 3

e 3 3 3 3

€4 3 3 2 4

€5 3 3 4 2
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Ex. 2.1: Standardized Data in Example & Toy Exercise

Solution: For each random variable Xj, we first compute the mean X;
-(4+2+3+3+3) =2 =3,
(2+4+3+3+3)=2=3,
-(3+43+3+2+4) =2 =3,
~(343+3+4+2) =2 =3,

&S
Il
Q= Q= Q= Ol

and the empirical variance sj2 and empirical standard deviation s;

s$=12-(124(-124+0+0+0)=2=1 = s=5
=7 (C1P+1+0+0+0)=2=3 = =,
$5=2-(0+0+0+(-12+1?)=2=1 = 53:%,
si=3 (0+0+0+12+(-1)=2=3 =  s=75
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Ex. 2.1: Standardized Data in Example & Toy Exercise

The standardized data for the variable X; and the cereal ¢; is given by

Xji — X
zjj = SR R = V2. 2:(x;j—3), where xj; = value of X; for cereal ¢;

5j 1/ \f

Thus we find the standardized data matrix:

V2 =2 0 0 <« standardized data for cereal e;
—V?2 V2 0 0 <« standardized data for cereal e
Z = 0 0 0 0 < standardized data for cereal e3
0 0 —V2 V2 <« standardized data for cereal ¢
0 0 V2 =2 « standardized data for cereal es
T T T T

Zl ZQ Z3 Z4

where Z; is the standardized variable the corresponds to X;.
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Ex. 2.2: Some Model Equations in the Toy Exercise

Write down the model equations for each random variable X; for cereals e
and ep. Inspect the model equations:
@ What are the unknowns?
@ Compare the model equations with the equations in (multiple)
regression. Where lies the difference?

Solution We start by inspecting an individual equation: For cereal e; and
random variable Z; (standardized variable corresponding to X1) we have
the model equation:

V2 = ar1-fiita-fip+ ... +arpfip+ ULt
@ The factor loadings ajx depend on the random variable X; and the
factors Fj but not on the different types of cereal.
@ The values f; of the factors Fy depend on the different types of
cereal e; but are the same for all random variables X;.
@ The unique factors ujx depend on the random variable Xj and on the
type of cereal ¢;.
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Ex. 2.2: Some Model Equations in the Toy Exercise

r. var. model equations for e; model equations for e
Z V2=ay1-f1+aizfin V2 =ay1-h1+arzho
—|—...—|—alﬂp-f1,p+u171 +...+31,p'f27p+U271
Z V2 =ax1-fi1+axafin V2 =ax1-f1+axsho
+...tapfptup +...tapfhptup
Zs 0=a31-f11+a32f2 0=a31-h1+azzhp
+...+azphfptus +...+tazphptus
7 O=as1-fi1+as2fio 0=as1-h1+as2hho
¢ o tagpfipt g o tagyfopttng

We note that in each equation the factor loadings (coefficients) aj, and
the values of the factors £ are the unknowns.
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Ex. 2.2: Some Model Equations in the Toy Exercise

The model equation for cereal e; and random variable X3
V2=aiq-fir+aiafist...+arpfip+ uns.

looks like the equation of a (multivariate) regression.

However, in regression we would also know values for the factors, but
these are unknown!
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Ex. 2.3: Correlation Matrix

Compute the correlation matrix for our toy example.

Solution: Using the standardized data matrix from Ex. 2.1 we have

1
R=:—72
V2 —V2 0 0 0 V2 V2o 0
1| =v2 v2 0 o 0 V2 V2o 0
=l 6 0 V3 0 0 0 0
0 0 0 V2 -2 0 0 —v2 V2
0 0 V2 V2
4 4 0 0 1 -1 0 0
1| -4 0 0 ~1 0 0
"2 0o 0 4 -4 | o 0 1 -1
0 0 -4 4 0 0 -1 1
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Ex. 2.4: Communalities and Reduced Correlation Matrix

For our toy example, estimate the communalities with method 1 (see page
57 of the lecture slides) and estimate Ry, for our toy example.

Solution: In Ex. 2.3 we found the correlation matrix

1 -1 0 O
-1 1 0 O
R = f =
(rik) 0o 0 1 -1]
0 0 -1 1
and from method 1 we get the following estimates of the communalities:
= max |l = max{0,| — 1[} =1,
~2
h22 = T;g(\rzﬂ =max{0,| — 1|} =1,
hs = Tié(‘rg”” =max{0,| — 1|} =1,

R = gl = maxo. |~ 1} = 1.
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Ex. 2.4: Communalities and Reduced Correlation Matrix

To estimate the reduced correlation matrix R, = R — W, we need to

~2
replace the jth diagonal entry rj; of R by the estimate of communality h; .
Here we find that

~2

Hence
1 -1 0 0
—~ -1 1 0 0
R, =R = ,
0 0 1 -1
0 0 -1 1

i.e. the estimated reduced correlation matrix Ry, is identical to the
correlation matrix R.
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Ex. 2.5: Estimating the Factor Loading Matrix with PCA

Estimate the factor loading matrix A for our toy example using the Kaiser
criterion. Write down the explicit model equations and interpret them.

Solution: Step 1: We start by computing the eigenvalues of R = Ry,:

A—1 1 0 0
1 A—1 0 0
det(Al - R) =
0 0 A—1 1
0 0 1 A—1
A—1 0 0 1 0 0
= (—1)det| 0 Ax—1 1 |—det] 0 r-1 1
0 1 A—1 0 1 A—1

= (-1 (A== -] - [A -1 -1],

where we have expanded the determinant with respect to the first row and

then used the formula for the determinants of 3 x 3 matrices.
Dr. Kerstin Hesse (HHL)
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Ex. 2.5: Estimation of the Factor Loading Matrix

We simplify, and use the binomial formulas a®> —2-a-b + b? = (a — b)? and
> —d?>=(c—d)(c+d).

detA\l—R) = (A—1)- [A =1 —(A—=1)] = [(A—1)* —1]

= [0 -1 -200 -1+ 1= [(A 1)~

=32 =-—2ab =b2 =a
(-1’ - 1 P =[(-1-1)-(A-1+1)]’

=c? =d =c—d =c+d
= (0= A =027 4

1]
~~
=b

Thus we find the eigenvalues

Next we compute the corresponding eigenvectors by solving the linear
system (A\j I — R)b; = 0 for each eigenvalue \;.

Dr. Kerstin Hesse (HHL) Solutions: Structural Equation Modeling HHL, June 1-2, 2012 33 /126



Ex. 2.5: Estimation of the Factor Loading Matrix

For A1 = A» = 2 we have to solve:

1100|0 11000
11000 00000
@I=RIO=16011]0] @ [o0011]0
001 1|0 00000

In the first step, we have subtracted the 1st row from the 2nd row, and we
have subtracted the 3rd row from the 4th row.

Thus we obtain for the eigenvectors b = (w, x, y, z)’ the equations
(W+x:0 and y+z:0) & (x:—W and z:—y)

From these equations, two normalized orthogonal eigenvectors for

)\1:>\2:23re 1 0
1 -1 1 0

b; = — and b, = —
0 -1
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Ex. 2.5: Estimation of the Factor Loading Matrix

For A3 = A4 = 0 we have to solve:

1 1 o0 o]0 11 00]0
1 -1 0 00 00 000
(0O1-R]0) = o 0 -1 1|0 % 00 -1 10
0 0 1 —-1|0 00 000

In the first step, we have added the 1st row from the 2nd row, and we
have added the 3rd row from the 4th row.

