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Introduction

The aim of this introduction and also of the very first lecture in this course is to
give an idea and overview what the course is about: naturally you will not
yet understand everything mentioned in this introduction, since you will encounter
some of the topics for the first time in this course. Likewise the introduction should
not be seen as a comprehensive summary of the course, because some important
concepts will only be mentioned by name but not explained.

Let us start by taking a look at the table of contents: The course has six chap-
ters, and the diagram in Figure 1 below shows how the various chapters
are interrelated. You may notice that the last chapter is the longest one. In fact,
Chapter 6 is rather important and has the purpose to bind together several indi-
vidual concepts encountered in this course, but also in your first year courses, and
give them a common framework. You will also find that the material in Chapter 6
is rather useful for analysis and calculus based courses that you might take in your
third year!

I will now give a brief overview of the topics covered in this course.

We start the course in Chapter 1 with a revision of material that you should have
seen in some form in your first year classes: a power series centred at xg is a series
of the form

oo

ch(x—xo)":co+cl(x—x0)+02(x—x0)2+...+cn(x—x0)"+...,

n=0
and we want to know for which values of x the power series converges. For this
purpose we determine the radius of convergence p: we then know that the power
series converges for all z satisfying |x—x¢| < p and diverges for all z with |x—z¢| > p.
A special type of power series is the Taylor series centred at zy of an infinitely
often differentiable function f, given by

() (g
S L e
n=0 :
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Figure 1: Interrelation of the various topics covered in this course.

We also encounter Taylor’s formula which gives a polynomial approximation of a
(k+1)-times continuously differentiable function f by the terms of the Taylor series
with n < k.

The Chapters 2, 3, and 4 are all devoted to the Riemann integral: The Riemann
integral is the usual integral that you will have encountered in school; the Riemann
integral of a (continuous) function f over an interval [a,b] is defined as the area
under the graph of f from x = a to x = b, as illustrated in Figure 2 below.

In order to compute the area under the graph of f from x = a to x = b, we will start
by filling out (or covering) the area under the graph by rectangles as illustrated in
the left picture (and right picture, respectively) in Figure 3. The sum of the areas of
the rectangles is clearly an approximation of the area under the graph, and we call
the sum of the areas of the rectangles in the left picture a lower sum and the sum
of the areas of the rectangles in the right picture an upper sum, respectively. The
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b

f(x) dx = area

: a
i

a b

Figure 2: Riemann integral as area under the graph.

idea is then to shrink the base of each of these rectangles further and further and
so to obtain in the limit the area under the graph. This is discussed in Chapter 2.

Ya Ya

—

Figure 3: Approximation of the integral by the lower sum and the upper sum.

In Chapter 3, we derive some criteria to determine whether a function is Riemann
integrable, and we prove important properties of the Riemann integral.

In Chapter 4, we introduce the notion of a primitive: a primitive (or antideriva-
tive) of a given function f is a differentiable function F' such that

F =
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For example, the function F(x) = 23/3 is a primitive of f(z) = z?, since (z*/3)' =
(322/3) = 2%, and G(z) = sinz is a primitive of g(x) = cosz because (sinx) =
cos z. With the help of the so-called indefinite integral we can describe primitives,
and we use the indefinite integral to prove the fundamental theorem of calculus which
links differentiation and integration. The fundamental theorem of calculus says
the following: Let f be a continuous function and let F' be a primitive of f, then

/ f@)dz = F(b) — Fla).

If we replace f by F” (since F' is a primitive of f), then the link between differ-
entiation and integration becomes even more obvious:

b
/ F'(z)dx = F(b) — F(a);
and we see why differentiation and integration are ‘inverse’ operations to each other.

In Chapter 4, we also prove techniques for evaluating integrals, namely, integra-
tion by parts and integration by substitution (or change of variable). We
also learn the so-called integral test for checking the convergence of a series of real
numbers.

In Chapter 5, we discuss the convergence of sequences of functions. Given

a sequence {f,} of functions f, : [a,0] — R, we can ask if there is some function
f i [a,b] — R such that

JLIIolo folz) = f(x) for all x € [a, b]. (0.1)
If this is the case we say that the sequence {f,} converges pointwise to the
function f. (The notion ‘pointwise’ is motivated by the fact that at every fixed
point x € [a,b] the sequence {f,(z)} C R converges to the real number f(z).) If
(0.1) holds and if all the functions f,, and f are Riemann integrable, can we then
interchange the limit and the integral, that is, does

JLIIolo ab fn(z)de = /ab (7111_{20 fn(x)> dx = /ab f(x)dx (0.2)

hold? The answer is in general no! In order to have (0.2), the sequence { f,,} needs to
converge in a stronger sense than pointwise. This new stronger type of convergence
is called uniform convergence on the interval [a,b]; it is a non-trivial concept
and we will therefore not try to explain it here. Once we have introduced uniform
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convergence, we will discuss the interchanging of the limit and the integral (as in
(0.2)) and also under which conditions we have

i 502~ 2 (1 1)

n—oo dr  dx

if the sequence {f,} consists of differentiable functions f,. Finally we will apply all
these results to series of functions, with a particular attention to power series.

Chapter 6 finally ties various ideas together that we have discussed in this course
and that you have learnt in previous mathematics courses. We start by discussing
distance functions, usually called metrics, and so-called norms for linear spaces.
The simplest example of a distance function is the usual distance on the real line
R, given by

distance of z € R and y € R = d(z,y) = |z — y|.

An example of a norm is the Euclidean norm of R3,

(@, y,2)|l2 = Va2 +y>+ 2%, (2,y,2) € R

In the Euclidean space R? with || - ||o, we measure distances by

d((l’, Y, Z)? (l’/, y/> Z/)) = ||(l’, Y, Z) - (xla y/> Z/)H? = \/(ZL’ - l’,)2 + (y - y,)+(z - Z,)2>

and we see, for the example of the Euclidean norm, that a norm induces a distance
function. A set with a distance function is called a metric space, and a linear
space with a norm is called a normed linear space.

In a metric space we can measure distances with the metric (or distance function),
and this allows us to discuss convergence and Cauchy sequences. (Remember
the e-definition of convergence in R: it really makes only use of having a distance
function.) Definitions of convergence and Cauchy sequences are now given for gen-
eral metric spaces (or normed linear spaces), but we find that all notions of con-
vergence and Cauchy sequences that we have learnt before (for example,
convergence in R and uniform convergence) are special cases of these general
definitions. We also discuss the concept of completeness of a metric space (or a
normed linear space): A metric space is complete if every Cauchy sequence con-
verges to some element in the space. For example, the real numbers R with the
distance function d(x,y) = |z — y| are a complete metric space, since every Cauchy
sequence {a,} in R converges to some a € R.

Finally we define open (sub)sets and closed (sub)sets in a metric space (or a
normed linear space), and we will derive some criteria for checking whether a
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set is closed. These concepts are entirely new material, and it would be difficult to
try to explain them here. As an elementary example, consider the real line R with
the usual distance function d(x,y) = | — y|: here open intervals (a,b) are indeed
open subsets of R, and closed intervals [a, b] are indeed closed subsets of R.



Chapter 1

Power Series, Taylor Series, and
Taylor’s Formula

This chapter is mainly revision of material covered in first year. In Section 1.1, we
will introduce power series and investigate their convergence. More precisely, we
will learn how to determine the radius of convergence p of a given power series

ch(x—xo)":co+cl(x—x0)+02(x—x0)2+...+cn(x—x0)"+...,

n=0

and we will learn that the series converges absolutely for all x € R with |z —xo| < p
and diverges for all x € R with |x — zg| > p. The Taylor series of an infinitely
often differentiable function f centred at z(, given by

N f(n) (o)

- (x —z)" + ...,

£ (5, /
ZfT(!)(x_xo)n:f($0)+f($0)($—mo)+...

is a special type of of power series, and Taylor series are briefly discussed in Sec-
tion 1.2. We raise the question whether, at those points x with |x — zg| < p, the
Taylor series converges to the function f. The answer is in general no, and we give
an example to illustrate this. In Section 1.3, we introduce Taylor’s formula which
allows us to approximate a given (n+ 1)-times differentiable function by a so-called
Taylor polynomial (the Taylor series up to a degree n) and gives an representation
of the approximation error. Taylor’s formula can be used to investigate whether
the Taylor series of an infinitely often differentiable function f converges for x with
|z — x| < p to the function f.



2 1.1. Power Series

1.1 Power Series

In this section we define power series centred at zy, and we learn that there
exists an p with 0 < p < oo such that the power series converges for all  with
|z — xo| < p and diverges for all x with |z — x| > p. This number p is called
the radius of convergence. We will learn two useful theorems that can often be
used to find the radius of convergence, namely the ratio test and the root test
for power series. These are proved with the help of the ratio test and root test for
series of real numbers. We discuss several examples.

We start with a motivating example.

Example 1.1 (geometric series)
We know by the ratio test that the geometric series

Zx":1+:)3+:)32+:173+9:4—|—...—|—:)5"+...

n=0

is absolutely convergent if |x| < 1 and is divergent when |z| > 1. If |z| < 1, the
limit is 1/(1 — x). If we treat x in the above example as a variable, we obtain a
function f : R — R given by the series

f(x) :sz”, r € R,
n=0

and we know that its value at || < 1 is the limit 1/(1 — x) of the series, whereas
the series diverges for |x| > 1. This is a simple example of a power series. O

Power series are to be viewed as a special type of sequences of functions as we
will elaborate below.

Definition 1.2 (power series)
A power series centred at xq is an expression of the form

ch(x—xo)" =cotc (x—m)Fea(w—20)*+.. . Fcn(z—20)"+..., (1.1
n=0
where x € R is the variable, o € R a fixed point, and ¢, € R, n € Ny, are the
coefficients. The point xq is called the centre of the power series, and we will
also say that the power series (1.1) is centred at xg.
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Example 1.3 (Example 1.1 continued)
In Example 1.1 above, the centre of the power series is o = 0 and the coefficients
are ¢, = 1 for all n € Nj,. O

Example 1.4 (power series)
The power series

2 (2(71_}3:)! (1) =2 T o= (=1)”

n=0

has the centre o = —1 and the coefficients ¢, = (—=1)"/(2n + 1)!, n € Ny. O

A central question is the convergence of a power series (1.1). More precisely, we
will want to know at which points = € R a given power series converges. For a
fixed = € R, the series (1.1) is just a series of real numbers, and we can make
use of our knowledge about series in R.

As a starting point, recall the definition of convergence of a series in R and two
useful criteria for determining whether the series converges.

Definition 1.5 (convergence and absolute convergence of a series in R)
Let {a,} be a sequence in R. The series

> an (1.2)

is convergent if the sequence {s,,} of the partial sums

=Y,
n=0
converges, that is, if for all e > 0 there exists N = N(¢) € N, such that
|Sm — sk| = Zan<5 for all m >k > N.
n=k+1

The series (1.2) converges absolutely if the series

oo
> laal
n=0

CONVETGES.
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Lemma 1.6 (necessary but not sufficient condition for convergence)
If a series (1.2) of real numbers converges then we have lim, . |a,| = 0. The
condition lim,, . |a,| = 0 is necessary but not sufficient for the convergence
of (1.2). If lim,, . |a,| # 0, then the series (1.2) diverges.

We give some examples of convergent and divergent series of real numbers.

Example 1.7 (series of real numbers)

(a) Za” converges if |a] < 1 and diverges if |a] > 1 (geometric series).
(b) Z n  diverges, because the sequence {n} does not have the limit zero.

(c) —  converges if v > 1 and diverges if v < 1 (not obvious).

We will learn later in this course how to prove statement (c) very neatly with
the so-called integral test. O

The above definition of the convergence of a series of real numbers is in practice not

very useful. Useful criteria for testing the convergence of a series are given by the
ratio test and the root test.

Lemma 1.8 (ratio test for series in R)
Let {a,} be a sequence of real numbers. Then the series

> ay (1.3)

converges absolutely if there exists a real number o with 0 < a < 1 and an
integer N € N such that

Ap+1
Qp

<a<l for alln > N.

In particular, if
(p41
Qp

lim
n—oo

=0,

then the series converges absolutely if 3 < 1 and diverges if 3 > 1. If =1,
then the ratio test is inconclusive: the series could either converge or diverge.
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Lemma 1.9 (root test for series in R)
Let {a,} be a sequence of real numbers. Then the series

Z a, (1.4)

converges absolutely if there exists a real number o with 0 < a < 1 and an
integer N € N such that

Vla| <a<1 for alln > N.

In particular, if
lim {/|a,| = 0,

then the series converges absolutely if 5 < 1 and diverges if 3 > 1. Iff =1,

then the root test is inconclusive: the series could either converge or diverge.

It is important not to forget the absolute values in the definitions above.

We note that the first condition for the convergence in Lemmas 1.8 and 1.9 is more
general, since the limits lim,, . |a,41|/|a,| and lim, ., {/|a,| need not exist.

Let us return to power series. In analogy to series is R, think of a power series
[e.e]
Z e (— x0)", x € R, (1.5)
n=0

as a sequence {s,,} of partial sums, where the partial sum s, is given by

sm(x) = co(w—m)", xER (1.6)

Note that s, is a polynomial of degree m. In order to determine for which x (1.5)
converges, we need to determine for which values of x the sequence {s,,(z)} C R
converges. For each fixed x, (1.5) is a series in R, and we can apply the ratio test
or the root test to determine whether the series converges for this x.

Example 1.10 (convergence of geometric series)

o0
E "
n=0

Consider the geometric series

Then for a fixed z € R

lim {/|z"| = lim {/|]z|* = lim |z| = |z|,
n—oo n—oo n—oo
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and the root test yields that the series converges for |z| < 1 and diverges for
|z| > 1. For the case |z| = 1 the root test gives no information. Likewise, for a fixed

z e€R
n+1
lim

n—oo

= lim |z| = |z,
n—oo

and the ratio test yields that the series converges for |z| < 1 and diverges for
|x| > 1. For |z| = 1, the ratio test gives no information. O

Definition 1.11 (radius of convergence)
Consider a power series

> o (a — o)™ (1.7)

Then the quantity

n=0

p = sup {|x —x9| : x € R for which ch (x — xo)" converges}

is called the radius of convergence of the series (1.7).

Remark 1.12 (radius of convergence)

Definition 1.11 allows 0 < p < oo. (Remember that the supremum is the least
upper bound.) We have to distinguish essentially three cases where the radius
of convergence is concerned:

(1) p =0 means that the series converges only at x = xo (clear from the defini-
tion of p).

(2) p = oo implies that the series converges for all x € R (not obvious).

(8) 0 < p < oo means that the series converges absolutely for x € (xy—p, xo+p)
and diverges for x € R\ [zg — p, o + p] (not obvious).

The next Theorem shows that statements (2) and (3) in Remark 1.12 are true.

Theorem 1.13 (radius of convergence)

[e.e]
Z e (x — x0)",
n=0

and let p be its radius of convergence. Then the series converges absolutely
for all x € (xg — p, o+ p). The series diverges for all v € R\ [xg — p, o + p).

Consider the power series
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Note: The statement = € (zg — p, o + p) is equivalent to saying that x satisfies
|z — 29| < p. The statement that = € R\ [xg — p, o + p| is equivalent to saying that
x satisfies |z — zo| > p.

Note: The properties of p in Theorem 1.13, namely that the power series converges
absolutely for all x € (zg — p,zo + p) and diverges for all z € R\ [zg — p, o + p),
determine p uniquely.

Proof of Theorem 1.13: Consider a fixed z € (¢ —p, o+ p). From the definition
of the radius of convergence, there exists some y € (xg—p, o+ p) such that |z—zq| <
|y — zo| < p and such that

(e}

E Cn —LUO

n=0

converges. Thus {|c, (y — z0)"|} is a sequence that tends to zero as n — oo, and is
therefore bounded, that is, there exists some K > 0 such that |c, (y — x9)"| < K
for all n € Nj.

We will now estimate |c, (x —x¢)"|. From |c, (y —xo)"| < K for all n € Ny, we have

(I—l’o)n
len (x—20)"| = e (¥ —20)" 3
(y — x0)"
x—xo|"
= ey o] [F20
Yy— 2o
< g2 (1.8)
Yy — o

We see that from (1.8), |x — xo|/|y — zo| < 1 (since |z — xo| < |y — x¢]), and the
geometric series that

Z|C“ x — xo)"

Z k2= mol )
-0 |y—x0\
———

<1

Thus the power series converges absolutely at x.

That the series diverges for x € R\ [zg — p, o + p|, that is, for x with |z — x| > p,
follows directly from the definition of the radius of convergence. O

With the help of the ratio test for sequences of real numbers (see Lemma 1.8) we
can derive a convenient test for finding the radius of convergence of a power series.
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Theorem 1.14 (ratio test for power series)
Consider the power series

ch (x — x)". (1.9)

Suppose that the limit

N B |cn+1‘
o= lim
n—oo |Cn|

(1.10)

exists, where we also allow infinity as the value of the limit. Then p := 1/0 is
the radius of convergence of the power series, and the power series (1.9)
converges absolutely for all v € (xg — p,xo + p), and diverges for all
x € R\ [xg — p,z0 + p).

Note that the ratio test assumes that the limit (1.10) exists in [0, co], which is not

always the case.

Proof of Theorem 1.14: Let us for the moment consider an arbitrary fixed x. By
the ratio test (see Lemma 1.8), the series

ch (x —a0)" (1.11)

converges absolutely if the limit

lim |Cngr (= x0)" ] I |Cny1]

nmoo e (@ — o) oo ol

|z — 20| = 0 |x — 20| (1.12)

is less than 1. Thus the series (1.11) converges absolutely if
olr—x| <1 & |lx — o] < 1/0.

If o|lx—x0| > 1, we know from (1.12) and the ratio test for sequences of real numbers
that the series (1.11) diverges.