Thus we obtain for the eigenvectors b = (w, x, y, z)’ the equations
( —w+x=0 and —y+z:0) & (x:W and z:y)

From these equations, two normalized orthogonal eigenvectors for

A3 = Ag =0 are 1 0
1 1 1 0

bs = — and by = —
0 1
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Ex. 2.5: Estimation of the Factor Loading Matrix

Step 2: We have found only 2 positive eigenvalues Ay = Ao = 2 with two
corresponding orthogonal eigenvectors

1 0
1 -1 1 0
b; = — and b, = —
0 -1
Thus we initially choose

1 0
-1 0
A= (Vb1 v dobo) = (V2by, V2bo) = | 0
0 —1

Step 3: The Kaiser criterion suggests to use only those eigenvalues \;
(and the corresponding eigenvectors b;) that satisfy \; > 1.

For our example we have A; = A =2 > 1, and hence we keep our initial
choice of A, and we have found p = 2 factors.
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Ex. 2.5: Estimation of the Factor Loading Matrix

Out of interest, we test how well A A’ reproduces the matrix R:

1 0 1 -1 0 0
, | -1 o0 1 -1 0 0 | -1 1 0 o0
AR=1 o 1 (o 0 1—1)‘ 0 0 1 -1
0 -1 0 0 -1 1

=R

We note that we are here in the unusual situation that
R=AA+ VWV with v =0.

As W is the model covariance matrix of the unique factors, W = 0 tells us
that ¢; = 0 (i.e. Var(U;) is estimated to be zero) for j =1,2,...,4. Since
by assumption E(U;) = 0, based on our sampled data we expect U; = 0
forj=1,2,...,4.

Thus, based on our sample, our factor analysis model with the two factors
appears to be an exact model without model errors.
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Ex. 2.5: Estimation of the Factor Loading Matrix

Explicit Model Equations: From

1 0
-1
A= 0 1
0 -1
we have: a11 =1, a1 =0 (for Z1); az1 = —1, a2 = 0 (for 2y);

a31 =0, azp =1 (for Z3); and as1 =0, asp = —1 (for Zy).
Thus the model equations are given by:
Z1 = a11-Fi+aipFo+ U =F + U = F,
L =a1Fhitayfh+U=-F+U=—F,
Z3 = a31-F1+az2-Fo+ U =F+ Us = F,
Zy = ai-FitaF+Ui=—-F+ U= —F,

where, in the last step, we have used that our factor analysis model
appears to be exact (no error terms U; required; see last page).
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Ex. 2.5: Estimation of the Factor Loading Matrix

Interpretation of the Model Equations and the Factors:

Z1= F+U = F,

L= —F1+ Uy = —F,

3= F+U = Fp,

Zy= —Fr+ Uy =—F,
We observe that:

@ F; is positively correlated to Xi = rating for vitamins and negatively
correlated to X, = rating for calories. Fy is uncorrelated to
X3 = rating for shelf life date and X, = rating for price.

@ F; is positively correlated to X3 = rating for shelf life date and
negatively correlated to X, = rating for price. F; is uncorrelated to
Xy = rating for vitamins and X, = rating for calories.

Thus we may interpret F1 as healthiness and F, as cost effectiveness.
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Ex. 2.5: Estimation of the Factor Loading Matrix

The diagram below describes our factor analytic model:

Z , (vitamins) +1

F, = healthiness >

Z , (calories) -1

Z, (shelf live date) ~—F1
GZ = cost effectivene%

1

Z, (price)
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Ex. 2.6: Factor Values

Compute the factor values for our toy example.

Solution: From the least squares equations we have to compute
F=(AAANZ.

We start by computing A’ A and its inverse matrix (A’ A)~1
1

1 -1 0 O -1

0 0 1 -1 0

0

20 5 0

(A'A)~! = = 1 — | 2
4\ 0 2 o1

A'A
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Ex. 2.6: Factor Values

Next we compute F’ from F/ = (A’ A)"1A’Z’.

F/ — (A/ A)—]_A/ Zl

V2 —v2 0 0 0
B 30 1 -1 0 0 V2 V2 0 0 0
_<o%><o 0 1—1) 0 0 0 V2 V2
0 0 0 V2 V2

Il
VRS
o Ni=
[ )

2v2 —2v2 0 0 0
)(0 0 0 —2V2 2\@)
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Ex. 2.6: Factor Values

Taking the transpose of F’, the matrix F of the factor values is given by

V2 0

_\/§ 0

F(fj)=1 0 0
0 V2

0 V2

We find that the factor values in our example are:
° fi1= V2 and fio = 0 for cereal e
@ L1 =—v2and fo =0 for cereal &
@ f31 =0and f35 = 0 for cereal e3
o fy1=0and f4o = —/2 for cereal e
o fs1 =0 and fs» = /2 for cereal e5
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Ex. 2.7: Interpretation

Interpret the factor values for our example.

Solution: The factor values f; 1 = V2, f1,2 = 0 for cereal e; indicate an
above average healthiness and an average cost effectiveness.

The factor values f, 1 = -2, f2o = 0 for cereal e, indicate a below
average healthiness and an average cost effectiveness.

The factor values f31 = 0, f3 0 = 0 for cereal ez indicate an average
healthiness and an average cost effectiveness.

The factor values f41 =0, f40 = —+/2 for cereal e, indicate an average
healthiness and a below average cost effectiveness.

The factor values f51 =0, f50 = V2 for cereal es indicate an average
healthiness and an above average cost effectiveness.

These interpretations agree with the ratings given as data in our example.
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Ex. 3.1: Setting up the Structural (Inner) Model

A model for the work of a software programmer on an non-pay-scale salary
is shown in the diagram below. Indicate the various latent variables and
the coefficients and error terms in the diagram, using the rules explained
on pages 71-72 of the lecture slides. For consistency, number any
exogenous (or endogenous) latent variables from top to bottom. Finally
write down the equations for the structural (inner) model.

initiative intelligence
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Ex. 3.1: Setting up the Structural (Inner) Model

Solution: Exogenous latent variables: &5 = pay/salary, {&; = intelligence.
Endogenous latent variables: 771 = motivation, 72 = initiative.

We note that we have a two-way relationship between 1; = motivation
and 7» = initiative; they influence each other.

motivation
n,

pay / salary
<y

{,—

initiative
n,

intelligence

&2
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Ex. 3.1: Setting up the Structural (Inner) Model

The structural (inner) model is given by

nm = Pr2m+71186+ 0
M = Boim +72,181 +7228 + (2

or equivalently in matrix notation
<771> < 0 ﬁ1,2><771> <71,1
_l’_
2 Bo1 O 2 2,1
ie. n=Bn+T&+¢
&1 )
(&) »
( 0 fip2 >
Bo1 O ’

§

B

(
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0
Y2,2

)(&)+(

with

V1,1
72,1
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Ex. 3.2: Reduced Model

Write down the reduced model for the structural (inner) model from
Ex. 3.1.

Solution: In Ex. 3.1 we found the linear system
<771>:<0 ﬁl,2><771)+<71,1 0)<£1>+<C1>
mn 1 O 72 Y21 72,2 &2 G )’
We subtract the first term on the right-hand side on both sides:
<771>_<0 ﬁ1,2><771):<71,1 0)<£1>+<C1>
m P21 O 72 Y21 72,2 & G )’
Next we transform the left-hand side in (7)
<771)_< 0 /31,2><771>
72 P21 O 2
(o 1) () - (o 5) ()
01 72 Bo1 O 2
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Ex. 3.2: Reduced Model
1o ¥)-(a &)%)
01 a1 O 2
_ ( 1 fpip > < m >
fo1 1 m )

We substitute the result back into (7) and get

<1 51,2><771>:<71,1 0><£1>+<C1>
Bo1 1 72 2,1 V2,2 &2 G )
—_——

= B*

*y— 1 1 —B1,2
B 1 — )
(B 1— 21012 < —B2.1 1 >

we now obtain the reduced model

(m) =@ (2 2 )(8)rer ()

With
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Ex. 3.3: Formative Measurement Model

Starting the numbering of the measurement variables at the top, indicate
the measurement variables, error terms and coefficients in the following
diagram of a formative measurement model. Then write down the
regression equation for the exogenous latent variable &5.

properties for use
in baking

easy to spread useability of a
margarine 2

shelf-by date

storage
requirements
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Ex. 3.3: Formative Measurement Model

Solution: First we complete the diagram.

useability of a -3
margarine &, 2

properties for use
in baking X,

easy to spreay,

shelf-by datex,

storage X
requirements
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Ex. 3.3: Formative Measurement Model

We note that we call the measurement variables X; because the latent
variable is an exogenous latent variable (indicated by its name &3).

(The numbering of the measurement variables is of course arbitrary; we
could equally well have started from the bottom rather than from the top.
However, a change in the numbering of the measurement variables will
also result in a change of the indices of the path coefficients.)

Likewise we call the error term ¢, since the latent variable &> is exogenous.

Further we note that the coefficient between X; and & is )é,- because the
arrow points from X; to &». (Notation: first index of the coefficient =
index of the variable that the arrow is pointing to; second index = index of
the variable that the arrow originates at.)

Regression equation for the measurement model of the latent variable:

&2 = M3 (Xe—px,) + M09 (Xo— 1)+ A5 3 (X3 — 1ix,) + A5 4 (Xa — pix,) + 02
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Ex. 3.4: Reflective Measurement Model

The diagram below shows part of a structural equation model for the
academic success of students. Numbering the measurement variables from
the top to the bottom, complete the diagram of the reflective measurement
model by indicating the variables, error terms and coefficients. Then write
down the factor analytic equations for the measurement variables.

1Q rating

marks intelligence@

hours of reguldr
study per week

effort &,

hours of extra
study
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Ex. 3.4: Reflective Measurement Model

Solution: First we complete the diagram.

o, — | 1Q rating X1 N

5, — | marks X intelligence &,

hours of regula

effort &,

hours of extra
study X,
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Ex. 3.4: Reflective Measurement Model

We note that we call the measurement variables X; and call their error
terms 0; because the latent variables are exogenous latent variables (as
indicated by their names &; and &»).

Further we note that the coefficient between X; and §; is )\f-j( because the
arrow points from & to X;. (Notation: first index of the coefficient =
index of the variable that the arrow is pointing to; second index = index of
the variable that the arrow originates at.)

Factor analytical equations for the measurement model of the latent
variables:

X1 —px, = A1 & +01
Xo = pix, = M3q €1+ X556 + 02
X3 — lix, = Ajo & + 03
Xo— pix, = \a282+ 04
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Ex. 4.1: Structural Equation Model with LISREL

The structural model for the work of a software programmer on a
non-pay-scale salary (see Ex. 3.1) has now been equipped with the
reflective measurement models for the latent variables shown below.
Indicate all variables, errors and coefficients in the diagram and write down
the equations of the measurement models. The ratings (apart from the 1Q
one) have been provided by the programmer’s superior.

average hours of
work per week

average number motivation pay / salary salary
of lines code writ

ten per week

rating for work

independence initiative intelligence 10 rating

rating for work
initiative
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Ex. 4.1: Structural Equation Model with LISREL

Solution: First we complete the diagram by indicating all variables, errors
and coefficients.

¢, | AVErage hours of &
1 work per weeky, *
salar
average number pay / salary X L
€, —| of lines code writ| 1

ten per weeky,

rating for work

! X
€3 independencsy, intelligence Nz IQrating | =g
£, X, ’
rating for work
&7 | initiative v, 4
#

Structural (inner) model (from Ex. 3.1):

m = Bi2m +7118 + G
M = Boim +7218 +7226 + ¢
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Ex. 4.1: Structural Equation Model with LISREL

Measurement Models for the endogenous latent variables:

Yi—py, = Nim+e
v measurement model for 71
Yo —py, = A1+ €2
Ys —py; = )\;2 n2 + €3
v measurement model for 7,
Yo—piy, = Ao tea
Measurement Models for the exogenous latent variables:
X1— px, = )\fl &40 (measurement model for &;)
Xo — px, = A§f2 &+ (measurement model for &)

We note that here we have only reflective measurement models.

Unlike in this example, the exogenous latent variables could (and usually
will) also have more than one measurement variable.
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Ex. 4.1: Structural Equation Model with LISREL

Finally we write the models in matrix notation.

From Ex. 3.1 we find for the structural (inner) model:

n=Bn+T&+¢
with

_ 51) _(771> _(Cl)
¢= ( &)’ =\ ) ¢= G )’
0 fip 7M1 0 >
B = ’ ) r= ’ .
< f21 O ) < 72,1 72,2
Explicitly, we have the matrix equation

mo\ _ 0 fi2 m 71 O &1 C1
<772>_</32,1 0 ><772>+<72,1 ’72,2)(52)—'—({2)'
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Ex. 4.1: Structural Equation Model with LISREL

For the exogenous latent variables, the measurement model in matrix
notation reads:

X px \ [ M1 0 &1 N o1
X2 Hx, 0 X5 & 02
or in shorter notation

x_“x:AX£+5
with
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Ex. 4.1: Structural Equation Model with LISREL

For the endogenous latent variables, the measurement model in matrix
notation reads:

Y1 vy M 0 €1
Yao | | By | _ Ay 0 mo | e
Y3 py, || 0 A 7 €3
Ya Iy, 0 )‘4Y72 €4

or in shorter notation
y-—p,=Nynte

. m
with = and
K ( m >

Y1 Iy, €1 )\}/’1 0

| 7 | kv, | e Av — Ay 0
y= Y | Hy = Hy; T ez |’ v 0 )\g/,z
Y, 1y, €4 0 )\)(2
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Ex. 4.2: Empirical Covariance Matrix

Given the data below for the measurement variables X; = yearly salary in
1000 Euros, Y1 = average hours of work per week, Y, = average number
of lines of code per week (measured in units of 100 lines of code), for a
software programmer on a non-pay-scale salary, compute the empirical
covariance matrix S.

Programmer | X1 | Y1 | Y2
el 50 | 45 | 50
e 60 | 55 | 55
€3 70 | 50 | 60

Solution: We start by computing the means of the data of the
measurement variables:

180 _

71:%(504—604—70): 60,
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Ex. 4.2: Empirical Covariance Matrix

1 150
Vi = §(45+55+50) == = 50,
1 165
Y2 = §(50+55+60) =3 =55

Hence the expectation values px,, jty, and py, are estimated by X; = 60,
v1 =50 and y; = 55. Now we can write down the centered data matrix
X11 — X1 yi1i—y Yipg— Y2

W= | x1—-X 21— Y1 22— Y2
X31— X1 31—y ¥32— Y2
50 — 60 45 — 50 50 — 55 -10 -5 -5
= | 60—60 55 — 50 55 — 55
70 — 60 50 — 50 60 — 55 10 0 5

Il

o
o
o
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Ex. 4.2: Empirical Covariance Matrix

The empirical covariance matrix is given by:

. ) —-10 0 10 -10 -5 -5
— W — — _
5_3_1WW > 5 5 0 0 5 0
-5 0 5 10 0 5
) 100404100 50+0+0 50+0+50
:5 50+0+0 25+25+0 25+0+4+0
50+ 0+ 50 25+0+0 25+0+25
) 200 50 100 100 25 50
=3 50 50 25 | = 25 25 12,5

100 25 50 50 125 25
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Ex. 4.3: Solving a Structural Equation Model with LISREL

To demonstrate the solution of a structural equation model with LISREL,

we consider the simplified model for the work of a software programmer on
a non-pay-scale salary shown in the diagram below.

average hours Zl
€,—=| of work per No=1 +
week Y, =1
11—
eiz_ 0 salary &, - 3, =

average num-

¢,—= | ber of lines of

code per wee
\E

A

© Set up the structural equation model by specifying the structural
(inner) model and the measurement model.