We found that the power series (1.9) converges absolutely for z with |z — x| < 1/0
and diverges for x with |z —xg| > 1/0. Thus we see from Theorem 1.13 that p = 1/
is the radius of convergence. O

Example 1.15 (radius of convergence determined with ratio test)
Find the radius of convergence p for each of the following power series:

(@) S ntam, (b) ZZ—T, © S () Z%@—m

Solution: Using the ratio test yields the following:
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1)!

(a) o= lim (”+' )': lim (n+1) =00, thus p=1/0=0.

n—oo n! n—oo

. /(n+1)Y nt I B B
O o= T | T G T kg 0 = to=ee
n+1

(¢) o= lim " = lim |r|=|r|, thusp=1/c=1/|r|.

n—oo | r7 n—00

o ED (427 (1) /)y —
(d) a—nh_)rrgo =07+ 12 —Jirgom—l, thus p=1/0 = 1. O

With the help of Lemma 1.9, we can also derive a root test for determining the
radius of convergence of a power series.

Theorem 1.16 (root test for power series)
Consider the power series

ch (x — x)". (1.13)

Suppose that the limit

o= lim {/|c,|
exists, where we also allow infinity as the value of the limit. Then p := 1/o is
the radius of convergence of the power series (1.138), and the power series

(1.13) converges absolutely for all x € (xg — p,xo + p), and diverges for all
r € R\ [zg — p,x0 + p].

Proof of Theorem 1.16: Let us consider a fixed arbitrary x € R. From the root
test for series in R (see Lemma 1.9), we know that the series

Z Cn (T — )" (1.14)

converges absolutely if

lim +/|c, (x — zo)?| = nh_)ngo Vel |x — xo| = 0|z — 20| < 1.

n—~o0

This means that the power series (1.14) converges absolutely at z if | —xy| < 1/0.
From the root test for series of real numbers, we know that the series (1.14) diverges
if

lim {/|c, (x — zo)"| = o |x — x| > 1.

n—oo

Hence the power series (1.13) diverges for = with |x — x¢| > 1/0.



10 1.1. Power Series

Since we have shown that the power series (1.13) converges absolutely for z with
|z — 29| < 1/0 and diverges for |x — xy| > 1/0, we see from Theorem 1.13 that
p = 1/0 is the radius of convergence. O

Note that the root test assumes that the limit lim,,_,o, {/|c,| exists in [0, co] which
is not always the case. The root test is not so easy to apply as the ratio test, since
it is not always straight-forward to determine lim,,_ o, {/|c,|.

Example 1.17 (radius of convergence determined with root test)
Determine the radius of convergence of

@ X6 S ey

with the root test.

Solution.:

(a) o= lim /7= lim /FTF = lim |r| = |rl, thus p=1/o=1/|r]
(b) o= lim YD)/ (n+1)2] = Jim (n + 1)72/" = lim e~ 2(r+D/n — 1

n—oo

(since Jirrololn(n+1)/n:0), thus p=1/o0=1. O
If all coefficients ¢,, with even indices or all coefficients ¢, with odd indices vanish,
then we cannot write down the ratio |c,41/c,| since it is undefined for even n and
odd n respectively. Thus the ratio test for power series cannot be applied! However,
we can just use the ratio test for sequences in R (that is, Lemma 1.8) to find the
radius of convergence as shown in the next two examples.

Example 1.18 (ratio test for power series cannot be applied)
In the power series

Yo =142+t a5+

n=0
all coefficients cg 1 with odd indices n = 2k+1, k € Ny, are zero. Thus the quotient
|¢ni1/¢n| is undefined if n is odd. Hence we cannot apply Theorem 1.14. However,
we may apply the ratio test for sequences in R (see Lemma 1.8) to the series directly
for each (fixed) x, ignoring the vanishing terms. We have

|:L’2(n+1)|

2| _
22|

=z |z|? — |z|? as n — oo.
Therefore the series is convergent if |z|*> < 1, that is, if |#| < 1, and diverges if
|z|> > 1, that is, if |z| > 1. Thus we conclude that the radius of convergence is

p=1 O
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Note: If we want to only describe the coefficients ¢, with odd indices n, we
represent all odd non-negative integers by n = 2k + 1, k € Ny, and work with coxy;.
Likewise, if we want to only describe the coefficients ¢, with even indices n, we
represent all even non-negative integers by n = 2k, k € Ny, and work with cy.

Example 1.19 (ratio test for power series cannot be applied)
Determine the radius of convergence of the power series
n ,.2n 2 4 6 2n

R AL R el =1

n=0

Solution: Since cory1 = 0, k € Ny, we cannot apply Theorem 1.14, but we may
apply the ratio test for sequences in R. Since
(=D 2/ 2n+2)1] . (2n)!

2
oo |(—1)mz2/(2nl)] B o) T L il e oy

=0<«1

for all x € R, the series converges absolutely for all z € R. Thus the radius of
convergence 1s p = 00. O

A general formula for determining the radius of convergence of a power series that
can always be applied can be given with the help of the limit superior.

Definition 1.20 (limit superior and limit inferior)
The limit superior limsup,, . a, of a sequence {a,} C R is defined by

limsup a, = lim (sup{a, : m >n}).

n—oo

The limit inferior liminf,, . a, of a sequence {a,} C R is defined by

liminf a, = lim (inf{a, : m >n}).

n—oo n—oo

Example 1.21 (limit superior and limit inferior)
The alternating sequence {a,} defined by

az, =1, (k41 =~ 7, k € N,
does not have a limit, but it has a limit superior and a limit inferior. Indeed,

limsupa, = lim (sup{a, : m >n}) = lim 1 =1,

n—oo n—oo
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and 1
o i (s > Ctm Y
hr?l 1Or01f an, nh—>H<>10 (inf{a, : m >n}) kh—>n<;lo ? 0

We see that the limit superior and the limit inferior are in general not the same. O

A sequence {a,} C R converges if and only if the limit inferior and the limit superior
are the same.

Lemma 1.22 (convergence of a sequence of real numbers)
A sequence {a,} C R converges if and only if both the limit superior and the
limit inferior of {a,} exist and

lim sup a,, = liminf a,,.

n—o0 n—00

After this preparation, we can give the general formula for the radius of congergence.

Theorem 1.23 (general formula for the radius of convergence)
The radius of convergence p of the power series

Z Cn (T — x0)"

n=0
s given by the formula
1
pi=—, where o = limsup v/|c,|. (1.15)
g n—oo
The geometric series formula
ix”: ! for z € (—1,1)
—~ 1—=x

(which we have also used in the proof of Theorem 1.13) is the basis for a number of
useful power series expansions. For example, if |(—z?)| < 1 then

[e.9] [e.9]

1 1 9 9
1 —|—:l?2 1— (—5172) Z( L ) Z( ) L
n=0 n=0
Here we may think of —2? as a new variable, that is, by letting y := —22, we have

1/(1 —y) =3 >2 y™ for |y| < 1. Replacing y by —2? we obtain the above power
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series for 1/(1+x?) which is absolutely convergent for | —z?| < 1, that is, for || < 1.
If |z| > 1, we see that the series diverges, since {|(—1)" z?"|} does no longer tend to
zero as n — 0o. Thus we find that p = 1.

Example 1.24 (power series derived from the geometric series)
Expand each of the following functions into a power series at the given centre and
find its radius of convergence:

(a)

2

1
with z¢ = 0, (b) with a > 0, 2o =0, (¢) = with 2o # 0.
T

1— a3 a? + x2

Solution:

(a) We expand 1/(1 — 23) with the geometric series with the argument y = 23 and

:L"2 o0 [e.e]
=2 E ¥ = E 2, if |2%] < 1.
1—a3
n=0

n=0

obtain

The series converges absolutely if |#3| < 1, that is, if |x| < 1, and it diverges if
|z| > 1 (since for |z| > 1, {|z3" 2|} does not tend to zero as n — oo). Thus the
radius of convergence is p = 1.

(b) We rewrite the function and then expand with the help of the geometric series:

n=

T [1f @] [1—(36— ())] =§§;(— )

T oo . l,2n 0 . l,2n+1 ) T\ 2
= S (V' =D () ey i |- (g) <1
n=0 n=0
By the ratio test for series in R, we have
|(_1)n+11.2(n+1)+1/a2((n+1)+1)| |:l?|2 |:L’|2
[(—1)ra2ntl g2 T2 as n — 00.

Thus the series is convergent if |z|*/a® < 1, that is, if |z| < a, and the series diverges
if |z|?/a® > 1, that is, if |z| > a. Thus the radius of convergence is p = a.

(c) We rewrite the function and then expand with the help of the geometric series:

1 1 1 1 o) To— 1T n o0 ([L’ _ xo)n
— = —= = — E _ —= E —1 ni,
T (:)3 — :L"o) + o To (1 _ M) Zo < Zo ) ( ) xSH

xo

n=0
if |z — z|/|xo| < 1. By the ratio test, we have

—1)nt1 n+2
o= i LD
n—eo [(=1)" /a5

= lim \x0|_1 = |xo|
n—oo
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Thus the radius of convergence is p = 1/0 = |zo|.

Alternatively, we could have determined the radius of convergence as follows: We
know that the geometric series has the radius of convergence p = 1, and hence the
power series is absolutely convergent if |(zg — x)/xo| < 1, that is, if |z — x¢| < |z0]-
From the convergence of the geometric series, we also know that the power series
diverges if |(xg — x)/xo| > 1, that is, |x — xo| > |zo|. Thus we find that the radius
of convergence is p = |z O

Remark 1.25 (functions similar to 1/(1 — z))

In the examples above, we try to rewrite the function in the form 1/(1 —vy) with
y of the form y = c(x — xy)7, where ¢ is a constant and v € N a fized integer.
The known expansion of the geometric series with y as argument gives then a
power series expansion centred at x.

1.2 Taylor series

In this section we will briefly discuss a particular type of power series, the so-called
Taylor series of an infinitely often differentiable function centred at xg.

Definition 1.26 (Taylor series of f centred at x)

Let I be an open interval, and f : I — R be a function that is infinitely often
continuously differentiable on I. Let xy € I. Then the Taylor series of f
centred at x( is defined by

. fn)
> ! n(l%) (z — 2o)"
n=0 ’

(o)
1!

f‘//(xo)
2!

= f(zo) + (x — xo) + (x—20)* +...+ —F (z—20)" + ...,

where by definition 0! := 1.

As with every other power series we can determine the radius of convergence
of the Taylor series. The fact that we have determined the Taylor series starting
with an infinitely often continuously differentiable function f raises the following
question.

Question: If p denotes the radius of convergence of the Taylor series of f centred
at xg, does this Taylor series converge for all z € (xy — p,zo + p) to f(z)?
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The answer is in general no!

Example 1.27 (Taylor series of ¢” centred at xy = 0)
Compute the Taylor series of f(z) = e” centred at o = 0 and inspect it for conver-
gence.

Solution: The exponential function f(z) = e® is infinitely often continuously dif-
ferentiable on R. We know that (e*) = e®. Thus f™(z) = e for all n € N,
and

FO)=F(0)=..= f0) = =1,

and we obtain the Taylor series

=1 r z* P 7
Zoax =+ gttt (1.16)
Since
1 ! !
/(n+1) -_" = ! — 0 as n — 00,
1/n! (n+1)! n+1
we see that ¢ = 0, and, from the ratio test, the radius of convergence is p = oc.
The Taylor series of e” centred at xy = 0 converges absolutely for all z € R. O

Example 1.28 (Taylor series of cosz centred at z, = 0)
Determine the Taylor series of f(z) = cosz centred at zp = 0, and find its radius of
convergence.

Solution: The function f(x) = cosx is infinitely often continuously differentiable
on R. Thus we can compute the Taylor series centered at o = 0. We find that

f(z) = cosz, f(z) = —sinx, f"(z) = —cosx,

o F®)(z) = (=1)F cos z, FED(3) = (=1)F*sin
Since sin0 = 0 and cos0 = 1, we see that

fER0) = (=% ke Ny
fEHD0) =0,  keN,.
Thus the Taylor series of cosx centred at xq = 0 is given by
2 4 6 8 10

= (-1)F o R
kz(%)!x -Gt o gty ot (1.17)
—0
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From the ratio test for sequences of real numbers

(D) 2k 2) ) ||
1 — 1 —0<1 forallzeR
e (D) 22 (2R o SRy k) 0T orafve®

and the series converges for all x € R. Thus the radius of convergence is p = co. O

Example 1.29 (Taylor series of Inz centred at zy = 1)
Determine the Taylor series of f(z) = Inx centred at xy = 1.

Solution: Since the function f(x) = Inx is infinitely often differentiable on (0, co),
we can compute the Taylor series of f centred at o = 1. We have

()" (n—1)!

1 (—1)

f@) =1, @)= -2

@) =5 f@) =

x?

f(1) = Inl1=0;
f™(1) = (=) Yn—1)! for all n € N,

and the Taylor series of f(x) = Inx centred at xy = 1 is given by

n

n=1 n=1
From the ratio test, we have

DY+
D" /] (D) |

Thus ¢ = 1, and the radius of convergence is p = 1/o = 1. The Taylor series of
f(z) =Inxz centred at xy = 1 converges for x € (1 —1,1+1) = (0,2). O

Example 1.30 (Taylor series of a polynomial)
Let p: R — R be a polynomial of degree m

p(x):aml’m+am_1xm_l+...+a1x+a0

with the coefficients ag,aq,...,a,_1,a,, € R. Then the Taylor series of p about
xo = 0 is just the polynomial p itself.

Proof: We compute the derivatives of p at zo = 0. Since p is a polynomial of degree
m, we have that p(® = 0 for all n > m. For k < m, we have

f0)=ag, f(0)=a;=1a;, fP0)=2ay, ..., fP0)=nla,, ...(n<m).
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Thus we see that the Taylor series of p about zy = 0 is given by

DEECIES S
n=0 n n=0
as claimed. O

Example 1.31 (function whose Taylor series vanishes)
Let the function f : R — R be defined by

e~ 1/ if x # 0,
f@»_{o if x = 0.

It can be shown that this function is arbitrarily often continuously differentiable (not
trivial!). Thus we can compute its Taylor series centred at xy = 0. Computation
of the derivatives and making use of lim,_ oz *e~1/=* = ( for all k € N, yields that
all derivatives of f vanish at xy = 0. (These computations are not triviall) Since
f™(0) =0 for all n = 0,1,2,..., the Taylor series is zero. Since the function f is
only at the point xqg = 0 zero, we see in this case that the Taylor series converges
on R, but only at the point xq = 0 does it converge to f. O

Remark 1.32 (Taylor series of f does not need to converge to f)

From the last example we see that the Taylor series of an infinitely often differ-
entiable function f (centred at a point xq), with radius of convergence p > 0,
need not converge to the function f in any point from (xro— p, o+ p),
other than x, itself.

In the next section we will learn a criterion for checking whether the Taylor series of
an infinitely often continuously differentiable function f (centred at xy) converges
at a given x to f(x).

1.3 Taylor’s Formula

Taylor’s formula (centred at ) gives an expansion of a (n+1)-times continuously
differentiable function f as a polynomial of degree n, given by

n ) (g .
salw) = S L (o
k=0 '
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and a remainder term, which describes the ‘error’. Taylor’s formula is a general-
ization of the mean value theorem.

Theorem 1.33 (Taylor’s Formula)

Let f: (a,b) — R be (n+1)-times continuously differentiable, and let xo € (a,b).
Then for any = € (a,b), x # xo, there exists some & strictly between xy and x
(that is, £ € (xg,z) if xg < x and x € (x,x0) if © < o) Such that

n ) (2,
1) =3 oyt g,

k
" (n)
= o)+ Flao) @ —z0) + 1 gO) (@—zof+...+1 n(,%) (z — 20)" + Ry
(1.19)
with the remainder term
FrD(E) +
= — " 1.2
where by definition 0! := 1. (Note that £ occurs only in the remainder term.)
We call the sum on the right-hand side of (1.19), that is,
"L (g
sala) = 3 T (g
k=0
" (n)
— f(a0) + f@o) (@ —w0) + L ;9;"0) (@ —zof+...+1 n(,%) (z — 20)"

the Taylor polynomial of f of degree n centred at xo. The formula (1.19)
is called Taylor’s formula (up to degree n centred at xy). Note that & depends
onn, xo and x.

Remark 1.34 (some properties of Taylor’s formula)
(1) Forn =0 we get the mean value theorem:
f(@) = f(zo) + f1(§)(x —w0), with € (z,20) if ¥ < xp and § € (w0, 7) if 20 < 7

(2) For polynomials p of degree m the last term disappears if we take n = m, so that
Taylor’s formula reads

p/l(xo)
2!

p(x) = p(wo) + p'(wo)(x — o) +
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(3) We shall interpret Taylor’s formula as a polynomial approximation of the
function f with an explicit remainder term R,.

Remark 1.35 (connection with Taylor series)

If the function f in Taylor’s formula is infinitely often continuously differentiable
on (a,b), then we can also compute its Taylor series centred at xy. We see that the
Taylor polynomial of f up degree n is the partial sum

n ) (4 .
Sp(x) := Z / k(' ) (x — )
k=0 '

of the Taylor series centred at xy, and we can write Taylor’s formula (1.19) as

n (k) o N (n+1)
)= sale) = 1) = 3 L o <, = L)

(SL’ o xo)n—i-l'

We see that the Taylor series of f centred at xo converges at the point x to f(z) if

and only if
(n+1)
M 17(2) = snlo)] = Jimg [ = i, Hanfn) (= a0)"™| =0

With the help of Remark 1.35, we can now check for which z the Taylor series of
the function f (centred at o = 0) in Examples 1.27 and 1.28 does converge towards
f(z). Whether the Taylor series of f(z) = Inx centred at xy = 1 (see Example
1.29) converges to f(z) = In(z) for x € (0,2) is not obvious from considering the
remainder term, and therefore we will it not discuss it here.