© Determine with the LISREL approach the model parameters in terms
of the covariances of the measurement variables.

© Use the empirical covariance matrix from Ex. 4.2 to compute the
numerical values for the parameters and interpret your results.
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Solution: The structural (inner) model consists here of the one equation:

m=m1&+G (8)
The measurement model consists of the three equations:
X1—pux, =& (since 6y = 0 and Af; = 1) 9)
Yi—py, =m +e1 (sine Ay = 1) (10)
Yo — iy, = A3y + €2 (11)

We note that §; = 0 and )\fl = 1 are chosen because the latent variable
&1 = salary is measured directly and without error (hence 6; = 0). Hence
&1 automatically has a scale. The choice )\{1 = 1 however, is simply made
to give the latent variable n; a scale.

Apart from these equations we are given the information that the error
terms 1 and €5 of Y1 and Y5, respectively, are uncorrelated, since

01, = Cov(e1,e2) = 0. (12)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

We have g = 1 measurement variables X; for {1, and we have p =2
measurement variables Y7 and Y5 for 7. Hence we get

(P+q)p+q+1) (2+1)2+1+1) 12 _
2 N 2 2
different entries in the covariance matrix of the measurement variables.

These 6 different entries in the covariance matrix are the variances

Var(X1), Var(Y1) and Var(Ya), (13)

6

and the covariances
Cov(X1, Y1), Cov(X1, Y2) and Cov( Y1, Y2). (14)

Inspecting our model (see the diagram) we find that we have also 6
unknown model parameters: From the structural (inner) model we have
the parameters

M1 $1,1 = Var(&) and Y11 = Var((1)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

and from the (outer) measurement model we have the parameters
)\éfl, 1= Var(e1) and 50 = Var(ea).

Normally we would also have to consider the parameter 935’1 = Var(d1),
but since 1 = 0 (as &3 is measured exactly) we clearly have

0‘1371 = Var(d;) = 0. (15)
As we have 6 unknown model parameters and also 6 different entries in

the covariance matrix, our LISREL model could be identifiable.

Next we use the equations (8) to (11), as well as the additional
information from (12) and (15), to compute the entries (13) and (14) of
the covariance matrix in terms of the model parameters.

Afterwards we will try to solve these 6 equations for the model parameters.
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Before we start to compute the variances (13) and the covariances (14),
we remember the assumptions from the LISREL model for our concrete
example:

E(&) =0, E(m) =0, Cov(&1,¢1) =0, (16)
E(¢1) =0, E(s1) =0, E(e2) =0, (17)
Cov(e1,m) =0, Cov(ez,m) =0, Cov(e1,&1) =0, (18)
Cov(ep,&1) =0, Cov(e1,(1) =0, Cov(ez, (1) =0, (19)

From (9) we have
Var(X1) = E([X1 — ux,]?) = E(&3) = E([&1 — E(&)]?) = Var(&1) = ¢1.1,
=0

where we have used the first equation in (16) in the second last step. This
identifies the model parameter ¢ 1 = Var(£1) uniquely:

¢171 = Var({l) = Var(Xl). (20)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

From (10) we have
Var(Y1) = E([Y1 — pw)?) = E([m + 1)) = E(nf +2me1 +¢i)
= E(n7) +2E(me1) + E(¢3)
= E([m — E(m)]?) + 2E([m — E(m)][e1 — E(e1)]) + E([e1 — E(e1)]?)
NG/ N N/ N

=0 =0 =0 =0
= Var(n) + 2 Cov(m,e1) +Var(ey)
=0

= Var(n1) + Var(e1) = Var(n1) + 61 4

where we have used the linearity of the expectation value and the
assumptions (16) to (18). So we have found the equation

Var(Y1) = Var(n) + 65 ; (21)

which contains an additional unknown Var(n;) that we need to eliminate
when we determine our parameters.
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Ex. 4.3: Solving a Structural Equation Model with LISREL

From (11) we have

Var(Y2) = E([Y2 — py,]*) = E([A1m + e2]?)
= E((A1)?m +20ymea+¢3)
= ()\3/,1)2 E(n3) + 2 )\;/,1 E(m e2) + E(¢3)
= (M)’ E(lm - E(m)]z) + 271 E([m — E(m)] [e2 — E(22)])
~3 hncul e
([62 — E 62 ]2)
_o
= ()\{1)2 Var(n1) + 2 )\{1 Cov(n1,e2) +Var(e2)
a,_/

= ()\3/,1)2 Var(n1) + Var(e2) = ()\2 1)? Var(ny) + 65 29

where we have used the linearity of the expectation value and the
assumptions (16) to (18).
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Ex. 4.3: Solving a Structural Equation Model with LISREL

So we have found the equation

Var(Y2) = (A)1)? Var(n) + 03 (22)

which also contains the additional unknown Var(7;) that we need to
eliminate when we determine our parameters.

From (9) and (10) we have

Cov(X1, Y1) = E([X1 — ux] [Y1 — pn]) = E(&1 [ +&1])
= E(&m +&e1) = E(Gam) + E(6re1)

= E([& — E(&)] [m — E(m)]) + E([&1 — E(&1)] [e1 — E(e1)))
oyl . -yl
= Cov(&1,m) + Cov(&1,e1) = Cov(&1,m),
=0

where we have used the linearity of the expectation value and the
assumptions (16) to (18).
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Ex. 4.3: Solving a Structural Equation Model with LISREL

So we have found the equation

Cov(X1, Y1) = Cov(&1,m), (23)

with the unknown Cov(1,71) that we still need to eliminate when we
determine the model parameters.

From (9) and (11) we find
Cov(Xy, Y2) = E([X1 — x| [Y1 — bv,]) = E(&1 [N 1 m + 22])
= E(\M &am +&ex) =M1 E(Gm) +E(ée)
= A1 E([6 — E(&)] [m — E(m)]) + E([&1 — E(&)] [e2 — E(e2)])
—— —— —— ——

~0 o o )
= A1 Cov(&,m) + Cov(&1,2) =AYy Cov(é1,m1),
0

where we have used the linearity of the expectation value and the
assumptions (16), (17) and (19).
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Ex. 4.3: Solving a Structural Equation Model with LISREL

So we have found the equation

COV(XL Y2) = )\;/,1 Cov(gla 771)7 (24)

with the unknown Cov(¢1,71) that we still need to eliminate when we
determine the model parameters.

From (10) and (11) we find

Cov(Y1, Y2) = E([Y1 — ] [Y2 — pv,]) = E([m + e1] (A3 m + 2])
= E()\;/,lﬂf +mez +)\;/,1€1771 +e1€2)
= A1 E(m7) + E(me2) + A1 E(e1m) + E(e1 £2)
= A1 E(lm — E(m)]?) + E([m — E(m)] [e2 — E(<2)])
—— —— N

=0 =0 =0
+221 E([e1 — E(e1)] [m — E(m)]) + E([e1 — E(e1)] [e2 — E(e2)])
=0 =0 -0 -0
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Cov(Y1, Y2) = )‘;/,1 Var(n1) + Cov(n,e2) —M{l Cov(e1,m)+ Cov(er, €2)
—— ~

-0 =0 —0:,=0

= )\;/,1 Var(771 )7

where we have used the linearity of the expectation value, the condition
(12) and the assumptions (16) to (18).
So we have found the equation

Cov(Y1, Y2) = A3 Var(m), (25)

with the unknown Var(;) that we still need to eliminate when we
determine the model parameters.

We summarize the 6 equations for the covariance of the measurement
variables on the next slide.

Then use equation (8) from the structural (inner) model to first compute
and then eliminate the unknowns Var(n1) and Cov(&1,m1).
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Ex. 4.3: Solving a Structural Equation Model with LISREL

From (20) to (25) we have the 6 equations:

Var(X1) = é1.1 (26)
Var(Y1) = Var(m) + 01, (27)
Var(Yz) = ()\3/,1)2 Var(ni) + 055 (28)
Cov(Xy, Y1) = Cov(&1,m) (29)
Cov(Xi, Y2) = AJ1 Cov(€1,m1) (30)
Cov(Y1, Y2) = AJ; Var(m) (31)

Next we use the equation (8) from the structural (inner) model to
compute Var(n;) and Cov(&1,m):
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Var(m) = E([m — En)’) = Ei) = E(hna &1 + G
=0
= E( & +2m16G+¢)
= 1 E(&) + 2711 E(& ) + E(GD)
= 711 E([& — E(&))) + 2711 E([& — E(€)] [ — E(G)])
—— —— ——

=0 =0 =0
+E([¢ — E(Q)P)
=0
= fyil Var(§1) +271,1 Cov(&1,¢1) + Var(¢)
=11 =0 =911

= 1611+ Y11,

where we have used the linearity of the expectation value and the
assumptions (16) and (17).
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Cov(&1,m) = E([& —E(él] [m —a@]) =E(&m)

=0 =0

= E(Gahi&a+al) =E(Mrmi&+&G) =711EE) +EG)
= 71E([& - E(€1)] ) +E([& - E(€1 1[¢1 — E(Cl)])
:0 —0
= 71,1 Var(&1) + Cov(&r, C1) = 71,1 é1,1,
=¢11 =0

where we have used the linearity of the expectation value and the
assumptions (16) and (17).

So in addition to (26) to (31), we have found:
Var(m) = 751611+ ¢11 (32)
Cov(&1,m) = 1,161 (33)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

We have 8 equations (26) to (33) and 8 unknown parameters 1 1, ¢11,
P11, A3y, 051, 055 and Var(ny), Cov(&1,m1). First we note that from (26)

$1,1 = Var(X1). (34)

Then we substitute the expression for Cov({1,71) from (33) into (29) and
subsequently use (34)

Cov(X1, Y1) = 71,1 61,1 = 711 Var(Xq).

Hence, we get
COV(Xl, Yl)
1= vy
Var(X1)

Then we substitute in (30) Cov(&1,7m1) by (29) and get

(35)

Cov(X1, Y2) = Ay Cov(X1, Y1),
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Hence, we get
\% _ COV(Xl, YQ)
2,1 COV(Xl, Yl) '

Next we substitute Var(n1) in (31) by (32)

Cov(Y1,Y2) = A3y [ 1011+ 1] = A3 1981 b1+ A1 ¢1a
and solve for 1)y 1

1 Cov(Yy, Y-
Y11 = — [Cov(Y1, Ya) — )\3/,1 ’Y%,l $11] = % —’Yf,l $1,1- (37)
2,1 2,1

Now we use (34), (35) and (36) to eliminate all the other parameters in
(37):

N COV(Xl s Yl)

COV(Xl, Yl
N COV(Xl, Y2)

Y11 Var(X1) )> Var(X1),

Cov( Y4, Ya) — <
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Ex. 4.3: Solving a Structural Equation Model with LISREL

and simplifying we find

. COV(Xl 5 Yl )

[COV(Xl, Yl)]2
N COV(Xl, Y2)

Y1 Var(X1)

COV( Yl, Y2) — (38)

Next we solve (27) for 67 ; and subsequently substitute Var(n) by (32)
11 = Var(Y1) — Var(m). (39)
We note that from rearranging (31)

COV( Yl, Y2)

Var(m) = =3 (40)
2,1

Substituting (40) and subsequently (36) into (39) yields

COV( Yl, Yz) COV(Xl, Yl)

) _
= Var(Y1) — Cov(X1, Y2) ’
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Ex. 4.3: Solving a Structural Equation Model with LISREL

and hence
B COV(Yl, Y2) COV(Xl, Yl)

011 = Var(Y1) Cov(Xa, Ya) (41)
Finally from solving (28) for 605 , we get
05, = Var(Y2) — (A31)* Var(m). (42)

Substituting (40) into (42) yields

2 COV(Yl, Y2) _

055 = Var(¥2) = (A2 =257
2,1

Var(Y>) — Yy Cov( Y1, Ya),

and finally substituting )‘3/,1 buy (36) yields

_ COV(Xl, Y2) COV( Yl, Y2)
COV(Xl, Yl)

05, = Var(Y2)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

We summarize the formulas (34), (35), (36), (38), (41) and (43) that
identify the 6 model parameters:

¢1,1 = Var(Xq) (44)
71,1 = % (45)
Ay = % (46)
dr1 = gzz& ::2; Cov(Y1, Ya) — % (47)
S = Var(vy) - COV(YIC’O?;S’O;ETI’ ") (48)
52 = Var(y) - L o Y2 (49)
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Finally the empirical covariance matrix from Ex. 4.2 is given by

Var(Xy) Cov(X1, Y1)  Cov(Xi,Ya)
S = | Cov(v1,X) Var(Y1) Cov(Y1, Ya)
Cov(Ya, X1)  Cov(Ya, Y1) Var(Ys)

100 25 50
= 25 25 125
50 125 25

Thus the variances and covariances are estimated by:

Var(X;) =100,  Var(Yy) =25,  Var(Ys) = 25, (50)
Cov(X1, Y1) =25, Cov(Xy, Y2) =50, Cov(Yi,Ys)=125.  (51)

Substituting the estimated values of the variances and covariances in (50)
and (51) into (44) to (49) yields:
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Ex. 4.3: Solving a Structural Equation Model with LISREL

¢11 = 100
25 1
LT R
50
N, = — =
217 125
25-12.5 (25)? 25
= — = .2 —_ — = .2 - .2 —
Y11 = oo — 6257 =625-625=0
12.5-25
=25 """ "= —25_625=18.75
7 50
50-12.5
oo = 25— —5—=25-25=0

Inspecting the model parameters briefly, we note that we have no negative
variances, since ¢ 1 = Var(§1) = 100, ¢11 = Var(¢1) =0,
03, = Var(e1) = 18.75 and 65, = 0. So this makes sense.
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Ex. 4.3: Solving a Structural Equation Model with LISREL

Next we inspect the path coefficients 1 1 = 0.25 and )‘Zl = 2 which are
both positive. This makes sense, as our logical considerations tell us:
@ The higher the salary, the higher we expect the motivation of the
software programmer to be. Hence, ;1 1 should be positive.

@ The higher the motivation of the software programmer, the more lines
of code we expect him to write per week. Hence, )‘;,1 should be
positive.

So our LISREL model result coincides with our logical considerations.

Now the model would have to be tested with model quality criteria that
are beyond the scope of this course. Also, its is clear that our sample size
was much to small to give representative results.
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

For the SEM in the example on pages 125-127 (which describes the work

of a software programmer on a non-pay-scale salary) we were given the
SEM diagram (in PLS notation) below

Measurement Block 2 fok,

@ average hours Measurement Block 1 fof,
81" —= | of work p(ez)r \
week X} B, A S o
salay &, == salary X == 81" =0
average num- {
®_m | ber of lines of
code per week
X

and we found the model equations:

=016 +C for the structural (inner) model, (52)
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

and
Xl(l) _ “xl(l) =M1&+ 59) for the measurement block for & (53)
Xl(z) — By = A28+ 5§2)
@) 1 @) for the measurement block for & (54)
Xy” — @) = A2 &2+ 0y

Now we are given the following data

Programmer Xl(l) X1(2) X2(2)

e 50 45 50
e 60 55 55
€3 70 50 60
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

(1)

for the measurement variables: X;™’ = yearly salary in 1000 Euros,

Xl(z) = average hours of work per week, X2(2) = average number of lines of
code per week (measured in units of 100 lines of code). Using equal
weights as the initial weights, execute step 1 of the PLS algorithm.