Example 1.36 (Examples 1.27 and 1.28 continued)
Before we discuss the individual examples, we observe that

n

lim =0  foralla>0. (1.21)

This can be seen as follows: Choose a fixed integer N such that 2a < N, or
equivalently, a/N < 1/2. Then for all n > N

O<an at @ @ @ <aN AN 0 asn—
- = P p— R — — —
—nl NI\(N+1)(N+2) n) — NI \2 ’

where the estimate follows from a/m < o/N < 1/2 for all m > N. From the
sandwich theorem we see that (1.21) holds true.

Now we can show that in Examples 1.27 and 1.28 the Taylor series of the function
f centred at xy = 0 converges for all z € R to f(x).
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(a) In Example 1.27, we considered the Taylor series of f(x) = e centred at xzy = 0,
which converges absolutely for all x € R. For any x € R, we have

f(n+1) (5) xn—l—l
(n+1)!

e
(n+1)!

elél |x|n+1 elzl |1’|n+1

=)l S e

n+1

oisnlz'

where we have used that 0 < [£] < |z| (since & lies strictly between 0 and z). Thus
from the sandwich theorem and from (1.21),
e\x\ ‘x|n+l

0 < lim |R,| < lim

n—oo (n 4+ 1)! =0,

that is, lim, . |R,| = 0. Thus the Taylor series (1.16) of f(z) = e” centred at
xo = 0 converges for every x € R to e”.

(b) In Example 1.28, we computed the Taylor series of f(x) = cosx centred at
xo = 0, which converges absolutely for all x € R. We have, for all z € R,

‘.flf|2k

(=1)kcosé :
(=1)*cos ¢ fn+1=2k
FltD(g) ‘ (2k)! ke (2k)! o |
0 < |Ra| = | Tpyp 2™ =
(n+1)! EDMSING | o e o
(2k+1)! SCES N ’

where we have used that |sin&| < 1 and | cos¢| < 1. From (1.21), we see that both
upper bounds tend to zero as n — oo, and thus £ — oo, and from the sandwich
theorem lim,, ., |R,| = 0. Thus the Taylor series of f(x) = cosz centred at zo =0
converges for every z € R to cosx. O

Now we will prove Theorem 1.33. The proof uses Rolle’s theorem which says the
following: Let a < b, and let f : [a,b] — R be a continuous function satisfying
f(a) = f(b). If f is differentiable in (a,b), then there exists a point £ € (a,b) such
that f'(£) = 0.

Proof of Theorem 1.33: For simplicity we will only consider the case x > x.
(The case x < xy can be treated analogously.) Fix x > z( and consider the function

W)
2!

Ru(y) = f(x) — fly) — f'(y)(z —y) (x—y)” -

where y is the independent variable. Let us find the derivative of R,,:

fm(y> ([L’ _ y)2 _ f/;('y> 2(1, _ y))

R (y) = —f’(y)—(f”(y)(:v—y)—f'(y))—( 51
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(n)
o=y = T e =),

- _<M

n!

Carefully making all cancellations we get

fo (y)
n!

R(y) = — (z —y)". (1.22)

Now we consider the function

<%@%=Raw—(x‘y)wﬂa@w

T — 2o

We observe that G, (z¢) = G,(x) = 0, where we have used that R,(z) = 0. Since
G, is continuously differentiable on (z, ), we now from Rolle’s theorem that there
exists a & € (zo, x) such that G}, (£) = 0. From (1.22) we obtain for G/,

(n+ 1)z —y)"

FU D (y) w, (n+D(@—y)"
= T T (—y)" + (z — zo)" Ra(o),
and Substituting z = £ yields
() (n+1)(z—&)"

0=G ) =-1—H@-g+

R, ().
(x — o)t (o)
We bring the first term on the other side of the equation and multiply with the
factor in front of R, (zo). Thus

F0(E)

(n i 1)' (SL’ — Io)n+1 = Rn<l’0)

Substituting the definition of R, (x¢) into the formula above, now yields (1.19) and
completes the proof. O

Now we will use Taylor’s formula to obtain a polynomial approximation of a
function as explained in Remark 1.34 (3).

Example 1.37 (polynomial approximation with Taylor’s formula for e*)
We have f)(z) = e® for all k € N, hence, f(0) = f/(0) = ... = f0(0) = ® = 1.
Thus Taylor’s formula centred at xqg = 0 up to order n reads

2 " et

xXr
T =1 4+ = ntl 1.23
e +:L"+2!—l- +n!+(n+1)!x , (1.23)
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0.4

-0.6 -0.4 -0.2 (o] 0.2 0.4 0.6

Figure 1.1: Approximation of f(z) = e® (red) by its Taylor polynomial centred at
zo = 0 of degree n = 0 (green), n =1 (yellow) and n = 2 (blue).

with some & strictly between 0 and x. We want to use Taylor’s formula to approx-
imate %! by a polynomial of degree n = 2 and to get an error estimate for the
quality of the approximation. From Taylor’s formula (1.23) with n = 2,

es

—?| < —|z)?, (1.24)

. 1+a+ : =
e’ — — || =
2 6 6

where we have used in the last step that 0 < |£| < |z| (since & is strictly between 0
and ) and that the function f(x) = e® is monotonically increasing. The right-hand

clel

side gives an estimate for the approximation of e” by its Taylor polynomial of degree
n = 2. For x = 0.1, we find that the error has the upper bound

0.1 2 0.1
01 (1 Lol 2) )' < % (0.1)® ~ 0.000184,

Since z = 0.1 is rather small, we obtain a fairly decent approximation of e’ by the
Taylor polynomial of degree n = 2. For large x, the approximation of e by the
Taylor polyomial of degree n is only a good approximation for rather large n. O

Example 1.38 (Taylor’s formula for cosz centred at z = 7)
Write down Taylor’s formula up to the power 2n for f(z) = cosx centred at xo = .

Solution: As we have seen in Example 1.28, we have for f(x) = cosz

() = (=1)*cos x, fE#HY () = (=1 tsinx, k € Np.
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Since cosm = —1 and sinm = 0, we have f(7) = —1, and
fE (1) = (—1)k+! and fEHD(r) =0, k € Ny.

Thus Taylor’s formula up to degree 2n for f(x) = cosz centred at xo = 7 reads

)2 4
cosx:—l—l—(x 2'7T) e 4'7T) +...+(—1)n+1(

r—m)? (=1)""lsiné
el @it 1)

( _ )2n+1

)

with some ¢ strictly between x and 7. O

Example 1.39 (Taylor’s formula as a polynomial approximation)
Consider f(z) = cosx. We want to estimate the difference between f(z) and its
Taylor’s polynomials of degree n centred at o = 0 for n =0,1,2, 3.

(a) Let n = 0. Then, from f'(z) = —sinxz,
f(x)=f0)+ f'(&)z & cosz =1— (sin¢)x,
for some ¢ strictly between 0 and x. Since |siné| < 1, we have

|cosz — 1] = |siné] |z| < |z]. (1.25)

(b) Let n = 1. Then from f'(z) = —sinz and f"(z) = — cosx,

f"(€)
5 v

cozsf 22

f(x) = f0)+ f'(0)z + & cosz =1— (sin0)z —
with some ¢ strictly between 0 and z. Since f'(0) = sin0 = 0, the second term on
the right-hand side vanishes, and we have, because |cos¢| < 1,

cos§

5 % = |cosz — 1] = cos§x2

2

< = (1.26)

2
cosxr —1=— i
2

While the approximation of cosz is in both (1.25) and (1.26) the constant function
with value 1, we observe that (1.26) is a better estimate if |x| < 1.

(c) Let n = 3. Then f'(z) = —sinz, f"(x) = —cosz, and f”(x) = sinz, and
Taylor’s formula up to the order 2 centred at zy = 0 reads

r?  siné

—1-=
cosx 5 5 x°,

with some ¢ strictly between 0 and x. Thus

z? [sing| 5 J2l®
—(1——= || =—= < —. 1.27
CoS T ( 5 )) 6 |lz]* < 6 ( )
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Figure 1.2: Approximation of f(x) = cosx (red) by its Taylor polynomial of degree
n =0 (green) and n = 2 (yellow)

(d) Repeat the same argument with n = 3. From f'(x) = —sinz, f”(x) = —cosz,
f"(z) = sinz, and f®(z) = cosz, and sin0 = 0 and cos0 = 1, we find

z?  cos&

cosx:1—5+ 1 x°,

with some ¢ strictly between x and 0. This implies that

v’ | cos ] J*
—(1-L)| = 1 B
CoS ( 2)‘ 1 lz]* < od

This formula gives a very good approximation for cosx with small z. Namely, if
x = 0.1, we have

| cos(0.1) — 0.995] < ~ 4.167 x 107,

240000

This is why our interpretation of Taylor’s formula as a polynomial approximation
with an explicit remainder makes sense. O

Remark 1.40 (other forms of Taylor’s formula)
Under the same assumptions as in Theorem 1.33, we have the following other forms
of Taylor’s formula:

(1) For any x € (a,b), x # xo, there exists some 6 € (0,1) such that
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" (n)
() = £lao) + o) (e —0) + LU0 (o g T e,
with the remainder term
SO (@0 + 0(x — m0))

n+1

R, = (x — z0)

(n+1)!
This follows directly from (1.19) by taking 0 = (£ — xo)/(x — x0).
(2) For any h with xo + h € (a,b) and h # 0 there exists some 0 € (0,1) such that

" (n)
flao+h) = f(xo) + f'(xo) h+ f1@o) o SM0) W'+ R,
21 n!
with the remainder term
Rn _ f(n-i-l)(xo —l_ eh) hn_’_l‘
(n+1)!

This version of the formula follows from the previous one with h = x — xy.

(8) There is an integral form of Taylor’s formula obtained by integration by parts
which will be discussed later.
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Chapter 2

Introduction of the Riemann
Integral

In this chapter we will introduce the Riemann integral f; f(x) dx as the area under
the curve/graph of f from z = a to x = b. The Riemann integral encompasses
the usual notion of an integral which you have encountered in school, but we will
see that the precise mathematical definition of the Riemann integral allows us to
integrate functions that are not continuous and that you could not integrate with
those methods that you learnt in school.

2.1 Lower and Upper Sum of a Function With
Respect to a Partition

We want to define the Riemann integral

/a o) de

as the signed area under the graph/curve of f from z = a to x = b. See
Figures 2.1, 2.2, and 2.3 for illustration.

For approximating the area under the curve we partition the interval [a, b] and then
approximate the area by columns as indicted in Figure 2.4. We will define this more
rigorously once we have introduced some more notation.

27
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Qe ——————-——
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e

Figure 2.1: Positive area under the graph of f from z = a to x = 0.

yA

v

———————— -

Figure 2.2: Negative area ‘under’ the graph of g from z = a to x = b.

yﬂ

v

e

-~ -4Q

Figure 2.3: Area ‘under’ the graph of h from x = a to x = b with different signs.
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We start by introducing the notion of a bounded function, that is, a func-
tion whose values do not get arbitrarily large and arbitrarily small. Then we
introduce partitions: a partition of an interval [a,b] is a collection of points
P :={xp,21,...,2y_1,2,} from [a,b], such that,

A=Tg<T1 <A< ... <Tp1 <xp<...<Tp_1<x,=0>0.

The name partition is motivated by the fact that the points zq, x1, ..., 2, 1, x, give
a subdivision of the interval [a, b] into the intervals

[0, x1] = [a, 1],  [x1,20), ..oy [Te—1, k) oo, [Tno1, @) = [Ta-1,b].

To approximate the area under the graph of a function f, we will erect
over each subinterval [zj_1, xx] a rectangular box that approximates the area under
the graph over this subinterval. An approximation of the area under the graph is
then given by the sum of the areas of the rectangular boxes for all subintervals. By
shrinking the width of these subintervals we will get a better and better approx-
imation of the area under the graph, and this will lead us to a definition of the
Riemann integral.

Definition 2.1 (bounded function)
A function f :[a,b] — R is called bounded if there exist m, M € R such that

m< f(xr) <M  forall x € [a,b].

Equivalently, a function f : [a,b] — R is called bounded if there exists K € R
such that
lf(z)] < K for all x € [a,b)].

The set of bounded functions [ : [a,b] — R will be denoted by B([a,b]).

Definition 2.2 (partition, width of a partition, and refinement)

(i) A partition P = {xg,...,x,} of an interval [a,b] is a finite set of points
satisfying a = x9 < 1 < ... < xp_1 < x, = b. The set of all partitions
of a given interval [a,b] will be denoted by P([a,b]).

(i) The width of a partition P is the number w(P) = maxy_12 (k5 — Tg_1).

(i1i) Let P and Q be two partitions of the same interval [a,b]. We say that Q is
a refinement of P if P C Q.
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Example 2.3 (Examples of partitions on [0, 1])

(a) Let P = {0,3,1} and QQ = {0,3,2,1} Here @ is a refinement of P, and we
have w(P) =2/3, w(Q) = 1/2.

(b) Let P = {O, 3,1} and QQ = {0, e 3,1} Here @ is a refinement of P, and we
have w(P) = 2/3, w(Q) = 2/3.

(c) Example where neither partition is a refinement of the other: let P = {O, 35 }
and @ = {0,1,1}. Here we have w(P) = 2/3 and w(Q) = 1/2.

(d) Take P = {0, 3 1} and Q = {0, 55 1} Then PUQ = {O, 39 1} is a refinement
of both P and (). This is a general fact: P U (@ is always a refinement of
both P and Q.

(e) Partition of [0, 1] into n equal subintervals (equally spaced partition),

12 1
Pn:{o,—,—,...,” ,1}.
mn n n

For an arbitrary interval [a, b], the equally spaced partition into n subintervals

of equal length is given by

h—
Pn::{xk::a+k a:k:O,1,2,...,n}.
n

Lemma 2.4 (partition width decreases under refinement)
If P,Q € P([a,b]) and P C Q, then w(P) > w(Q).

Proof of Lemma 2.4: Since we have additional points in the partition @, the
maximal length of any subinterval in ) is smaller or equal to the maximal length
of any subinterval in P. Thus w(P) > w(Q). O

In order to define the rectangular box over each of the subintervals [z5_1, zx] that
approximates the area of f over [z;_1,x)], we need the notion of the infimum and
the supremum which you have already encountered in your first year at university.

Definition 2.5 (infimum)
Let X C R be a non-empty subset of the real numbers. A number « is called the
infimum of X (and denoted o = inf X ) if

(i) a <z forallz € X, and

(i1) for every e > 0 there exists an x € X such that v < a + €.
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Note: | infimum = largest lower bound. ‘

Definition 2.6 (supremum)
Let X C R be a non-empty subset of the real numbers. A number ( is called the
supremum of X (and denoted 3 = sup X ) if

(i) B> x forallx € X, and

(i1) for every e > 0 there exists an v € X such that x > f —e.

Note: ‘ supremum = least upper bound.

From the completeness axiom for the real numbers we know that any bounded
set of real numbers has an infimimum and supremum.

Example 2.7 (infimum and supremum of (—1, 1))
Find the infimum and the supremum of X = {z e R : -1 <z <1} = (—1,1].

Solution: We claim that the number o = —1 is the infimum of X and that the
number 3 =1 is the supremum of X.

Proof that inf(—1,1] = —1:

(i) From the definition of the interval (—1,1], —1 < z for all x € (—1,1].

(ii) Let € > 0 be arbitrary. We must find x € (—1,1] such that + < —1 4 ¢. Try
taking z = —1 + 5, but then for large ¢ we would get » ¢ (—1,1]. This difficulty
can be overcome by taking z = min{—1 + §,0}. Because

xzmin{—l—i—%,O} < —1+§ < —1+e,
we will still have © < —1 + ¢ and it is guaranteed that x € (—1,1].

Proof that sup(—1,1] = 1:

(i) From the definition of the interval (—1,1], z <1 for all z € (—1, 1]

(ii) Let € be arbitrary. Take # = max{0,1 — $}. Then z € (—1,1], z < 1, and
r=max{0,1 -5} >1-5>1-¢.

Thus inf(—1,1] = —1 and sup(—1,1] = 1. O
Remark 2.8 (infimum and supremum may belong to X or not)

With an analogous proof as in Example 2.7, we can show that the closed interval
[a, b], the open interval (a,b), and the half-open intervals (a,b] and [a,b) have all the
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infimum « = a and the supremum (3 = b. We see that the supremum sup X (and
the infimum inf X ) of a set of real numbers X C R may belong to the set X or
not.

Example 2.9 (infimum and supremum of {1/n : n € N})
Determine the infimum and supremum of

1 11 1 1
X =< —: =<1, - = ... —
{n nEN} {7273a 7nan+17 }

Solution: Claim: inf X =0 and sup X =1

Proof that inf X = 0: (i) Clearly 0 < % for all n € N. (ii) Let & > 0 be arbitrary.
We choose x = % with some m € N such that

1
— < 04+e=-¢.
m

Then r € X and z < 0+ €.

Proof that sup X = 1: (i) Clearly z < 1 for all x € X. (ii) For any £ > 0 we take
x=1 Thenz € X and z > 1 —¢. Thus inf X =0 and sup X = 1. O

Now we can finally introduce the approximation of the area under the graph of
a bounded function f with rectangles. Asimplied before, we choose a partition,
and over each subinterval [z;_1, x|, we take the largest rectangle that can still
be fitted under the graph. The sum of the areas of all these rectangles yields
the lower sum. If we take over each subinterval [xy_1, x| instead the smallest
rectangle that still contains the graph, and then take the sum of the areas of
all these rectangles, then we get the upper sum. See Figure 2.4 for illustration.