Solution: As a preparation we compute the values of the centered data:

Measurement Block 1 for £&1: We have the mean

xM =1 (50 + 60 + 70) = 182 — 60,
(1)

and hence the centered data for X;™’ is given by

oo for
4P

Y — 50 -60=—10,
Y = 60-60=0, (55)
1

x|
Ny

XY —x{Y =70 - 60 = 10.
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

Measurement Block 2 for £&5: We have the means

X = 1(45+55+50) = 180 =50, P = 1 (504 55+ 60) = 165 = 55,

Hence the centered data for X(2) is given by
X = 4550 = -
$) - x® = 55-50=5, (56)
- x® = 50-50=0,

and the centered data for X( ) is given by
=P = 5055 =5,
) - P — 55550, (57)
%2
32

—x? = 60-55=5.
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

Next we determine the initial equal weights:

Weights for measurement Block 1 for &; : wl(l) =1 (58)
Weights for measurement Block 2 for &5 : W1(2) =1 w2(2) =1 (59)

Step 1, Block 1: First we compute the data for ;. Using (58) and (55)

ma = 2wy (4} - ") = £1-(-10) = F10,

ma = 2w () —xM) =£1.0=0, (60)

ma1 = 2wl () - xM) = £1-10 = +10.

We note that here we have no summation as &; has only one measurement
variable and hence there is only one term (in the sum) in the formula for
computing the values 7,4 for 7,.
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

Next we estimate the covariance Cov(nl,Xl(l)) from the the data (60) and
(55) in oder to choose the correct sign in (60). We note that 77 = 0.

Cov(im, X{)
= 52 [ () ) 4 (4 — ) s (648 )]
= 5[@10) (=10) + 00+ (£10) - (10)] = £ [ 4100 + (100)] = 100.

Hence the estimated correlation is positive if we choose the plus sign in
(60), and then we have

n,1 = —10, n2,1 =0, n3,1 = 10. (61)

The data (61) of 7; has already mean 77 = 0 and we compute its standard
deviation

Sm = \/% (M1 +m31+151) = \/% ((—10)% + 02 +10?) = v/100 = 10.
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

Thus the data of the estimator 51 of &7 is given by

n1—"nr _

Sy
m2,1—M1
Sy
3,171
Sy

—-10 __

=30 =L

=5 =0, (62)
10

Step 1, Block 2: First we compute the data for ;. Using (59), (56) and

11 =
&1 =
§,1 =

(57), we get
mez = =+ W1(2) (X£21) _sz)) +
=+ [3(-5)+3(-5)]
M2 =+ W1(2) (X2(21) _Xlz)) +
2 = +[w® (2 ) +

wy? (4% = x7)|
W2(2) (x2(22) _X2(2)): =+ [% -5+ % O] = i%,
ol (43 )| =+ 30+ § 5] = 43
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

Using (56), (57), (63) and the facts that 77; = 0 we estimate the

covariances COV(’I]Q,XI(Q)) and COV(’I]Q,XZ(Q)) in order to choose the correct
sign in (63).

o [ (2 ) 5 (62 ) s (2 )

3—
= 1 [(+5)-(-5) + (£3) 0+ (23) 5] = 70

Hence we choose the plus sign in (63) and get the following data for 7

N

5
mpe2 = —5, M2 = M2 =3
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Ex. 5.1 (a) Step 1 of the Iterative Algorithm

We note that 73 = 0 and estimate the standard deviation of 7,

Sy = \/%(77%,2 +?7§72 +"7§,2) = \/% ((_5)2 + (%)2 n (%)2> _ % _ 52_\/§

Thus the data of the estimator {‘Al of &1 is given by

£10 = M2TR — 2:(=5) 2
) 57]2 5\/§ \/§7

oo = 227 _ 2(5/2) _ 1

) 5U2 5\/5 \/37

1

V3

(64)
632 _ M2 _ 2:(5/2) _

Sno T 543

For the subsequent steps we summarize the results from (62) and (64):

Data for estimator é\l of &: &1=-1, &1=0, &i1=1 (65)

Data for estimator 52 of &1 10 = —%, §22 = %’ §32 = % (66)
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Ex. 5.1 (b) Step 2 of the Iterative Algorithm

Using the results from Ex. 5.1 (a) for the structural equation model given
in Ex. 5.1 (a), execute step 2 of the iterative algorithm with the centroid
weights scheme.

Solution: Step 2, Approximation for £1: The latent variable &; is only
linked to §&. Thus the data for p; = e &5 is given by

pn1=€12&n2 with e1,2 = sign of 60\‘/(517 5A2) (67)
From (65) and (66) we find
Cov(ér, o) = 7 11610+ 61600 + 631630
2 1 1| _ 3
(1) (-F)+0- L1 L] = (68)
Hence we have e; > = 1, and (67) becomes

Pn1 = €128n2 = &n2. (69)

NI= W
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Ex. 5.1 (b) Step 2 of the Iterative Algorithm

Substituting the data (66) into (69) yields
PLI= T R1=T5 1=
and since this data is already standardized we have v,1 = p,1. Thus,
) __ 2 _ 1 _ 1
data for v1: vy = ~ 3 21 = 3 V31 = /3 (70)

Step 2, Approximation for £&»: The latent variable & is only linked to &;.
Thus the data for p» = e 1 & is given by

Pn2 =€1&n1 with €,1 = sign of 60\\/(52,51) (71)

Since (/:&({2,51) = (/:&({1,52) we have from (68) that e; 1 =1, and (71)
becomes

Pn2 =€1&n1 =E&n1- (72)
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Ex. 5.1 (b) Step 2 of the Iterative Algorithm

Substituting the data (65) into (72) yields
p12 = —1, p22 =0, p32 =1,
and since this data is already standardized we have v,1 = p,1. Thus,

data for vy: V1o = -1, Voo = 0, V32 = 1. (73)
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Ex. 5.1 (c) Step 3 (Mode A) of the Iterative Algorithm

Using the results from Ex. 5.1 (a) to (b) for the structural equation model
given in Ex. 5.1 (a), execute step 3 of the iterative algorithm.

Solution: New Weights for Bock 1: The new weight is given by
w = Cov(X, 1)

L {08 =)y w8 = x?) v + (8 = ) v
[(~10) - (—ﬁ) +0-2+10- L] =1 % =53

where we have used the data (55) for Xl(l) and the data (70) for vy.

|
‘H

N[—= W)

New Weights for Bock 2: The new weights are given by
w? = Cov(X?, 1)

= 31 [(Xﬁ) - XF)) V12 + (Xézl) Xf2)) 22+ (% 2 —@) 1/3,2]

= 4[(-5) - (-1)+5-0+0-1] =3 =25,
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Ex. 5.1 (c) Step 3 (Mode A) of the Iterative Algorithm

W2(2) = 60\\/(X(2) )

= 2 [0 =) o+ (68 - ) o+ (43 — D) v

= 2[(-5)- (-1)+0-0+5-1] =¥ =5
where we have used the data (56) and (57) for Xl(l) and Xz(z), respectively,
and the data (73) for vs.

Summarizing we have found the following new weights for the next step 1:

Weights for measurement Block 1 for &3 : (1 =5-v3~8.66 (74)

Weights for measurement Block 2 for &5 : W1(2) =3, (2) =5 (75)
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Ex. 5.1 (d) One More Iterative Step

Using the results from Ex. 5.1 (a) for the structural equation model given
in Ex. 5.1 (a) to (c), execute a second iterative step of the iterative
algorithm.

Solution:

Step 1, Block 1: First we compute the data for n;. Using (74) and (55)
ma = 2w (Y — x) = £5. V3 (~10) = 50 V3,
M1 = jzwl(l) (xéll) — £ )) 4+5-v3-0=0, (76)
NOJ
X1

) =£5-V3-10 = £50 - V/3.

1
M1 = in( ) (X3,1

Next we estimate the covariance Cov(m,Xl(l)) from the the data (76) and
(55) in oder to choose the correct sign in (76). We note that 777 = 0.
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Ex. 5.1 (d) One More Iterative Step

60\"(771’)(1(1))
= L [n 1(X§11)—Xf”)+n (X2(11)_X£ ))+n31(§1) {))}
= 5[(:F50'f)'(—10)+O-0+(i50'f)'(10)] = 4500 - /3.

Hence the estimated correlation is positive if we choose the plus sign in
(76), and then we have

ni = —50-V3, n2,1 =0, 3,1 =50 - V3. (77)

The data (77) of 71 has already mean 77 = 0 and we compute its standard
deviation

Smo= \/% (77%,1 + 77%,1 + 77%,1)
= \/%((—50 -v/3)2 + 02 + (50 - v/3)2) = V/75000 = 50 - V/3.

Thus the data of the estimator 51 of &7 is given by
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Ex. 5.1 (d) One More Iterative Step

_ ma—Tm _ —50-v/3 _ 1

51,1 Snp 503 )
_ Ma-m 0 _

52,1 - Snp 50-v/3 07 (78)
_ mai—T _ 50.V3 _ 1

53,1 — Sy 503 .

Step 1, Block 2: First we compute the data for . Using (75), (56) and
(57), we get

ma = %[ (] =) + i (3 - )]

=+ [3-(-5)+5 (-5)] =F%, (79)
ma = | (] = xD) 4wl (] - )| =[5 5450 = +Z,
Mo = =+ :wl(z) (7 =) + P (3 - xz(z)): —+ (30455 =425
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Ex. 5.1 (d) One More Iterative Step

Using (56), (57), (79) and the facts that 77; = 0 we estimate the

covariances COV(’I]Q,XI(Q)) and COV(’I]Q,XZ(Q)) in order to choose the correct
sign in (79).

a(n% X(z))

= 5t [mo (62— xP) +ma (6§~ xP) + s (42— 5]
= 3 [(F2) - (=5) + (£2) -5+ (£5) - 0] = +£3%0 = £125,
Cov(ma, X))

= 3711 [771,2( fz) —X2(2)) + 12,2 (Xézz) —Xéz)) +773,2( .5,2) —X§2))}

= 3 [(F3) (-5)+ (£2) - 0+ (£5) - 5] = £222.
Hence we choose the plus sign in (79) and get the following data for 7

75 25
me=—5, me =5, m32 =5,
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Ex. 5.1 (d) One More Iterative Step

We note that 73 = 0 and estimate the standard deviation of 7,

2 2 '
Snp = \/%(77%2 +77§,2 +77?2,,2) = \/% ((—%) + (275) + 52) _ @

Thus the data of the estimator {‘Al of &1 is given by

£10 = ma2—"m _ 2 (_ﬁ) — __15
1.2 S 5.v/127 2 127’
_ M2 _ 2 25 _ _5
22 = Snp 54127 2 127’ (80)
¢ _ M2-m 25 _ 2
3,2 S 5./127 127

For the subsequent steps we summarize the results from (78) and (80):

Data for estimator 51 of &11 §11=-1, &1=0, &1=1. (81)
Data for estimator é of &1 &0 = —\/%, &= \/%, &0 = % (82)
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Ex. 5.1 (d) One More Iterative Step

Step 2, Approximation for £&1: The latent variable &; is only linked to &».
Thus the data for p; = e; > &> is given by

Pn1 = €12&n2 with e12 = sign of 60\\/(51,52) (83)
From (81) and (82) we find

6&/(51752): 11612+ 82180+ 83,1630]

71 |
(1) (&) 40 21 2] = Sl (84)

Hence we have e; > = 1, and (83) becomes

N w

Pn1 = €128n2 = &np2- (85)
Substituting the data (82) into (85) yields

pry = —15 pog = 5 P31 = —2
1,1 57 2,1 57 31 = o
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Ex. 5.1 (d) One More Iterative Step

and since this data is already standardized we have v,1 = p, 1. Hence,

. _ 15 _ _5 _ 2
data for Vi V11 = _\/T_7’ 7/27]_ = \/TT?’ V31 = \/T_7 (86)

Step 2, Approximation for £&»: The latent variable & is only linked to ;.
Thus the data for po = e 17 is given by

pn2=€1&n1 with e.1 = sign of 60\\/(52,51) (87)
Since 60\\/(52,51) = 60\\/(51,5) we have from (84) that e;; = 1, and (87)
becomes
Pn2 =€1&n1 =E&n1- (88)
Substituting the data (81) into (88) yields

p12 = —1, p22 =0, p32 =1,
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Ex. 5.1 (d) One More Iterative Step

and since this data is already standardized we have v,1 = p, 1. Hence,
data for vs: v = —1, 1o =0, v3p = 1. (89)
New Weights for Bock 1: The new weight is given by
Wl(l) = Eo\v(X(l), V1)
= 21 [ =) v+ (4] = ) o+ (4 — xV) w4

N[=

[(-10)- (~ A& ) +0- 2o +10- 2] =10 — 82~ 754
where we have used the data (55) for Xl(l) and the data (86) for v;.
New Weights for Bock 2: The new weights are given by

W1(2) = (/ZJ/(X(z), )

- L [(xﬁ) ) vio 4+ (82 = xP) s + (42 — 5 m]

Dr. Kerstin Hesse (HHL) Solutions: Structural Equation Modeling HHL, June 1-2, 2012

111 / 126



Ex. 5.1 (d) One More Iterative Step

(2) Conz) 1(-5)-(-1)+5-0+0-1] =32 =25,
2 2

2) =
wi? = Cov(X () )
= 799 [(Xg) Xé N+ (Xézz) - x2(2)) V22 + (xg(,zz) ) 1/372]
(=5 )+0-0+5-1] =8 =5

N[=

where we have used the data (56) and (57) for Xl(l) and Xz(z), respectively,
and the data (89) for vs.
Summarizing we have found the following new weights for the next step 1:

M 8 ~758  (90)

Weights for measurement Block 1 for & @ wy™ = —=
Weights for measurement Block 2 for & : W1(2) =3, W2(2) =5 (91)
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Ex. 5.1 (e) Further Iterative Steps

Inspect the results and computations from Ex. 5.1 (a) to (d) for the

structural equation model given in Ex. 5.1 (a), and in particular compare
(

the weights qu) from the two iterative steps and observe their effect. Use
your observations to predict the results of subsequent iterative steps.
What happens after the third iterative step?

Solution: We start by comparing the weights computed in the first and
second iterative step: In both iterative steps we had (see (75) and (91))

W1(2) =3 and W2(2) =5, (92)
i.e. the weights for measurement block 2 have not changed. For the
weight Wl(l) of measurement block 1 we had different values in the two
iterative steps. In the first step we had wl(l) =513~ 8.66 (see (74)),
and in the second step we found (see (90))

wit) = 85~ 754 (93)
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Ex. 5.1 (e) Further Iterative Steps

Next we inspect the computation done in the steps of the algorithm and
consider what will happen in the third iterative step:

Step 1, Block 1: Here we compute first

i1 =g () — 1), (94)
where the sign has to be chosen such that 60\\/(771,X1(1)) is positive, and
afterwards we standardize the data for 7; to obtain data for &;.

So far all our values for Wl(l) have been positive We note that in (94), if
) > 0 and if we choose the plus sign, the data for 7; is just a positive
multiple of the data for Xl(l). Thus if Wl(l) > 0 and if we choose the plus

1
wy

sign, fo\v(m,Xl(l)) will have the same sign as

Cov(XM, XMy = var(x) > 0.