Definition 2.10 (lower sum and upper sum)
Let f € B([a,b]), and let P € P([a,b]) be given by P = {xg,...,x,}. Then the
lower sum of f with respect to the partition P is defined by

wrp= 3 (Lt 1) =)

TE|Tp—_1,T
k—1 [kl k

and the upper sum of f with respect to the partition P is defined by

U(f,P):= Z ( sup }f(x)) (T — Tp_1).

k=1 \ZE€[TK—1,7k
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Figure 2.4: The lower sum L(f, P) in the left picture and the upper sum U(f, P) in

the right picture.

Note: Since f € B([a,b]), we know that {f(z) : = € [c,d]} is bounded for any

a<c¢<d<band hence

inf f(z):=inf {f(z) : z € [¢,d]}

z€[e,d]

do exist and are finite. Thus
fz) =
fz) =

inf
TE[Tp_1,Tk]

sup
r€[rg_1,Tk)

and
z€[c,d)

inf { f(z) : z € [wp_1, 2]},

sup { £(2) © = € [wxor, 2]}

exist and are finite. With the abbreviated notation

inf
TE[TR—1,Tk]

mi(f) =

we may write L(f, P) and U(f, P) as

L(f,P) =Y mi(f) (we —zea), U, P) =D Mi(f) (ax — w1)-

Let us consider some examples.

f(z),

Mi(f) =

sup
r€[rg_1,Tk)

Example 2.11 (lower and upper sum usually differ)

Let f:[7,11) — R be defined by

ro)={ 2

Let P be an arbitrary partition of [7,11]. Find L(f, P) and U(f, P).

if = is rational,
if x is irrational.

(=),

sup f(x) :=sup{f(z) : z € [c,d]}
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Solution: Let P = {xg,...,x,} be an arbitrary partition of [7,11]. Any interval
[z_1,x)] contains both rationals and irrationals, therefore

inf  f(z) =2 and sup f(x)=5.

v€[zk-1,2k] w€lrp—1,2x]
Hence the lower and upper sum of f with respect to P are given by

L(f,P) = Z( inf }f(if))(l"k—:):k—l)222(%—%—1):2(11—7):8,

TE|Tp—_1,T
k—1 [kl k

U(f,P) = Z( sup f(:):)) (2 — wxo1) =5 (wp — 2p1) = 5 (11— 7) = 20.

=1 \ZE[Er—1,¢] E—1

We see that for this example the lower and the upper sum have each the same value

for all partitions, and the value of the lower sum and the value of the upper sum
differ. O

Example 2.12 (bounded function with discontinuity)
Let f:[1,2] — R be defined by

|0 ifa:;«é\/z
f(x)‘_{ 1 ifr =42

Let P,, n € N, be the partition of [1, 2] into n intervals of equal length, that is,

1 —1
Pn:{1,1+—,...,1+” ,2}:{1+5:k:0,1,...,n},
n n n

and w(P,) = 1/n. Find L(f, P,) and U(f, P,).

Solution: Since f(x) = 0 for all  # /2, it is clear that

& N |
L(f,P,) = inf x)|—= 0-—=0.
(f, P) Z <[_} £ >> - Z -
Since /2 is irrational, there exists exactly one j € {1,2,...,n} such that we have

V2 e [1 + %, 1+ %] Therefore

U, P = Z( sup }f(@)l

i1 \we[l+i=l 14k n

1 n
= sup flw) | =+ ) sup  f(x)
re[1+L22 142] D \eelt+ Bt 14k

k#j

S|+
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We observe that for n — oo, we find that U(f, P,) — 0 which is the value of any
lower sum L(f, B,). O

Example 2.13 (piecewise constant function)
Let f:[0,2] — R be defined by

0 if0<z<l,
f(x)‘_{7 ifl<az<2

For n € N, consider the partition P, of [0,2] into 2n subintervals of equal length,

given by
1 on—1
Pgn::{o,—,..., n ,2}:{5:k:0,1,...,2n}.
n n n

Find L(f, Py,) and U(f, Pay).

Solution: It is relatively easy to see that

inf f(z) = 0 ifl1<k<n+1,
we[k=l k] 7 ifn+2<k<2n,
and
- (o) = 0 if 1 <k<n,
e 7TV 1<k <om,
Hence
2n 2n 2n
1 1 1 n—1
R S T C) RS SRR SRR
= n 'n =n+2 k=n+2
and

2n 1 2n 1 1 2n 1
UfPu) =D | swp flo))|—= > T-=T- 3> 1=7-n=

- n
k=1 \z€[t 2] k=n+1 k=n+1

hmn—>oo U(f7 PZn) u

Next we derive some bounds for the lower sum and the upper sum.
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Lemma 2.14 (bounds on lower and upper sum I)
Let f € B(la,b]) and let P € P([a,b]). Then

z€[a,b] x€(a,b]

( in f<:c>) (b—a) < L(f,.P) < U(f,P) < <sup f<:c>> (b-a). (21)

Proof of Lemma 2.14: Let P = {xg, 21,22, ...,2,}. For each interval [xy_1,xy]
of the partition P, we have

inf fle)< iof  flz)< swp  f(z) < sup f(z).

Z‘E[a,b SCE[Z‘]C,MCC]C] JBE["Ek,l,ZBk} me[a,b]
If we multiply the inequality above with (z; — zx_1) and sum over k = 1,2,...,n,
then we obtain (2.1). O

Remark 2.15 (lower and upper sum are bounded)
Lemma 2.14 implies that the sets of real numbers {L(f, P) : P € P(la,b])} and
{U(f,P) : P€P(a,b])} are bounded.

The next lemma is technical and is needed as an aid to prove Lemma 2.17 below.
It is not worth memorizing Lemma 2.16 below, but you should know Lemma 2.14
and Lemma 2.17. We will prove Lemma 2.16 at the end of this chapter.

Lemma 2.16 (bounds on lower and upper sum II)
Let f € B([a,b]), and let P,Q € P([a,b]), P C Q, and let Q have j more points
than P. Let K be an upper bound for |f| on [a,b]. Then
L(f,Q) = L(f, P) = L(f,Q) — 2j K w(P), (2.2)
U(f,Q) <U(f,P) SU(f,Q) + 2] K w(P). (2.3)

Lemma 2.17 (lower sum < upper sum)
Let f € B([a,b]). For any partitions P and @Q in P([a,b]) we have

L(f,P) <U(f, Q) (2.4)

Proof of Lemma 2.17: The result is intuitive from the pictures in Figure 4. The
proof can be given by considering the partition P U (). From Lemma 2.14, we have

L(f,PUQ)<U(f,PUQ). (2.5)
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From (2.2) and (2.3) in Lemma 2.16 we obtain, since P U () is a refinement of both
P and Q,

L(f,PUQ) = L(f,P), U(f,PUQ)<U(fQ). (2.6)
The inequlities (2.5) and (2.6) now imply (2.4). O

2.2 Lower and Upper Riemann Integral

After these perparations we can now introduce the lower Riemann integral and
the upper Riemann integral of a bounded function. We have explained before
that the idea and the picture to keep in mind is that we shrink the subintervals in
the partition and make them smaller and smaller and then take the limit. This is not
what happens formally in the definition below, but we will see in the next chapter
that the more complicated definition below does indeed imply that the intuitive idea
of shrinking the width of the partition to zero is correct.

Definition 2.18 (lower and upper Riemann integral)
Let f € B([a,b]). We define the lower Riemann integral of f over [a,b] by

/ f(x)de = sup {L(f. P) : P € P(la, )} (2.7)

We define the upper Riemann integral of f over |a,b] by

e
/ f(z)dz :=inf {U(f,P): P € P([a,b])}. (2.8)

We can elementary show that the upper and lower Riemann integral are bounded.

Remark 2.19 (lower and upper Riemann integral are finite)
Because from Lemmata 2.14 and 2.17 for any partitions P,Q € P(la,b]) and for
any | € B(la, b])

:(:E[a,b] Ie[a,b]

( inf f<:c>) (b—a) < L(f,P) < U(£.Q) < <sup f<:c>> (b—a),

we know that the infimum and the supremum in (2.7) and (2.8), respectively, exist
and are finite.
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Now we finally define the Riemann integral and say what it means if a function
is Riemann integrable. In words, a bounded function f € B([a,b]) is Riemann
integrable if the lower Riemann integral and the upper Riemann integral have the
same value, and this common value is then the value of the Riemann integral.

Definition 2.20 (Riemann integrable function and Riemann integral)
We say that f € B([a,b]) is Riemann integrable over [a,b] if

/Lb Fla) dr =ff<x> .

and in this case the common value of ff f(x)dz and f_;f(x) dx will be called the
Riemann integral of f over [a,b] and is denoted by

/abf(x)da: = /_abf(x)dx:ff(x)dx.

The set of all Riemann integrable functions over the interval |a,b] will be
denoted by R([a, b]).

In Lemma 2.17, we have seen that for any two partitions P, Q € P([a,b]), we have
that the lower sum L(f, P) is always less than or equal to the upper sum U(f, Q).
This implies that the lower Riemann integral is always less than or equal to the
upper Riemann integral.

Lemma 2.21 (lower Riemann integral < upper Riemann integral)

Let f € B([a,b]). Then
/f(x)dxg/f(x)dx

Proof of Lemma 2.21: From Lemma 2.17 we know that for any two partitions

P,Q € P([a,b]),

L(f.P) < U(f.Q).
This implies that

sup {L(f, P): P e P([a, b])} < inf{U(f, Q) : Q< P(a, b])}
which proves the statement. O

We consider some examples.
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Example 2.22 (constant functions are Riemann integrable)
Any constant function f : [a,b] — R, f(z) := C, where C' € R is a fixed constant,
is Riemann integrable and

b
/ f(x)de =C(b—a). (2.9)

Proof: Since
inf}f(x) = sup f(z)=C

veled veled)

for any subinterval [c,d] C [a, b], we can work out that
L(f,P)=U(f,P)=C(b—a) for any partition P € P([a, b]).
Thus we obtain (2.9). O

Example 2.23 (everywhere discontinuous function)
Show that the function f :[7,11] — R, defined by

Fz) = 2 if  is rational,
! if x is irrational,

is not Riemann integrable over [7,11].

Solution: In Example 2.11, we saw that for any partition P € P([7,11]) we have
L(f,P)=8and U(f, P)=20. Thus

i fx)de = sup{L(f,P): PeP(7,11))} = 8 #

11

f(z)dz = inf{U(f,P): PeP(7,11])} = 20.

Thus f is not Riemann integrable over [7,11] because the lower and upper Riemann
integral do not coincide. O

Example 2.24 (Riemann integral of bounded function with discontinuity)
The function f : [1,2] — R from Example 2.24, defined by

|0 if x # /2,
f(x>'_{1 if ¢ = /2,

is Riemann integrable and
2
/ f(z) dz = 0.
1

We will show this in the next chapter. O
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2.3 Proof of Lemma 2.16

Finally we give the proof of the technical Lemma 2.16.

Proof of Lemma 2.16: The proof follows by induction over j. We will only explain
the proof for the lower sums.

(1) For j =0 we have P = (), and the statement is obvious: we have equalities.

(2) For j = 1, the partition Q, has only one additional point compared to P. Let
us denote P = {xy,xs,...,2,} and Q = {1, 29, ..., 2,} U{q}, and we assume that
the point ¢ lies in [zy_1, zg]. It is clear that the only contribution to the lower sums
L(f,P) and L(f,Q) which may differ for P and @ is from the interval [x;_1,xy].
Let us denote the contribution to L(f, P) from the interval [x;_q, x| by

$i= (L int 7@ (- o)
r€[zp—1,7]
and let us denote the contributions to L(f, Q) from the interval [xj_1,x)] by
Sy = < e[inf }f(x)) (g — xp-1), S3 = < inf f(:c)) (xr — q).

TE[Tk—1,9 :L‘E[q,xk]

Since

inf f(z)> inf  f(),  if f(@)> inf f(a),

TE[T_1,q] TE[TR_1,Tk] z€[q,xp11] TE[TK_1,Tk]

we have Sy + S3 > 51, and the first estimate in (2.2) is clear for j = 1.

To prove the second estimate we need to show that S; > Sy + S3 — 2K w(P). We
observe that either

inf  f(z)= inf f(x)

TE[TR_1,Tk] €[TR _1,9]
or that
inf  f(z) = inf f(x). (2.10)
TE[Tp_1,Tk] x€[q, k]

Without loss of generality we may assume that (2.10) holds true. Then we have

inf f(z) = inf f(z)+ inf f(z)— inf f(2)

TE[T_1,7k] TE[T_1,9] TE[TR_1,Tk] TE[T_1,q]

> inf  f(z) =2 sup |f(z)| > inf f(z)—2K.(2.11)

z€[zK_1,9] z€[a,b) TE€[Tp—1,9]
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Thus from (2.11) and (2.10)

TE[T)_1,7k

51:( inf f(:v)) (2 — 751)
= (Lot 1@) -+ (ot 7)) (-0

TE[T_1,T] TE[TR_1,Tk]

"Ee[wkflyq} me[q7xk]

> K inf f(:c)) - QK} (g — zp_1) + < inf f(sc)) (7x — q)
> ( e[inf f(:c)) (¢ — zp_1) — 2K w(P) + < inf f(sc)) (7x — q)

z xk*l#l] ZCe[q,Z‘k]

= 52—2Kw(P)+53,

where we have used in the second last step the fact that ¢ — zx_; < w(Q) < w(P)
(since @ is a refinement of P).

(3) For j > 1 we use induction. Assume the statement has already been proved if
@ has j — 1 points more than P. If @) is a refinement of P with j points more than
P, then we remove an arbitrary point in v € @ \ P from () and obtain a partition
Q:=0Q \ {u} that is a refinement of P and has j — 1 points more than P. For Q
we apply (2.2). Then we consider the refinement ) of Q (which has one point more
than @) and repeat the argumentation for j = 1. The details of the induction step
are left as an exercise. O
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2.3. Proof of Lemma 2.16




Chapter 3

Darboux’s Theorem, Criteria for
Riemann Integrability, and
Properties of the Integral

In Section 3.1, we will prove Darboux’s theorem and will draw several conclusions
from it that help to gain insight into the Riemann integral. One of those conclusions
brings us back to our intuitive idea of taking a sequence of partitions whose widths
tend to zero, and obtaining the lower (or upper) Riemann integral as the limit of
the sequence of lower (or upper) sums as the width of the partitions tends to zero.
In Section 3.2, we will prove that continuous and monotone functions are
Riemann integrable, and in Section 3.3, we will discuss the properties of the
Riemann integral. These properties of the Riemann integral are very useful and
simplify the computation of Riemann integrals enormously. In Chapter 4, we will
use these properties of the Riemann integral to derive all those statements and laws
for the (Riemann) integral that you have learnt in school: integration by parts and
integration by substitution, and the fundamental theorem of calculus which links
integration and differentiation.

3.1 Darboux’s Theorem and its Applications

We start by introducing Darboux’s theorem. Darboux’s theorem says that we
can find a partition such that the lower sum (or the upper sum) get arbitrarily close
to the value of the lower Riemann integral (or the upper Riemann integral).

43
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Theorem 3.1 (Darboux’s Theorem)
Let f € B([a,b]). Then given any € > 0 there is a § > 0 such that w(P) < § for

P € P([a,b]) implies

b b
/f(:)s)dx—s <L(f,P)§/f(x)dx (3.1)

and

/ f(a)dz < U(f, P) </f(x)dx+5. (3.2)

We can also write (3.1) and (3.2) in the following way.

Remark 3.2 (equivalent formulation of (3.1) and (3.2))
Note that (3.1) and (3.2) imply that for all P € P(la,b]) with w(P) < § we have

b
OS/f(a:)dx—L(f,P) < g,

OSU(f,P)—/bf(x)dx < e.

Darboux’s theorem implies that we can compute the lower and upper Rie-
mann integral by just considering the limit of the lower and upper sum,
respectively, for a sequence of partitions whose width tends to zero.

Remark 3.3 (lower and upper sum as limit)
Darboux’s theorem says that w(P) — 0 implies

b T b
L(f,P)—>/f(9:)dx and U(f,P)ﬁ/f(x)dx,

that s, the lower Riemann integral and the upper Riemann integral can be ap-

proached by shrinking w(P).

Proof of Theorem 3.1: We prove the statement for the upper Riemann integral
only, as the proof of the statement for the lower Riemann integral is similar. For
any € > 0, by definition of the upper integral

/ f(x)de = it {U(f,P) : PeP(ab)},
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there is some @ € P([a, b]), such that

b b
/f(il?)dxéU(f,Q)S/ f(x)dx+%.

Suppose @ has j points, and let K > 0 be an upper bound of |f| on [a, ] (that is,
|f(z)] < K for all x € [a,b]). Now we will find a way to choose § > 0. Suppose

P € P([a,b]) with w(P) < 6. Set Q = PUQ. Then Q has at most j points more
than P. By Lemma 1.7, we have

U(f,P) <U(f,Q) +2jKw(P),  U(f,.Q) <U(f.Q), (3.3)

and hence, using (3.3),

/abf(x)da?

IN

U(f,P)

U(f,Q) +2j K w(P)
U(f, Q) +2j K w(P)

IA

IA

T b
< %+2jK5+/f(m)dx

The above inequalities tell us how to choose § > 0 in order to prove (3.2): we need
to have 2j K0 < £/2. Thus we choose 6 < £/(4jK) and have for P € P([a,b]) with
w(P) < 6 that

b b b
/ (@) de < U(f, P) < %+2jK5+/ flx)de < %+%+/ f(x) de
Thus the proof is finished. O

Darboux’s theorem allows several important conclusions that help investigating the
Riemann integral. As a first application of Darboux’s theorem we prove Riemann’s
criterion for integrability which says that we can find a partition such that the
upper sum and the lower sum are as close together as we like.

Corollary 3.4 (Riemann’s criterion for integrability)
Let f € B([a,b]). Then f € R([a,b]) if and only if for every e > 0 there exists
P € P(la,b]) such that

0<U(f,P)—L(f,P)<e.
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Proof of Corollary 3.4: =: Suppose f € R([a,b]) and let € > 0. By Darboux’s
Theorem, there is some P € P([a, b]) such that

ff(x) de <U(f,P) < ff(x) dSL’—i-%, /Lbf(x) dx > L(f,P) > /Lbf(x) dm—g.

(3.4)
Since f € R([a,b]), one has

/f m_/f m_/f

and multiplying the second inequality in (3.4) by (—1), (3.4) is therefore equivalent
to

f(zx)dz <U(f, P f(x d:)s+ (3.5)
RE < [t

—/ f(z)dx < —L(f, P) < —/ f(z)de + g (3.6)
Adding now (3.5) and (3.6), we have

0<U(f,P)—L(f,P)<e

«: Now suppose that for every € > 0, there is some P € P([a, b]) such that
0<U(f,P)— L(f,P) <e. (3.7)

Since .
L(f.P) < / f(2) de < / f(x)dz < U(f, P), (3.8)

we have from (3.7) and (3.8)

Og/f(x)d:c—/f(x)d:c§U(f,P)—L(f,P)<a

Since € was arbitrary, this implies that

that is, f € R([a,b]). O
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As already announced in Remark 3.3, Darboux’s theorem allows us to take a se-
quence of partitions whose widths tend to zero and then compute the lower and
upper Riemann integral of a bounded function as the limit of the corresponding
sequence of lower and upper sums. The following lemma and theorem formalize
this.

Definition 3.5 (limiting sequence of partitions (for [a,b]))
A sequence {P,} of partitions P, € P([a,b]) will be called a limiting sequence

for [a,b] if w(P,) — 0 as n — oo.

We give the standard example of a limiting sequence of partitions.

Example 3.6 (equally spaced partition of [a,b])

Partition of [a, b] into n intervals of equal length, that is,

b—a
n

Pn::{a+k :l{::O,l,Q,...,n}.

Then w(P,) = (b—a)/n — oo as n — oo. O

Theorem 3.7 (upper and lower Riemann integral as limits)
Let {P,} be a limiting sequence of partitions for [a,b], and let f € B([a,b]). Then

/ f(z)dx = lim L(f,P,), / f(z)dz = lim U(f, P,), (3.9)

n—oo n—~0o0

and hence f € R([a,b]) if and only if

lim L(f, P,) = lim U(f, P,). (3.10)

n—o0 n—oo

Proof of Theorem 3.7: Let us prove the first limit in (3.9): Let {P,} C P([a,b])
be a limiting sequence of partitions. Then we have to show that for every ¢ > 0
there exists N = N(e) € N such that

<e for all n > N.

t/f@Mx—Mﬂ&)

Let € > 0 be arbitrary. From Darboux’s theorem (see Theorem 3.1 and Remark 3.2)
we know that there exists a § > 0 such that for all partitions P € P([a,b]) that
satisfy w(P) < 0 we have

<e. (3.11)

b
/ﬂwm—uﬁm
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By the definition of a limiting sequence, we have that for the 6 > 0 chosen above
there exists N € N such that for all n > N we have w(P,) < 6. Thus for n > N,
we can apply (3.11) for P = P, and find that

<e for all n > N.

/ f(x) dz — L(f. P,)

Since € > 0 was arbitrary, the first limit in (3.9) has been proved.
The proof of the second limit in (3.9) is analogous.

That f € R([a,b]) if and only if (3.10) holds true follows immediately from (3.9)
and the definition of the Riemann integral. O

We give some examples where we use a sequence of equally spaced partitions and
Theorem 3.7 to compute the lower and upper Riemann integral of a bounded func-
tion on an interval [a, b].

Example 3.8 (bounded function with discontinuity)
As in Example 2.12, let f : [1,2] — R given by

= {0 V2

and for every n € N let

1 ~1 1
P {1,1+—,...,1+n ,2}:{1+k— : k:0,1,2,...,n}.
n n

n

Show that the sequence {P,} is a limiting sequence. Use the result of Example 2.12
and Theorem 3.7 above to show that f is Riemann integrable in [1,2] and that

/12f(:)3)d:17: 0.

Solution: From Example 2.12, L(f,P,) = 0 and U(f,P,) = 1/n. As w(P,) =
1/n — 0 as n — oo, P, is a limiting sequence, we have from Theorem 3.7

lim L(f,P,) = lim 0 =0,

n—oo n—oo

=
V]

—

—

ek

Q.

8

I

lim U(f, P,) = lim = = 0.

n—oo n—oo M,

»—\
N
—
—~
=
QL
8
Il
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/12f(:c) i = Tf(x) dz = 0.

Hence

This implies, by the definition of the Riemann integral, that the function f is Rie-
mann integrable over [1,2] and that

/jf(x)dzzO. O

Example 3.9 (piecewise constant function)
As in Example 2.13, let f : [0,2] — R be defined by

0 ifo<z<l,
f(x)‘_{7 if1<z<2,

and let

1 2n—1 k
Pgn::{o,—,...,” ,2},—{—:k:0,1,2,...,2n}, n € N.
n n n

Find the lower and upper Riemann integral of f over [0,2]. Is the function f
Riemann integrable over [0, 2], and if yes, what is the value of the Riemann integral?

Solution: In Example 2.13, we found that L(f, P,) = 7(n—1)/n and U(f, Pa,) = 7.
Since w(Py,) =1/n — 0 as n — 0o, {Ps,} is a limiting sequence and we have from
Theorem 3.7

n—o00 n—o00 n n—0o00 n

? n—1 1
0

T2
/ f(x)de = lim U(f, Py,) = lim 7 =T7.
0

n—oo n—oo

£ F(a) dasszm dr =1

the function f is Riemann integrable over [0, 2], and the Riemann integral of f over
[0,2] has the value

Since

/02 flx)de=T1. O



50 3.1. Darboux’s Theorem and its Applications

Example 3.10 (integral over x?)
Let b be a positive number. Show that f(x) = x? is Riemann integrable over [0, b],

and that
b b3
/ 2dr = —.
0 3

Solution: Introduce the partition

P, {0 b2 ...,(”_l)b,b}:{k9 : k:zo,l,z,...,n}-
n n

7’L7’L

We have w(P,) = b/n — 0 as n — oo, so {P,} is a limiting sequence of partitions
for [0, 1] and we can apply Theorem 3.7. We need to compute U(f, P,) and L(f, P,).

We have

U(f. P) = sup 2 | —

k=1 \ze[*E710 k2] =1

3
3| o
Il
NE
/‘\
|z
v
BI@
|
P%
i

Using

Z 12 n(n + 1)6(2n +1) (3.12)

(which can be proved by inductlon), we obtain

3 3
b n(n+1)2n+1) :b_ 94 3 1 . b
n3 6 6

Due to Theorem 3.7,

U(f, Pn) =

b b3
/ﬁmzf (3.13)
0 3
Similarly,
n n N 2 3 n
L(f,P,) = ( inf x2>9:2<(k 1)b) 926—3 (k—1)%
1 \ze[5H ] (- " [CO

Denote j := k — 1, then the above formula can be rewritten with (3.12) as

1 -1

3 n 3 -1 m—1 3 1 3
SR SIS P T A A

= j:l n3 6 6

as n — 00. So, due to Theorem 3.7
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Comparing (3.13) and (3.14) we conclude that f(z) = 2? is Riemann integrable over
[0,0] and that the Riemann integral of 2% over [0, ] is given by

b 3

b
/xde:—. O

0 3

The following two applications of Darboux’s Theorem, namely Simpson’s rule
and the rectangular rule are examples of relatively basic numerical integra-
tion rules (or quadrature rules). Numerical integration rules are (as the name
implies) formulas for evaluating integrals numerically /computationally, that is, we

/abf(:v) dx

m

ij f(z)),

k=0

approximate the integral

by a finite sum

where the real numbers w; are the weights and the functions f is evaluated at some
points z; inside the interval [a, b, the so-called nodes of the numerical integration
rule. For example, we could approximate

/Olf(a:) dx

by the sum

S F(/2) = 5 0) + 5 F(1/2) + 5 1),

k=0

Wl

and we see that for constant functions this numerical integration rule is exact, since

for f(z) :=c¢

Wl

2 1 1 1 1
]{7 = — —C —Cc=cCc=cC — — d
D fh/2)=Zctge+ c=c(1-0) /0 cdz

k=0 3

For any given partition the lower sum and the upper sum give each a numerical
integration rule. The example above and the lower sum and upper sum are not ‘very
nice’ numerical integration rules, and we will now derive better rules for numerical
integration.
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Corollary 3.11 (Simpson’s rule)
Let f : |a,b] — R be Riemann integrable, and let Qon = {yo,...,Yon} be the
partition of [a,b] given by

(b—a)

on

Yk = a+k k=0,1,2,...,2n.

Define Stmpson’s rule by

ﬂﬂQ%wzb&é(ﬂwH4§:ﬂmmﬁ+2§iﬂmw+f@%0
= 2 [Flyn) + 47 ) + 2 (92) + 1) + 2 () +
o 2f (Yan2) + 4f (Yon—1) + f(Y20)]
= LS () A ) + F )] (3.15)
Then ,
tin S(7,Qu) = [ f(a)da, .16

that is, (3.15) defines an approxrimation of the Riemann integral of f over the
interval |a, b].

In order to remember and understand Simpson’s rule, it is best to look at the last
line in (3.15): each term including the factor in front of the sum is explicitly

b—a f<a+(2k‘—2)%) 4f(a+(2k:—1)%) f(a_|_2k%>
n 6 - 6 + 6 )

and we can interpret this as the contribution from the kth interval

(b—a) (b—a)
o ca+ 2k o }

0+ (2h-2)

This interval has length (b — a)/n, and we take the values of f at both endpoints
each with weight 1/6 and the value of f at the middle point of the interval with
weight 4/6.

Proof of Corollary 3.11: To prove (3.16) we introduce the equally spaced partition
P, ={xo,x1,22,...,2,}, given by

l’kiza+k(b;a>, k:O,...,n.
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Then x), = yo for all k =0,1,2,...,n. Consider our function f on the subinterval
[Tr_1, 2] = [Y2k—2, y2r]. If we can show that
_ 4 _
i f(x) < f(yar—2) + 4 (yax—1) + f(yor) < swp  f(z), (3.17)
S 6 cefoioval

then multiplication of (3.17) with (z; —zx_1) = (b—a)/n and subsequent summation
over k =1,2,...,n gives us

L(f, Pn) < S(f,Qan) <U(f, Po). (3.18)

Taking in (3.18) the limit for n — oo yields (since w(P,) — 0 as n — 00)

b —
[ f@de < lim S(7.Qu) < [ f@)da

Since f € Rla,b], the upper and lower Riemann integral coincide which proves
(3.16).

It remains to verify that (3.17) is true. Since yog—2, Yor—1, Y2k € [Tr—1,Zk], we have
that

inf  f(2) < flyar—2) < sup  f(2),

TE[TR_1,Tk] T€[T—_1,Tk]

inf  f(z) < f(yar-1) < sup  f(2),

xe[xkflvxk] LEE[(Ek,hIEk}

inf  f(z) < flya) < sup  f(x).

TE[TR—1,Tk] T€[T—_1,Tk]

We apply these estimates to to get lower and upper bounds for the middle term in
(3.17) and so obtain the estimate (3.17). This completes the proof. O

2

We use Simpson’s rule to integrate f(x) = x* over the interval [0, b].

Example 3.12 (application of Simpson’s rule)
Use Simpson’s Rule to show that

b 3
b

/ 2 dr = —.
0 3

Solution: From Example 3.10, we know that z* € R([0, b]). Therefore we can apply
Simpson’s rule. We have

o SB[ 22 2

k=1
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RN
::QMﬁE:K%—QV+4@k—n?+@@ﬂ
v 5 b3 & 3
= 24ngj£: [24k* — 24k + 8] = -5 > [3K" — 3k + 1]
k=1
b [3n(n+1)2n+1) 3n(n+1) v,
- éﬁg{ 6 T M Tt T
where we have used (3.12) and
- 1
k= M (3.19)
2
k=1
Thus we find
b b3 b3
/ 2? dr = hm S(f, Qo) = lim — = —
0 n—oo 3 3
as claimed. O

Another example of a numerical integration rule is the rectangular rule or midpoint
rule.

Corollary 3.13 (rectangular rule or midpoint rule)
Let f : la,b] — R be Riemann integrable and let P, = {xo,21,...,x,} be the
partition of [a,b] given by

b_
omat k7Y 019 n
n

Define the rectangular rule (or midpoint rule) by

o S () o 2050

The rectangular rule satisfies

L(f, Pn) < R(f, Pa) S U(f, Pn),

and thus

lim R(f, P,) /f (3.20)

It is easy to see why the rule is called midpoint rule or rectangular rule: we
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subdivide the interval [a, b] into n subintervals

b—a’a+kb—a

[aJr(k—l) } k=1,2,...,n,

n

of equal length (b — a)/n and on each subinterval we evaluate the function f at the
midpoint (that is, the point halfway between the endpoints of the interval)

%Kwr(k:—l)b;a) + (a—l—kb_Ta)] :a+(2k_;2fb_a).

Thus in the sum the kth term contributes towards the integral the area of the
rectangle over the kth interval with height determined by the value of f at the

midpoint.

Proof of Corollary 3.13: Since (xx_1 + xx)/2 is the point in the middle between
x—1 and x, we have (z5_1 + %) /2 € [xk_1, 2%, and thus

inf f(@éf(xk%w)g s f(a). (3.21)

z€[K_1,7k] T€[Tp—1,Tk]

Multiplication of (3.21) with (zx — 2x_1) = (b — a)/n and subsequent summation
over k=1,2,...,n yields

L(f,P) < R(f,P,) <U(f,P.), neN (3.22)

Taking in (3.22) the limit for n — oo, yields from Theorem 3.7

[ f@de < tim RGP < [ f)de, (3.23)

and since f € R([a,b]) the lower and upper Riemann integral coincide and we con-
clude from (3.23) that (3.20) holds true. O

Now we use the rectangular rule to integrate z* over [0, b].

Example 3.14 (application of rectangular rule)
Use the Rectangle Rule to show that for b > 0

b 3
b

/ 22 dr = —.
0 3

Solution: From Example 3.10, we know that f(z) = z? is Riemann integrable over
[0, 0], and we can apply the rectangular rule. With the help of (3.12) and (3.19),

e - LG4 2 )

n
k=1
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3 n
— b_ |:k2_k+1}
k=1

n3 4
_ VP nn+1)@2n+l) nn+l) ] ¥ - 1
o3 6 2 41 3 12n2|°
Thus
b 1 b
. 2 .
JNim R(z*, Pn) = lim [1 - m} =3 -

Remark 3.15 (on Simpsons’s rule and the rectangular rule)
Both Simpson’s rule and the rectangular rule are much better approrimations of
the integral than U(f, P,) and L(f, P,).

Yet another application of Darboux’s Theorem tells us that bounded functions that
differ only in a finite number of points have the same lower Riemann integral and
the same upper Riemann integral, respectively.

Corollary 3.16 (‘almost equal’ functions)
Let f,g € B([a,b]), and suppose f(x) # g(x) only at a finite number of points.

Then o o
/Lbf(x) dx = /ng(x) dx, /abf(x) dx = /abg(x) dz. (3.24)

In particular, f € R([a,b]) if and only if g € R([a,b]).

Corollary 3.16 is very useful which is demonstrated by the next example.

Example 3.17 (integrals of ‘almost equal’ functions)
Consider the function f : [1,2] — R, given by

rw={0 wrV

from Examples 2.12 and 3.8. We have seen that in Examples 2.12 and 3.8 that
f € R([1,2]) and that
2
/ f(x)dz =0.
1

Corollary 3.16 gives a much simpler way to derive this: From Example 2.22 we know
that the function g(x) := 0, x € [1,2] is in R([1, 2]), and that

/12g(x)dx:0(2—1)20.
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We have that f(z) = g(z) for all z € [1,2] \ {V/2}. From Corollary 3.16, we know
therefore that f € R([1,2]) and that

([?@Mmz[%@ﬁhz& 0

Proof of Corollary 3.16: We will only prove the equality of the lower Riemann
integrals. The equality of the upper Riemann integrals follows analogously.

Let j be the number of points at which f(z) # g(x), and let K be an upper bound
for both [ f| and |g| on [a,b], that is, sup ¢, [f(7)] < K and sup,¢i,y |9(z)| < K.
Take a partition P € P([a,b]). We claim that

|L(f, P) — L(g, P)| < 4j K w(P). (3.25)
This can be seen as follows: There are at most 2j subintervals on which

sup  f(z) # sup g(x). (3.26)

TE[TR_1,Tk] TE€[TK_1,Tk]

On any such subinterval

< 2K.

< +((=1) sup  g(x)

TE[TR_1,Tk]

sup  f(z)

TE[TR_1,Tk]

sup  f(z)— sup g()

TE[Tp_1,Tk] TE[Tp_1,Tk]

(3.27)
From (3.26) and (3.27), we now obtain (3.25).

Now take a limiting sequence of partitions {P,} C P([a,b]). From the triangle
inequality and (3.25) we see that

/Lbf(x)dx—/—abg(:v)dx

< | [ S@)de = LU P)| + LG P) + Lo, P +

z@fm—/m@m

gl/ﬂ@M—LMRJ+%KMﬂH‘

L@an/mwm

From Corollary 3.7, we know that the first and third term tend to zero as n — oo,
and the second term tends to zero because w(F,) — 0 as n — oco. Thus

/Lbf(a:)dm—/ibg(x)d:c

which implies the first equality in (3.24). O

lim =0

n—oo




58 3.2. Continuous and Monotone Functions are Riemann Integrable

3.2 Continuous and Monotone Functions are Rie-
mann Integrable

In this section we will show that continuous and monotone functions on an interval
[a, b] are Riemann integrable over [a, b]. Before we state these results more explicitly
and prove them, we stop for a moment and consider why it is useful to know that
a continuous or monotone function is Riemann integrable. So far, in order to verify
that a function is Riemann integrable, we had to show that the lower and upper
Riemann integral have the same value and this was a rather laborious and tedious
process. We know from first year how to check that a function is continuous, and
we know for example directly that the trigonometric functions sine and cosine, all
polynomials, and the exponential function are continuous and hence are all Riemann
integrable over any interval [a,b]. Once we will have learnt more techniques for
computing Riemann integrals this knowledge will make it much easier to actually
compute Riemann integrals. (Note: in order to apply any of the techniques for
computing Riemann integrals you first have to know that the function is Riemann
integrable!)