Hence for positive weights Wl(l) we must choose the plus sign in (94),
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Ex. 5.1 (e) Further Iterative Steps

and we get L
1 1 1
1= (7). (95)
Next we note that, because the data (95) for 71 is obtained by multiplying
the centered data of Xl(l) with a positive factor, standardizing the data for
11 will give the same result as standardizing the data for Xl(l). Hence for

positive weights wl(l) the data for £A1 does not depend on the value of the

(1)

positive weight w;™’ and we get always the same result as in the first and
second step (see (65) and (81)), namely

§11=-1, §21 =0, &1 =1 (96)
In particular we will get (96) in the third iterative step.

Step 1, Block 2: Here we first compute

o = £ (62 ) ol (3P o

n,
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Ex. 5.1 (e) Further Iterative Steps

where the sign has to be chosen such that 60\\/(772,X1(2)), 60\\/(772,)(2(2)) or
both are Eositive, and afterwards we standardize the data for 7, to obtain
data for &.

As the weights W1(2) and w2(2) are still the same as in the previous step, we
will also get the same results for the data for & as in the previous step,
namely in the third iterative step we get (see (82))

_ 15 _ 5 _ 2
§12 = — 759 §22 = 5= $2= 75 (98)

So in the third iterative step we have found exactly the same values for the
data of &1 and &> as in the second iterative step.

Step 2, Approximation of &1 and & in the inner model: Here we have two
identical weights from the centroid weighting scheme given by

€120 =61= sign of 60\\/(5175\2)
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Ex. 5.1 (e) Further Iterative Steps

As the data for 51 and é in the third iterative step is the same same as in
the previous iterative step, their empirical covariance is also the same and
we find (see (84))

e1p=e1=1

Thus the data for p; and ps is given by the same formulas as in the
second iterative step and we have (see (85) and (88))

Pnl1 = gn,2 and Pn2 = gn,l (99)
As the data of 5 and é\z was already standardized, (99) immediately
implies for the third iterative step

Vp1 = gn,2 and Vn2 = gn,l
which is just the same formula as in the second iterative step.

As we found in step 1 that the data of £A1 and é\g in the third step has the
same values as in the second step, the data for 1 and v in both steps has
also the same values and we find (from (98) and (96))
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Ex. 5.1 (e) Further Iterative Steps

_ 15 _ _5 _ 2
V11 =~ e V21 = e V31 = Jige (100)
Vip = —1, V22 = 0, V32 = 1. (101)

(See (86) and (89) in the second iterative step for comparison.)

Step 3, computation of the new weights: The new weights are computed
with the formulas

Wl(l) = (/:O\V(Xl(l), V1), W1(2) = (/:O\V(Xl(z), 1), W2(2) = (/:O\V(Xz(z), ),

and as we have the same data (100) and (101) for v and v in the third
and second iterative step, we will also get the same weights as in the
second step. Hence, we find (see (90) and (91))

Wl(l) = 8~ 754, W1(2) =2 and W2(2) =5. (102)
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Ex. 5.1 (e) Further Iterative Steps

Further Iterative Steps: As weights at the beginning of the forth iterative

step (see (102)) are the same as the weights at the beginning of the third

iterative step (see (92) and (93)), it is clear that any further iterative steps
will produce exactly the same results as the second and the third iterative

step.

What happens after the third iterative step? After each step we have to
test the stopping criterion, and in the third step we get (for the first time)
the same weights as in the previous step. Computing the stopping
criterion after step 3, we therefore find

1 w 1
‘(Wl( ))ne _ (Wl( ))o|d|’
/A = max ‘(Wl(z))new _ (Wl(z))old|’ =0
|(W2(2))new _ (W2(2))old‘

and the iterative algorithm stops.
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Ex. 5.1 (f) Values of the Latent Variables and Path Coeffs.

Using the results from Ex. 5.1 (a) to (e) for the structural equation model
given in Ex. 5.1 (a), stop the iterative algorithm after the third step and
compute the estimates of the latent variables and the path coefficients.
Inspect your results.

Solution:

Final Values for the Latent Variables: From the considerations in

Ex. 5.1 (e) we know that the values of another application of step 1 (after
the end of the third iterative step) provide the following final values for &;
and & (see (96) and (98)):

§11=—1, §,1=0, §31=1, (103)
{120 = —\/11—5777 & = \/%777 §32 = \/% (104)

Computation of the Path Coefficients: Here we have to compute only one
path coefficient 521 (for the arrow pointing from &; to &»).
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Ex. 5.1 (f) Values of the Latent Variables and Path Coeffs.

The matrix =5 contains here only the data for the final values of the one
variable &1 (as this is the only variable from whom an arrow points to 7).
Thus (using (103))

§11 -1
So=| &1 | = 0|,
3,1 1

and the vector &, contains the final values for & and is given by (use
(104))

_ 15

51,2 V127
5

52 = 52,2 = Vizr
2

€32 Vs

The coefficient 351 is computed with the least squares formula
Bo1 = (25 32) 1556, (105)
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Ex. 5.1 (f) Values of the Latent Variables and Path Coeffs.

We start by computing (5 =Z5)71,
-1
=,=, =(-1,0,1) 0 | =(-1)2+0°+1>=2

and thus

Next we compute

__15
V127
=282 » s \/? Vi27 | V12t \/ﬁ
127
Substituting (107) and (106) into (105) yields
—1=r 1,17 17

52 1= (—2 =2 =282= 73" V127 2+/127 ~ 0.754.
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Ex. 5.2: Comparing the PLS Model and the LISREL Model

Compare the coefficients of the PLS model from Ex. 5.1 with the LISREL
model from Ex. 4.3. To do this, you need to consider the standardized
coefficients, because the variables in the two models are scaled differently.

For a regression equation

X—pux=m&+7n&+. .. +Ym&n +9,

where § is the error term and 1,72, . ..,vm the coefficients, the
standardized coefficients 7y; are given by

~ o¢; standard deviation of §;
= —L = . 108
W= ox g standard deviation of X (108)

For computing the standardized coefficients, we have to estimate the
standard deviations in (108) by the empirical standard deviations s¢; and
sx computed from the data.
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Ex. 5.2: Comparing the PLS Model and the LISREL Model

Solution: For the PLS model (diagram below) we found (3,1 ~ 0.754. To
standardize 5> 1 we need the standard deviations for the final data of {;
and &. As & and &> are standardized we have o¢; = 5¢, = 1 and

o¢, = S¢, = 1, and the standardized coefficient for 3,1 is

521—/321 s —ﬁ21~0745
2

Measurement Block 2 fok,

? average hours
31— | of work per
week X%

Measurement Block 1 fof,

\

average num-
ber of lines of
code per wee<

Xg

(2)
2
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Ex. 5.2: Comparing the PLS Model and the LISREL Model

For the LISREL model (diagram below) we found that 711 = 0.25 = 1/4,
and we computed Var({1) = ¢1,1 = 100. Hence the empirical standard
deviation s¢;, = 10. The variance of 7; was no directly computed, but from

40), (51) and AY. =2 we have
( 2,1
COV( Yl, Yg) 12.5

Var = = = 6.25,
and so s, = v/6.25 = 5/2. Hence the standardized coefficient for 1 1 is

__ Se 1 10
AT T 5

average hours Zl

€,—| of work per
week Y,
65,=0

average numt

e,—= | ber of lines of

code per wee
Ya
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Ex. 5.2: Comparing the PLS Model and the LISREL Model

The standardized coefficients for the path from &; to & (PLS) and & to m;

(LISREL), respectively, in the inner structural model are B2,1 ~ 0.745

(PLS) and 711 =1 (LISREL). So we note the two models give slightly
different results for our example.
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