Notation: Let (c, d) denote any type of interval, that is, either (¢, d), [¢, d], [c,d), or
(¢,d], where —oo < ¢ < d < +00. Then C((c, d)) denotes the set of all continuous
functions on the interval (c, d).

Theorem 3.18 (continuous on [a,b] = Riemann integrable on [a, b))
Any continuous function on a closed interval [a,b] is Riemann integrable over
la, b], that is,

C([a,b]) € R([a,b]).

Proof of Theorem 3.18: We prove the theorem by contradiction. Suppose that
the claim is not true, then there exists some f € C([a,b]) such that f ¢ R([a,]).
Riemann’s criterion of integrability (see Corollary 3.4) implies that there exists some
g0 > 0 such that for all P = {xg, x1,...,2,} in P([a,d])

Hence with the notation

m(f) = inf f(x),  My(f)= sup f(x),

TE[TR_1,Tk] TE[T_1,Tk)

the estimate (3.28) reads

n

> [M(f) = mi(f)] (2 — 21) > 0. (3.29)

k=1
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There exists an index kg such that

My (f) = my, (f) = max [My(f) — my(f)].

1<k<n

Then (3.29) can be estimated from above as follows

g0 < D [Me(f) = milf)] (wx — w41)

< [ My (f) = o ()] D (e — 2x1)

k=1

= [Mko(f) - mko(f)] (b — a).

Hence
€0

b—a

Mko(f) - mko(f) > (330>

Since

Mko(f) = sup f(x)v mko(f) = inf f(SL’),

TE[Tpy—1,T k] T€[Trg—1,Zk]

and since f is continuous on [xg,_1, Tk, f reaches its infimum and supremum on
the interval [zy,_1,xy,]. Hence there are y, z € [xg,—1, Tk, | such that f(y) = My, (f),
f(z) = my,(f) and (3.30) can be written as

€
F) = F(2)] 27— (3.31)
—a
Since y, z € [Ty, Tko—1), We also have
ly — 2| < @y — g1 < w(P). (3.32)

Taking a limiting sequence {F,,} C P([a,b]), there are y,,, 2z, € [a,b] (given as
explained above), such that from (3.32)

Ym — 2m| < w(Pp) (3.33)

and from (3.31)
€0

) = £ )] 2

Since every bounded sequence in R has a convergent subsequence and since {y,,} C

(3.34)

[a, b] is bounded, there is a convergent subsequence {y,, }, that is, there exits some
7o € [a,b] such that y,,, — x¢ as j — co. Furthermore,

|ij _xo‘ < |ij - ym3| + |ym] - xo‘ —0 as j — 00,
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from (3.33) and y,,, — 2o as j — oo. Thus |2z,, — 29| — 0 as j — oo, that is,
Zm; — T as j — oo. Since f is continuous in [a,b] and y,,; — ¢ and 2, — 1z as
j — oo, we have f(ym,) — f(20) and f(2y,;) — f(w0) as j — oo. Passing to the
limit in (3.34), we obtain

0= lim [£(ym,) = f(om,)| 2 5
This leads to the contradiction £¢/(b — a) < 0. O

We give an example how Theorem 3.18 can be applied.

Example 3.19 (Elementary examples illustrating the use of Theorem 3.18)

(a) The functions e”, cosz, sinz, and all polynomials
P(T) = ™ + A 2"+ ar T+ ag

are continuous on R. Thus they are Riemann integrable over any interval [a, b].

(b) The logarithm In « in continuous on R* := {z € R : x > 0}. Thus the logarithm
is Riemann integrable over any interval [a,b] with a > 0. O

Next we introduce the notion of a monotone function.

Definition 3.20 (monotone functions)
(i) A function f : {(c,d) — R is called increasing (or monotonically in-
creasing) if v <y, x,y € {c,d) implies f(z) < f(y).
(i) A function f : {(c,d) — R is called decreasing (or monotonically de-
creasing) if v <y, x,y € {(c,d) implies f(x) > f(y).
(iii) A function f : {(c¢,d) — R is called monotone if (i) or (ii) holds. The
set of all monotone functions on the interval {c,d) will be denoted by

M({c,d)).

Here are some examples of monotone functions.

Example 3.21 (monotone functions)
(a) A constant function f: R — R, f(z) = C for all x € R, where C' € R is some
constant, is monotone (both increasing and decreasing).

(b) The exponential function e* is increasing on any interval (c,d).

(¢) The function sinz is not monotone on [0, %]. However, sinz is increasing on

[0, %], and sin z is decreasing on (%, 2].
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(d) The logarithm Inz is increasing on (0, o). O

Now we get the second main result of this section: every monotone function is also
Riemann integrable.

Theorem 3.22 (monotone on [a,b] = Riemann integrable on [a, b))
Any monotone function on [a,b] is Riemann integrable on |a,b], that is,

M([a, b)) C R([a,b]).

Remark 3.23 (monotone on [a,b] = bounded on [a, b))

If f is increasing then f(a) < f(x) < f(b) for all x € |a,b], and if f is decreasing
then f(a) > f(x) > f(b), for all x € [a,b]. Thus increasing functions and
decreasing functions are bounded, that is,

M([a,b]) C B(la,b]).

Proof of Theorem 3.22: We will give the proof for the case of an increasing
function, the case of decreasing functions is analogous.

Let f be an increasing function. If we can show for a limiting sequence {P,} C
P([a,b]) that U(f, P,)—L(f, P,) — 0asn — oo, then by Theorem 3.7, f € R(|[a, b]).

Let us divide the interval [a, b] into n equal parts, that is, let us consider the partition

— 2 — —
Pn:{a,a+b a,a+ (b a),...,b}:{a+k(bn a):k:0,1,2,...,n}.

n n

As f is increasing

sup  f(x) = f(z), inf  f(z) = f(zp-1).
LEE[IE;@,l,IEk} xe[xkflvxk]
Thus, we have
- - b—a b—ax
Uf,P)=> | sup  [f@)] (wx—ze1) = flan) = f k)
k=1 \Z€lre-1] k=1 n (-

and

TE[TR_1,Tk

L(f, Pn) = < inf }f(m)) (Th—Tp1) = f(@g-1) o f(@g-1).
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Therefore

n

b—a b—a

n

U(f, Pa) = L(f, P) = flan) — fzr-1)
k=1 k=0
b—a b—a
= T () - @) = L)~ @) =0 asn— ox.
By Theorem 3.7, this implies that f € R([a,b]). a

Note: Monotone functions are not necessarily continuous and continuous functions
are not necessarily monotone, so Theorem 3.18 and Theorem 3.22 do not follow from
one another.

Example 3.24 (sign(x) is Riemann integrable)
The sign function is defined by

-1 if x <0,
sign(z) := 0 ifx =0,
+1 if x>0,
is monotone on R and hence Riemann integrable over any interval [a, b]. O

Example 3.25 (step function)
The step function f : R — R defined by f(z) :=nifx € n,n+1), n € Z, is
monotone on R and hence Riemann integrable over any interval [a, b]. O

Note that the functions in Examples 3.24 and 3.25 are both not continuous, but
monotone. Note that monotone functions can even have an infinite number of
discontinuities as in Example 3.25 above.

Note: If a function is neither monotone and nor continuous, then it can still be
Riemann integrable! So for showing that a function is not Riemann integrable,
it is not enough to show that it is neither continuous nor monotone.

3.3 Properties of the Integral

In this section we will discuss the properties of the Riemann integral. Before
we start to discuss the Riemann integral we make an excursion into linear algebra
and remember what we have learnt about vector spaces or linear spaces:
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Definition 3.26 (real vector space/linear space)
A set 'V together with two associations, the addition ® :V xV — V| (v,w) —
v @ w, and the scalar multiplication © : R xV — V, (a,v) — a®wv is called

a linear space (or vector space) over R if (V,®,®) satisfies the following
conditions:

(i) The (additive) associative law holds true, namely

(uBV)Bw=ud (vdw) for all u,v,w € V.

(i) There exists an element O € V' (called the neutral element) such that

Odv=0v80=vw forallveV.

(i1i) For every v € V, there exists an element w € V (called the inverse ele-
ment to v) such that

vhw=wdv=0.
(iv) The addition is commutative, that is,
vOw=wdv for all v,w e V.
(v) We have 1 @ v =wv for allv e V.

(vi) If o, € R and v € V then (af) ®v=a® (8O ).
(vii) The distributive laws hold, that is, for all o, 5 € R and v,w € V

(a+p)ov=(aGv)® (o), a®dw)=(a0v)d (adw).

The most natural example of the vector space/linear space is the set R of real
numbers with the usual addition and multiplication of real numbers. A more fancy
example is the space of all functions on the interval (c, d).

Example 3.27 (functions on (c,d) as a vector space)

We observe that the real-valued functions on an interval (¢, d) form a linear space
(or vector space) with the pointwise addition 4+ and the pointwise scalar multipli-
cation. That is, if we denote the set of all functions on (¢, d) by

F({e,d)):=={f:{c,d) — R is a function}

then F((c,d)) with the addition + defined via the pointwise addition of two
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functions f, g € F({c, d)),

(f +9)(x) = flx) +g(x), x€lcd), (3.35)

and the scalar multiplication of any function f € F({(c, d)) with any scalar a € R,

defined as the pointwise multiplication

(af)(z) =« f(x), z € (c,d), (3.36)

is a linear space (or vector space). Indeed once, we have observed that the sum
f + g of two functions f and g in F({c,d)) is again a function in F({c,d)) and that
af for f € F({c,d)) and o € R also defines a function in F({c, d)), then the vector
space properties follow directly from the properties of the real numbers. O

Example 3.28 (continuous functions on (c,d) as a vector space)
The set C({c,d)) of continuous functions on (¢, d) with the usual pointwise addition
(3.35) and the pointwise scalar multiplication (3.36) is a vector space/linear space.

To check this it is crucial to check the closure, that is, that the f + g € C({c,d))
for any f,g € C({(c,d)) and that a.f € C({c,d)) for any f € C({c,d)) and any o € R.
We know that this is true. The vector space properties are now easily checked.

For example, the additive associative law clearly holds because, from the additive
associative law for the real numbers,

(f(@)+g(x))+h(z) = f(z)+(g(x)+h(z)) forallz € (c,d)and all f,g,h € C({c,d)).
Thus we see that
(f+g9) +h=f+(g+h) for all f,g,h € C({c,d)).

It is easily shown that the neutral element is the zero function O(z) := 0, = € (¢, d),
and that for f € C({c, d)) the inverse element of f is given by (—1)f € C({c,d)). We
leave the details and the remaining properties as an exercise. O

We would like to know whether the set R([a,b]) of Riemann integrable function is
also a vector space.

Notation: Let f: (¢,d) — R, and let (¢, d’) C (c,d) be a subinterval of {(c,d), that
is, ¢ < d and ¢,d" € (c,d). Then f| 4y denotes the restriction of f to the set
(c,d).

The next two theorems state several important properties of the Riemann integral
which you need to know! These properties will give us a means to establish that
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functions that are ‘built’ from Riemann integrable functions (subject to certain
rules) are Riemann integrable. These properties will also give us means to compute
Riemann integrals easier and they will allow us to verify that R([a,b]) is indeed a
vector space.

Theorem 3.29 (properties of the Riemann integral I)
Linear properties:

(i) Let f,g € R([a,b]). Then f+ g€ R([a,b]) and

b

[ U@+ sy ie= [ @+ [oae
(ii) Let f € R([a,b]) and « € R. Then af € R([a,b]) and

/abozf(x)dm _ oz/abf(m)dx.

Domain splitting property: Let f : [a,b] — R and let ¢ € (a,b). Then
[ € R(la,b]) if and only if flaq € R(la,c]) and fliy € R([c,b]). Moreover, if
f € R([a,b]) then

/ ) de = [ s@ass [ o) do. (337)

Order properties:
(1) Let f € R([a,b]) and f(x) >0 for all x € [a,b]. Then

/a ey de >0,
(ii) Let f,g € R([a,b]) and f(z) = g(x) for allx € [a,]. Then
/a @) do > / " () . (3.38)
(iii) Let f € C([a,b]) satisfy f(z) > 0 for all z € [a,b] and

[ rwar=o

then f(x) =0 for all x € |a,b).
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Theorem 3.29 helps in determining whether a function is Riemann integrable over
an interval [a, b] and, if yes, it helps in computing its Riemann integral over |[a, b].

Example 3.30 (piecewise constant function)
The function f : [0,3] — R given by

2 if0<a<l,
f(x)‘_{5 if 1< <3,

is Riemann integrable because it is increasing. With the help of Theorem 3.29, we
can know easily compute the Riemann integral of f over [0,3]. From the domain

/ng(x)dm: /Olf(m)dx+/13f(x)dx.

Now we make use of the fact that Riemann integrable functions that differ only
in a finite number of points have the same integral (see Corollary 3.16). Thus

splitting property

g:[1,3] = R, g(x) := 5, has the same Riemann integral as f|; 3, and we find

3 1 3
/Of(m)d:c:/o 2dm+/l 5dr=2(1—0)+5(3—1) =12,

where we have used the fact that

b
/C’d:r:C(b—a). O

Theorem 3.31 (properties of the Riemann integral IT)
Modulus property: Let f € R([a,b]). Then |f| € R([a,b]) and

/abf(x)dx

Product property: Let f,g € R(|a,b]). Then fg € R([a,b]) and Cauchy’s

inequality holds:
b b
g\/ / |f(:c)|2dw\/ [ ot (3.40)

Quotient of functions: Let f,g be in R([a,b]), and assume that

b
< / ()] da (3.39)

[ sty

inf } lg(x)] = K > 0.

z€la,b

Then the quotient function f/g is also in R([a,b]).
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We give an example how Theorem 3.31 can be used.

Example 3.32 (product of functions)
Show that the function ¢ : [0,3] — R, given by

(z) 2 22 if0<z<1,
x) =
g 5 if1<a<3,

is Riemann integrable over [0, 3].

Solution: We observe first that the function g is the product of the function f from
the last example and the function A : [0,3] — R, given by

2 if0<z<1
h(x) == - =7
(z) {1 if1<2<3.

We know from Example 3.10 that hlpq(z) = 2® € R([0,1]), and the function
k(z) =1, € [1,3], is constant and thus in R([1,3]). Since h|jg(x) = x(z) for
all z € [1,3] \ {1}, we know (see Corollary 3.16) that h|;13 € R([1,3]). From the
domain splitting property we know therefore that h € R([0,3]). Since f € R(][0,3])
(see Example 3.30) and since h € R(]0,3]), we know from Theorem 3.31 that g =
fh € R([0,3]). The integral of g over [0,3] can be computed with the domain
splitting property, the linear properties, and Corollary 3.16.

/Ogg(x)dx = /Olg(x)dx+/lgg(x)dx:/012x2dx+/135dx

1 3 13 2 2
= g/x%m+/fwx22—+a3—mz—+UL:i,
0 . 3 3 3

where we have used that from Example 3.10 and Example 2.22

b b3 b

/ :1720[9325 and / Cdx=C(b—a).
0 a

Clearly this is much simpler than working out the limits of the lower and upper sum

for a limiting sequence of partitions. O

Before we give the proof of all the properties in Theorems 3.29 and 3.31 (which is
rather lengthy) we state some consequences of Theorems 3.29 and 3.31.

Remark 3.33 (lower limit > upper limit)
When the upper limit of integration is not necessarily strictly greater than the lower
one, we define the integral as follows.
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(1) We define

/aaf(x)da? =0

for any function which is defined at the point a (and takes a finite value at a).
(2) If a > b, we say that fabf(x) dx exists if [, f(z)dx exists and we define

/abf(x) dx = —/baf(:)s) dz.

Remark 3.34 (on the linear properties)
In terms of the addition of functions and the scalar multiplication with real numbers,
subtraction is strictly speaking defined by

f—g=f+(-1g,  f,g€R(a,b]).

We see that f —g € R([a,b]) if f,g € R([a,b]). The linear properties of the Riemann
integral imply that for all f,g € R(|a,b]) we then have

KUm—%Mmzlxmw+hnfﬂ@wzlvmm—L2@w,
(3.41)

as we did expect.

Remark 3.35 (on the domain splitting property)
If f € R([a,b]) and c € (a,b), then we have

[ rwar- [wa = [ wa
/abf(x)dx—/cbf(x)dx _ /acf(x)dx.

This follows from the domain splitting property:

[ rwar= [ s [ swa

and we obtain the claimed formulas by subtracting the first term and the second
term on the right-hand side, respectively, from both sides of the equation.

Now we can answer the question that we have formulated at the beginning of this
section, namely, whether the set R([a,b]) is a linear space.
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Lemma 3.36 (R([a,b]) is a linear space)
The set R([a, b]) with the usual pointwise addition (3.35) and the usual pointwise
scalar multiplication (3.36) of functions is a linear space.

Now we will give the proofs of Theorems 3.29 and 3.31 and Lemma 3.36.

Proof of the first linear property: Let f,g € R([a,b]). Take an arbitrary

partition P = {zg,x1,...,2,} and denote
mi(f) == e[inf ]f(l“), My (f) = [SUP ]f(l"% (3.42)
TE[Tk—1,Tk TE[TE_1,Tk
m(g) = _inf  g@), Mig):= swp g(a) (3.43)
T€[TK—1,7k] T€[Tp—1,Tk]
and
mi(f+g) = E[inf ] [f(2)+g(x)], Mi(f+g):= [sup | [f(2)+g(z)]. (3.44)
TE|Tp—1,Tk TE[TE—1,Tk

With the notation (3.42), (3.43), and (3.44), we have (from the definition of the
infimum and the supremum)

mi(f) +mi(g) < mi(f +9) < Mi(f +9) < Mi(f) + Mi(g)- (3.45)

Multiplying (3.45) by (z; — zx_1) and subsequently summing over k = 1,2,...,n,
gives

L(f,P)+ L(g, P) < L(f +9,P) SU(f +9,P) <U(f. P) + Ul(g, P).
Take a limiting sequence of partitions {P,}. Then
L(f, Pa) + L(g, ) < L(f + g, P) SU(f + 9, F) <U(f, P) + Ulyg, Po).

Letting n — oo we conclude from Theorem 3.7 that (since f,g € R([a,b]))

/abf(a:)dx+/abg(x)dx < /ab[f(:v)+g(x)]da:

< [ 1)+ gle)] ds

< /abf(x)dx+/abg(x)da:.

Since the left-most expression and the right-most expression are the same, we con-
clude that all < have to be equalities. Thus

[ @)+ g@]do = [ 1)+ gla)] do,
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that is, f + ¢g € R([a,b]), and

/abf(x) d:v+/abg(9:) dr = /ab [f(z) + g(z)] da.
as claimed. .

Proof of the second linear property: Let f € R([a,b]) and let o € R. Take an
arbitrary partition P = {xg,z1,...,x,}. Then for o >0

mi(af) = _inf af(r)=a _inf f(z)=am(f),

TE[Tp_1,Tk] TE[TR_1,Tk]

Myaf) = s af(s)=a swp  f(x) = aMy(f),
TE€[T_1,Tk) x€[TK_1,Tk]

and for o < 0

mlaf) = _inf  af(x)=a sup  f(z) = aM(f),
= el o]

My(af) = sup af(x),=a inf f(x) =amg(f),
"EG[ZBk,l,{Ek] "Ee[xkflvrk]

where we have used the notation (3.42) and (3.43) with g = a f. Thus we have for
a>0
amy(f) = mi(af) < My(af) = a M(f) (3.46)

and for a < 0
aMi(f) = my(af) < My(oof) = caomy(f). (3.47)

Multiplying (3.46) and (3.47) with (xp — zx_1) and subsequently summing over
k=1,2,...,nyields for a > 0

aL(f,P)= Llaf,P) <U(af,P)=aU(f,P) (3.48)
and for o < 0
aU(f,P)=L(af,P) <U(af,P)=aL(f, P). (3.49)

Now we choose a limiting sequence of partitions { P, }, substitute the P, into (3.48)
and (3.49), and take the limit for n — oo. Since f € R([a,b]), we have that

n—~o0

b
lim o L(f. P,) = lim aU(f, P,) = a/ f(@) de,

and therefore
lim L(af, P,) = lim U(af, B,).

n—oo n—oo
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Thus af € R([a,b]). Substituting a limiting sequence of partitions into (3.48) and
(3.49) and taking the limit for n — oo yields

/abaf(x)dm:oz/abf(x)dx. O

Proof of the domain splitting property: First we will prove that f € R([a,b])
if and only if f|..q € R([a,c]) and fl5 € R([c,b]).

In this proof let {P,} denote a limiting sequence of partitions for [a,b] with the
property that each P, contains the point ¢. Then {P, N[a,c]} and {P, N [c, b} are
limiting sequences of partitions for [a, ¢] and [c, b], respectively.

=: Assume that f € R([a,b]). From Theorem 3.7, we know that for every ¢ > 0
there exists an N = N(g) € N such that for all n > N

€>U(fapn)_L(.faPn)

( [Sup ]f(SL’)) B <m€[sclknf1 xy f(x))] (xk B xk_l) =0

Since all terms behind the sum are non-negative, and since

k=0

U(f,P,) = U(f,P.N]a,c]) +U(f, P.N]cb]), (3.50)
L(f,P,) = L(f,P.N]a,c])+ L(f, P,N][eb]), (3.51)

we see that also for all n > N

e > U(f,P,N]|a,c]) — L(f,P,N][a,c]) > 0,
e > U(f,P.N[e,b) — L(f, PN e, b]) >0

Since € > 0 we arbitrary, we see that

lim L(f, P,N[a,c]) = lim U(f, P,N]a,c]),

lim L(f,P,Nc, b)) = lim U(f, P,N]cb)),

and thus f|j.q € R([a,c]) and f|i5 € R([c, b]).

<: Now let us assume that f|,q € R([a,c]) and that f[y € R([c,b]). Then we
know from Theorem 3.7 that for every € > 0, there exists an N; = N;(¢) € N such
that for all n > N;

0 < U(f,P.N]a,c]) — L(f,P,N]a,c]) < =, (3.52)

N ™
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and there exists an Ny = Na(e) € N such that for all n > Ny

0 < U(f,P.N]e,b)) — L(f, P,N[e,b]) < =. (3.53)

DN ™M

Due to the special choice of P,,

U(fapn) = U(f,Pnﬂ[a,c])—l—U(f,Pnﬂ[c,b]),
L(f,P,) = L(f,P.N]a,c])+ L(f, P,N][ecb]).

We see from adding (3.52) and (3.53) that for all n > N := max{N;, Ny}
0<U(f, P) = L(f. Pa) <&
Thus from Theorem 3.7 (see also Corollary 3.16) f € R([a,b]).

To see that (3.37) is correct, we observe that if f € R([a,b]) then (3.50) and (3.51)
are true. Taking the limit for n — oo in either equation (and using that also
flia,g € R(la,c]) and f|icp) € R([c,b])) yields (3.37). O

Proof of the first two order properties: If f(z) > 0 for all = € [a,b], then we

have for any partition P := {xg, z1,...,z,} that
mi(f):= inf  f(z) >0,  M(f):= sup f(x)>0,
IE[ZBk,l,ZBk} xe[mk,l,mk}

This implies that for any partition P, we have
L(f,P)>0, U(f,P)>0.

Since the lower and upper sum are non-negative for any partition, the Riemann
integral of f € R([a,b]) over [a,b] is also non-negative. Thus

/bf(x)da: >0,

which shows the first order property.

The second order property follows easily from the first: The assumption f(z) > g(z)
for all x € [a, b] can be rewritten as f(z) — g(z) > 0 for all x € [a, b]. Now we apply
the first order property to the function f — g and obtain from the linear properties
(see also Remark 3.34)

o< [0 - g ar = [ sy~ [ o (3.54)
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which implies (3.38). Note that in the second step we have used Remark 3.34. O

Proof of the third order property: We prove this by contradiction. Suppose
the claim is not true, then there is some xy € (a, b) such that f(x¢) > 0. (If such a
point does not exist then f(z) = 0 for all x € (a,b), and by the continuity of f we
see that f(a) = 0 and f(b) = 0). Now as f is continuous at xg, by definition, for
e = f(x9)/2 > 0, there is a 6 > 0 such that [xq — J, o + §] C [a, b] and

|f(z) = f(zo)] <e= @, for all z € [zg — §, 20 + 0].

This implies that

f(@) = f(zo) + (f(z) = fzo)) = flzo) — | f(z) — f(zo)]

> f(xg) —e= f(;co) for all x € [zg — 9, zo + 4. (3.55)

Now by our assumption that f(z) > 0 for all z € [a,b], from the domain splitting
property and the first and second order property in Theorem 3.29, we have

b zo—0 zo+0 b
= z)dx = dzx dx dzx
0 / f(x) de / f(x)dz+ / @ [ )
zo+6 zo+0
> / _: f(z)dx > / _: f(;o) dz = 26 f(;:o) =0f(xo) >0,

where we have used (3.55) in the second step in the second line. This is a contra-
diction. 0

Proof of the modulus property: Let f € R([a,b]), and let {P,} be a limiting
sequence of partitions P, := {xg, z1,...,x,}. If we can show that

lim [U(|f], P.) — L(|f], P.)] =0 (3.56)

n—~o0

then we know that |f| € R([a,b]). Then the estimate

< sup |f(2)], forall k=1,2,...,n,

r€[rg_1,T8)

sup  f(x)

€Ty 1,7k

implies that

> ( sup }f(@) (T — Tp-1)

k=1 \Z€[Tr-1,7k

3

<

sup  f(x)

r€[rg_1,T8]

(l’k - SCk—1)

k=1
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< ( sup }If(i)l) (e — Tp-1),

k= T€[Tg—_1,Tk

and thus
[U(f, B < U(|f|, Pn) for all n € N. (3.57)

Taking in (3.57) the limit for n — oo yields the estimate (3.39).

It remains to show (3.56). We distinguish for each subinterval [zj_1, )] the following
three cases:

(1) f(z) >0 for all x € [zy_1, 2],
(2) f(z) <0 forall z € [xg_1,xx], Or

(3) f(x) assumes both positive and negative values on [ry_1, Tg].

In case (1), we have

0< sup [f(z)]— inf |f(x)]= sup flx)— inf f(x), (3.58)

r€[Tg—1,7k] r€[Tp—1,K] TE€[TH_1,T8) r€[rg—_1,7k]

and in case (2) we have

0 < sup [f(z)|— _inf |f(z)]
TE[TR_1,Tk] x€[x_1,78]
= | ot fw|-] sw s
TEl@—1,74] w€[wp_1,k]
= sup  f(z)— inf  f(x). (3.59)
TE€[TK_1,Tk] z€[TK—1,7k]

In case (3), we have

0< sup |f(z)|— inf [f(z)

LEE[mk,l,(Ek} SCE[Z‘k,l,CL‘k]

= max{

= max{(—l) inf  f(z), sup } inf  |f(x)]

inf  f(x)

TE[TR_1,Tk]

sup  f(x)

€Ty 1,7k

Y

TE[TR_1,Tk]

}— inf [f(x)|

xe[xkflvxk} ZBE[(Ek 1, ZBk Z‘E[xk 1 xk:

< max{ (—1) inf  f(z), sup
TE€[T_1,2k] T€[Tk—1,Tk]
< sup f(z)— inf f(x), (8.60)

r€[Tg—1,7k] v€[wh—1,7x]
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where we have used in the last step the fact that sup,c,, . f(¥) > 0 and
(=1)infyep, 00 f(x) > 0. From (3.58), (3.59), and (3.60), we see that in every
case

0< sup [|f(x)|— inf [|f(z)]< sup flz)— inf f(z),

TE[TRK—_1,Tk] w€[zk—1,7] TE[TRK—_1,Tk] TE[Tp—1,2k]
which implies that (multiply with (zy — x;_1) and sum over k =1,2,...,n)

Since the right-hand side tends to zero for n — oo, we see that (3.56) holds true.
This completes the proof. O

Proof of the product property: We first show that for f € R([a,b]), we have
that f2 = |f|? is also in R([a,b]). To do this let {P,} be a limiting sequence of
partitions P, := {x¢,x1,...,z,}. Then we have

0< sup |f(@))*— inf |f(2)]

r€[Tg—1,7k] v€[zh—1,7%]

2 2
= sup |f(z)|] — < inf |f(z)|>
TE€[TK_1,Tk] r€[Tg—1,Tk]

= sup |f(z)[ + _inf |f(€6)|>< sup  |f(z)] — _inf Hf(fﬁ)\)

me[mk717mk] Z‘E[Ik,hxk] :BE[(Ekfl,(Ek] xe[xkflvl‘k

< |2 sup |f($)|>< sup  [f(x)] = inf }If(éf)I)-

z€[a,b] TE[TK_1,Tk] TE€[TK—1,2k

From this estimate we see that

z€[a,b]

0 < U(f Pa) = LSI?, Po) <2 (sup |f($)|> (U], Pa) = LIf1, P)].

Since f € R([a,b]), |f| is also in R([a,b]), and we know that the right-hand side
tends to zero as n — oo and thus lim, . (U(|f]?, P,) — L(|f[?>, P.)) = 0. Thus
lim, o U(|f|?, P,) = lim, . L(|f|?, P,), and from Theorem 3.7 we know therefore
that f2 = |f]? is also in R([a, b]).

Now let f,g € R([a,b]). Then f+ g € R([a,b]) and f — g € R([a,b]). We have

(f(x) + g(x))* = (f(z) — g(x))”
= (|f(@)]> +2 f(2) g(x) +g(@)]®) — (|f(@)]* = 2 f(z) g(x) + |g(x)]?)
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and thus .

f@)g@) = 5 ([F@) + @) = [F@) - g(@)]"). (3.61)

From the first part of our proof we know that we know that (f + ¢)* € R([a,b])
and (f — 9)? € R([a,b]) (since f+ g € R([a,b]) and f — g € R([a,b])). Thus
(f+9)*—(f —g)*is also in R([a,b]), and the representation (3.61) implies therefore
that fg € R([a,]).

The Cauchy inequality follows now relatively easily. Let us first discuss the case
where

/ |f(2)|*dz =0 and / lg(2)|* dw = 0. (3.62)

Then the right-hand side of Cauchy’s inequality is zero and we only have to show
that the left-hand side is also zero. From

0< (If@) = lg@))* = 1f @) =2/ f (@)l g(x)| + |g )

we have

[f (@) g(@)| = 1f (@)l g(@)| < 5 (If @) + |g(=)])

Integrating over [a, b] and using the linear properties and the first and second order
property of the Riemann integral yields

N —

[ Wr@g@lde <5 [r@Pas 5 [ la@Pde=o

From the modulus property we then have

/ f(2) g(x) de| < / (@) g(a)] de <0,

and thus

[ 1wowa] <o

Thus the Schwarz inequality holds true under the assumption (3.62).

We may from now on assume that

b b
/|f(:c)|2d:c>0 or /|g(:c)|2dx>0.
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Let us assume that f; lg(z)|*dz > 0. For f,g € R([a,b]) and X € R, we have that
(f — Xg)* € R([a,b]) (from the previously shown properties of the integral), and
from the first order property and the linear properties

0 < / [f(2) - Ag(x)) de
- / [1F@)P — 2 F(2) g(x) + N |g(a)|?] de
e / g(a)[ dir — 2 / F () g(z) dz + / (@) de

-/ ot (v gy daf@e@dr [, |f(x)|2dx>
a g [ lg(@)2dx

= /b lg(2)| da ()\ S @9 dx)Q

J2 |g(2)]? da

Pl@pdae (1@ )
ff ol (f; |9(:)3)|2d:17>2

b I (@) g(x) d:c)2
= ) dr | A — =2
/a 19(2)| ( s
R @P s gt da = ([ 7@ @) )
2 1g(2)? dx ‘

- o) da

(3.63)

Now we choose

| @ @) da
_ L |
Ji lo(@)? da

Then the first term on the right-hand side of (3.63) vanishes and we get, after
multiplying with f; lg(2)|? dz,

0< /ab|f<x>|2dx/:|g<x>|2dx— (/:f<x>g<x>dx)2,

which yields after rearranging (3.40). O

Proof of the statement about the quotient of functions: Because we know
that fh € R([a,b]) if f,h € R([a,b]), we see that it is enough to show that
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1/g € R([a,b]). If P :={xo,21,...,2,} is a partition then for any x,y € [z4_1, %]

1 L _ 9@ —g@@) _  l9(y) = g(z)]
9(@) gly)  9(@)9y) T (inf.epyl9(2)))

2

Supue[xk,l,xk] g(u> - infﬂ)E[SEkfl,xk;} g(w)

(infciap |9(2)])°

. (3.64)
Thus we have from (3.64)

1 . 1 . -~ .
sup ——— inf ) < ( 1nf}|g(z)|) ( e[sup g(u) —  inf }g(w)) :

T€lTp_1,2k] 9(x)  yelzr_1,a4] z€[a,b UE[Th_1,2%)] WE[TL_1,Tk

(3.65)
Multiplying (3.65) with (2 — zx_1) and subsequently summing over k = 1,2,...,n,
we see that

0<U1/a.P) - 10/g.P) < (inf o)) [0 P) - L P)]  (300)

If we now consider a limiting sequence of partitions { P, }, then we see that in (3.66)
with P = P,, the right-hand side tends to zero as n — oo (since g € R([a,b])).
Thus we have, from the sandwich theorem,

lim (U(1/g,P,) — L(1/g,P,)) =0,

n—oo

and due to Theorem 3.7, we know that 1/g € R([a,b]). O

Finally we prove Lemma 3.36 and show that the set R([a, b]) of Riemann integrable
functions on [a,b] with pointwise addition and pointwise scalar multiplication is
indeed a vector space.

Proof of Lemma 3.36: From the linear properties, for any f,g € R([a,b]) and
any a« € R, f+g € R([a,b]) and a f € R([a,b]). Thus we have closure with respect
to the addition (3.35) scalar multiplication (3.36).

(1) Because of the associative law for real numbers we have for all f, g, h € R([a, b])
(f(z) +g(z)) + h(z) = f(z) + (9(x) + h(z)) for all z € [a,b)].

Thus
(f+9)+h=f+(g+h) for all f,g,h € R([a,b]).
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(2) Let O(z) := 0, x € [a,b], be the zero function which is in R([a,b]). Then for
any f € R([a,b])

f(z)+O(z) = O(x) + f(x) = f(z) for all x € [a,b].
Thus the zero function O is the neutral element, that is,

f+O0=0+f=f for all f € R([a,b]).

(3) Let f € R([a,b]). Define the function g(z) := —f(z) = (=1)f(z), x € [a,b].
Then g € R([a, b]) and

flx) +g(x) = g(x) + f(x) = f(2) + (=f(2)) = 0=0O(z) forallz e la,b].
Thus g := —f is the inverse element for f, that is,
fr9=9+f=0.

(4) For any f € R([a,b]), we have 1 f(z) = f(x) for all z € [a,b]. Thus 1 f = f.
(5) For all , 5 € R and f € R([a,b]), we have

(@B)f(z) = af f(z) = a(f f(z)) forallzele,b] &  (af)f=a(lf)
(6) Let a, B € Rand f,g € R([a,b]). Then from the distributive law of real numbers

(a+B)f(x) = af(x)+Bf(z) forallzéela,b,
af(z)+g(x)) = af(x)+aglz) forallze la,b]

Thus both distributive laws hold true:
(a+p)f=af+0f alftg =af+ag

for all o, 5 € R and all f,g € R([a,b]). O
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Chapter 4

Techniques and Results of Integral
Calculus

This this chapter we encounter the main theorems for the Riemann integral which
are of paramount importance for computing integrals. Most of these results you will
have seen in some form in school.

In Section 4.1, we first extend the notion of Riemann integrability in some sense to
arbitrary intervals by introducing locally Riemann integrable functions. (So
far we have only talked about Riemann integrable functions on closed bounded
intervals [a, b] with —co < @ < b < 00.) In Section 4.2, we introduce the primitive
of a function: a primitive (or antiderivative) of a function f is a differentiable
function F' such that F’ = f. In Section 4.3, we then introduce the so-called
indefinite integral. We will see that the indefinite integral of a continuous function
defines a primitive (or antiderivative). In Section 4.4, we can then finally prove the
fundamental theorem of calculus which links differentiation and integration
and which is the ‘backbone’ of calculus. In Sections 4.5 and 4.6, we will learn
integration by parts and integration by substitution, respectively. We will
use integration by parts to derive another version of Taylor’s formula in which
the remainder term is in integral form. In Section 4.7, we will learn the integral
test for the convergence of a series.

81
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4.1 Locally Riemann Integrable Functions

So far we have discussed whether functions f : [a,b] — R are Riemann integrable
on a closed bounded interval [a,b] with —oco < a < b < co. But what about
Riemann integrability of functions defined on an open interval (c,d) or an half
open interval (¢, d] or [c, d) or even an unbounded interval, for example, (—oo, d] or
(c,0) or (—oo0,00) = R? This question leads to the notion of locally Riemann
integrable functions.

As before (c, d) denotes any type of interval with —oo < ¢ < d < oco. That is, (¢, d)
can be any of the following types of interval: (1) bounded intervals which are
open intervals (¢, d), half-open intervals (¢, d], [c, d), or closed intervals [c, d], where
—00 < ¢ < d < o0 or (2) unbounded intervals (—o0,0) = R, (—o0,d), (¢, o0),
(—o0,d], or [¢,00), where ¢ and d are now finite real numbers.

Definition 4.1 (locally Riemann integrable function)

A function f : {(c,d) — R is called locally Riemann integrable over (c,d)
if for any bounded closed subinterval [a,b] C (c,d) (that is, a,b € {(c,d) and
a < b) we have f|,y € R(la,b]). The set of all locally Riemann integrable
functions over the interval (c,d) will be denoted by Rioc({(c,d)).

Remember that f|,4 denotes the restriction of f : (¢,d) — R to the subinterval
[a,b] C {c,d)

We give some examples of locally Riemann integrable functions.

Example 4.2 (locally Riemann integrable functions)

(@) f:(-1,1) = R, f(z) := (1 — 2%, is locally Riemann integrable over (—1,1)
(that is, f € Rioc((—1,1))), because for any a,b € (—1,1), a < b, the function f|
is in C([a,b]), and thus, from Theorem 3.18, f|j.4 is in R([a,b]).

(b) f(x) :=e”, is locally Riemann integrable over R (that is, f € Rj.c(R)), because
for any a,b € R, a < b, the function f|(4 4 is in C([a, b]), and thus, from Theorem 3.18,

f|[a,b} iS n R([CL, b])

(c) f(x) := 2? is locally Riemann integrable over R (that is, f € Rj.c(R)), because
for any a,b € R, a < b, the function f|(, 4 is in C([a, b]), and thus, from Theorem 3.18,
f|[a,b} iS n R([CL, b])

(d) cosz and sinz are in Rjoc(R). This can be seen as follows: From Theorem
3.18, they are continuous on R, and hence on any bounded closed subinterval
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la,b] € R. Thus cos | and sinz|y, are in R([a,b]) for all [a,b] C R, and
therefore cos |(q,4), Sin |44 € Rioc(R).

(e) Inz, & > 0, is in Ryoc((0,00)). This follows from the fact that In is monotone
on (0,00), and from Theorem 3.22 In x|, is in R([a,b]) for any bounded closed
subinterval [a,b] C (0,00). Thus Inz € Rye((0, 00)).

(f) sign(z) (see Example 3.24) and f(z) := max{n € Z : n < z} are monotone
on R. Restricted to any bounded closed subinterval [a, b], they are in M([a, b]) and
hence in Riee([a, b]) (see Theorem 3.22). Thus they are locally Riemann integrable
over R.

The following two lemmas just formalize what we have used repeatedly in the exam-
ples above: Since continuity (or monotonicity) of a function f on an interval (c, d)
implies continuity (or monotonicity) on any subinterval [a, b] C (¢, d), we know from
Theorem 3.18 (or Theorem 3.22, respectively) that all continuous (or monotone)
functions on (c,d) are locally Riemann integrable on (c, d).

Lemma 4.3 (continuous on (c,d) = locally Riemann integrable on (c, d)
Any continuous function on (c,d) is locally Riemann integrable over (c,d), that
18,

C(<Cv d>) - Rloc(<cv d>)

Proof of Lemma 4.3: Let f be continuous on (c,d), and let a,b € (c,d) with
a < b be arbitrary. Then f|,4 is in C([a, b]), and thus, from Theorem 3.18, we know
f|[a,b} € R([aa b]) Thus .f € Rloc(<c> d)) U

Lemma 4.4 (monotone on (¢,d) = locally Riemann integrable on (c,d))
Any monotone function on (c,d) is locally Riemann integrable over (c,d), that
18,

M(<C> d)) C Rloc(<cv d>)

Proof of Lemma 4.4: Let f be monotone on (c,d), and let a,b € {¢,d) with a <b
be arbitrary. Then f|j, 4 is monotone on [a, b], that is f|j., € M([a,b]), and thus,
from Theorem 3.22, f|jay € R([a,b]). Thus f € Risc((c,d)). O

What are the locally Riemann integrable functions on a closed interval?

Remark 4.5 (Rioc([c, d]) = R([e, d]))
If (¢,d) = [c,d] is a closed bounded interval, then Rioe([c,d]) = R([c, d)).
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Proof: Let f € Rioc([c,d]). Then by definition of Rioc([c,d]), for any a,b € [c,d],
a < b, we have flny € R(la,b]). We may choose a = ¢ and b = d, and thus
f € R([e,d]). Thus we see that Riee([c,d]) C R([e,d]).

Let f € R([c,d]). For any interval [a,b] with ¢ < a < b < d, we know from the
domain splitting property that f|.y € R([a,b]). Thus f € Rioe([c, d]). O

4.2 The Primitive of a Function

Differentiating a differentiable function ¢ yields its derivative ¢’ = dg/dx, and you
have learnt rules for computing derivatives, such as the product rule, the quotient
rule, and the chain rule. Given a function f we can also ask whether there is some
differentiable function F' such that F’ = f. This leads us to the notion of the
primitive or antiderivative of a function.

Definition 4.6 (primitive/antiderivative of a function)

Let f : (c,d) — R. A primitive (or antiderivative) of [ is a function
F : (¢,d) — R which is continuous on (c,d), differentiable on (c,d), and sat-
isfies F'(x) = f(x) for all x € (¢, d).

To find primitives we can use our knowledge about differentiation. We give some
examples.

Example 4.7 (primitives)
(a) Let f(z) :=sinz. Then a primitive of f is F/(z) := — cosz, since

F'(z) = (—cosx) =sinz = f(x).

(b) The function F'(z) := e” is a primitive of f(z) = e”, since

(c¢) The function F(x) := e* 4+ 1 is also a primitive of f(x) := e”. Indeed
Fllz) =(e"+1) = (") + (1) ="+ 0 = f(x).

(d) The function f(x) = 2® — 2z has a primitive F'(z) = z*/4 — z*. Indeed, we have

d (z* d (z* d(z*) 42°
F/ _ o2 _ < _ _ 2 — 3 2
(@) dm(ll x) dm(ll) dx 4 e “

which shows that F'is a primitive of f. O
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From our knowledge about derivatives, we can easily conclude that, if a function
has a primitive, then this primitive is not unique. This is explained in the next
remark.

Remark 4.8 (comments on the primitive)

(1) We say a (and not the) primitive since a primitive is not unique. This is easily
seen as follows: Let F be a primitive to f, and define F(z) := F(z) +C, z € (¢, d),
where C' is an arbitrary constant. From the properties of F', we find Fe C({c,d)),
and that F is differentiable on (c,d). Since the derivative of a constant functions is
the zero function, we have

Fl(z) = (F(z)+C) = F'(z) +0=F'(z) = f(z)  for all z € (c,d).

Thus F is clearly another primitive of f, and F £ Fif C #0.
(2) Remember that (c,d) is the interior of {(c,d).

As you may expect, all primitives of a function can be obtained by taking one
(arbitrarily chosen) primitive and adding constant functions.

Lemma 4.9 (description of all primitives)
If the function f : (c,d) — R has a primitive F' on {(c,d), then any primitive of
f on {c,d) is of the form F(z)+ C, x € (c,d), with some constant C € R.

Proof of Lemma 4.9: We have to show that (1) F'(z) + C is a primitive, and (2)
that every primitive F'is of the form F'(x) 4+ C, with some constant C' € R.

Proof of (1): From the properties of F', the function F'(x)+ C is continuous on (¢, d)
and differentiable on (c¢,d). Since the derivative of a constant function is zero and
since F'(z) = f(z) for all = € (¢, d), we have

(F(x)+C’)/:F'(a¢)+O:f(x) for all z € (¢, d).
Thus F(z) 4 C is a primitive of f on (¢, d). This shows (1).

Proof of (2): Let F be any primitive of f. Then F is continuous on {c,d), and
F'(z) = f(x) for all x € (¢,d). Thus

(F(z) — F(z)) = F'(z) = F'(z) = f(z) — f(z) =0 forallz € (c,d). (4.1)

Since the only functions whose derivatives vanish are the constant functions, we
know from (4.1) that

F(x)—F(z)=C  forall z € (¢,d),
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with some constant C. From the continuity of F' and F , we conclude that

F(z)— F(x)=C  forall z € (c,d).
This proves (2). O

For more complicated functions than the ones in Example 4.7 we can not so easily
guess a primitive from our knowledge of differentiation. The indefinite integral
introduced in the next section allows us to formally write down a primitive of a
continuous function. The link between differentiation and integration is formalized
in the fundamental theorem of calculus which we will introduce in Section 4.4. Once
we have learnt integration by parts and integration by substitution, we will be able
to compute the indefinite integral and hence find primitives of fairly complicated
functions.

4.3 The Indefinite Integral

If we treat one of the boundaries of the Riemann integral as a variable, then we
obtain a new function. We call an integral with one boundary treated as a variable
an indefinite integral.

Definition 4.10 (indefinite integral)
Let f € Ripe({c,d)). An indefinite integral of f is a function F : (¢,d) — R
defined by

F(z) = /m f(t)dt, x € {(c,d), (4.2)

for some fized a € {(c,d).

Example 4.11 (indefinite integral)
An indefinite integral of the constant function f: R — R, f(x) := 3, is given by

/ f(t)dt:/ 3dt =3(x—0) =3z,
0 0
where we have made use of the knowledge that fab Cdt=C(b—a). O

What happens if we change the fixed (lower) boundary a of the integral in (4.2)?
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Lemma 4.12 (indefinite integrals of f € Ri..((c,d)) differ by a constant)

Any two indefinite integrals of the same function f € Rioc((c,d)) differ by a
constant.

Proof of Lemma 4.12: Due to the domain splitting property (see also Remark
3.35), for f € Ripe({c,d)) and a,b € (c, d)

/:f(t)dt—/:f(t)dt: (/abf(t)dH/:f(t)dt)—/:f(t)dtz/abf(t)dt,

and the later integral has a fixed value, that is, is a constant. O

The following example shows that taking an indefinite integral is a smoothing
operation, that is, an indefinite integral of a function f is a smoother function
than f itself.

Example 4.13 (integral of sign(z))
Consider the function sign(z), defined by

—1 if v <0,
sign(z) := 0 ifx=0,
+1 if > 0.

which is discontinuous. For simplicity let a < 0. From the domain splitting property
and

d
/ Cdt=C(d—c)

(see Example 2.22), we find that

/(—l)dt:(—l)(x—a):a—a? if x <0,

/msign(t)dt: 0 .
“ /(—1)dt+/ ldt=(-1)(0—a)+ (zr—0)=a+=x ifz>0.

We see that for a < 0 N
/ sign(t) dt = a + |z|

which is continuous. d

The next theorem establishes important properties of indefinite integrals. In
particular, the theorem states that if f is continuous on an interval (c,d) then an
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indefinite integral F(z) := [T f(t)dt of f, where a € (c,d), defines a primitive of f
on (¢,d). That is, we have for continuous f : (¢,d) — R and any a € (¢, d),

F'(z) = % </: f(®) dt) = f(z), x € (¢,d). (4.3)

The formula (4.3) already links differentiation and integration, and from (4.3) it is
only a small step to proving the fundamental theorem of calculus.

Theorem 4.14 (properties of the indefinite integral)
Let f € Rioe({(c,d)) and let F' : {c,d) — R be an indefinite integral of f. Then
the following statements hold true:

(i) F is continuous on (c,d).

(i1) F is differentiable at each point xoy € (c,d) at which f is continuous, and
at such a point F'(xg) = f(xo).

(1i) If f is continuous on (c,d) then F is a primitive of f.

We give an example of a the application of Theorem 4.14.

Example 4.15 (primitive of z?)
We have seen in Example 3.10 that

x 3
/0 £2dt = % (4.4)

Since f(z) = 2% is continuous on R, we know from (4.4) and Theorem 4.14 that
F(x) := 2%/3 is a primitive of f(x) = z%. Of course we knew this already from first
year, since (z3/3) = 22 O

As mentioned before Theorem 4.14 will yield, with a little extra work, the funda-
mental theorem of calculus. As long as we ‘know’ a primitive of a function f from
our knowledge about differentiation, Theorem 4.14 is not very helpful. But consider
for example the function

COS X

f(z) = xz € (0,m).

(sinx)3’

For this function it is not obvious (from our understanding of differentiation) how
to find a primitive, but we do know from Theorem 4.14 that the indefinite integral

T cost
F = dt 0
@)= [ gt reOm)
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defines a primitive of f. Once we have learnt techniques to compute complicated
Riemann integrals, then Theorem 4.14 gives us a powerful tool for computing prim-
itives.

Proof of Theorem 4.14 (i): Fix x € (¢, d), we have

F(z) - Flao) = / Cp(e)dt— / " f(t) d = / Cp (4.5)

due to the domain splitting property (see Theorem 3.29 and Remark 3.35). We
consider three cases due to the fact that the interval (¢, d) is not necessarily open
and if (¢, d) is not open zy could be an endpoint.

Case 1: Suppose xq € (¢, d), then there is a ég > 0 such that [y := [xg—do, xo+3do] C
(c,d). Now since f € Rioe({c,d)), f|1, is Riemann integrable on [ and hence f|,, is
bounded. Therefore, there is some M > 0 such that |f(z)] < M for x € . From
(4.5) above and the modulus property of the integral, we have for all z € I

/m:f(t) dt' < / If(t)|dt' <

The continuity of F' at zq follows from (4.6), as for any € > 0, we can simply take
0 := min{dy, ¢/(2M)}. Then |z — 2| < § implies z € Iy and from (4.6), we also
have for = € (¢, d) with |x — zo| < §

|F () = F(xo)| =

/ Mdt‘ = Mz — x| (4.6)

£ £
— == <ec.

— < — < =
[F(2) = F(ao)| < Mz o < Mo < Mz =~

Thus F' is continuous in zy and the proof for Case 1 is complete.

Case 2: Suppose (c, d) contains the left endpoint ¢, that is, (c,d) = [¢, d) or (¢, d) =
[c, d], and assume zy = ¢. In this case we can find dy > 0 so that [} := [xg, xo+Jy] C
(c,d). Now since f € Rye({c,d)), f|;, is Riemann integrable on I; and hence f|j,
is bounded, that is, there exits some M > 0 such that |f(z)| < M for x € I;. From
(4.5) above, we have, for x € I,

/:E:f(t) dt\ < / If(t)|dt‘ <

The continuity of F' at zq follows from (4.7), as for any € > 0, we can simply take
0 := min{dy, €/(2M)}. Then |z — xo| < 6 and x > xo implies x € I, and, from
(4.7), we have for all = € (¢, d) with |z — x¢| <9

|F () = F(xo)| =

/Mdt'§M|a:—x0|. (4.7)

£ £
— —<e.

— < — < =
[F(2) = F(ao)| < Mz =0 < Mo < M =~
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Thus F' is continuous at the end point xy = ¢ and the proof for Case 2 is complete.

Case 3: If (¢, d) contains the right endpoint d, that is, (¢,d) = (¢,d] or (¢, d) = [c, d|,
and if xg = d, then the proof proceeds analogously to the proof of Case 2. O

Proof of Theorem 4.14 (ii): Let 2 € (¢,d) be an arbitrary fixed point at which
f is continuous. By the definition of continuity, we have that for any € > 0, there
exists a § > 0, such that Iy := (o — 9, o +0) C (¢,d) and |f(x) — f(xo)| < €/2,
whenever x € I5.

Now for x € I, © # x(, we have, from the domain splitting property, that

_ TE)dt— [T f(t)d f(t)dt
‘F(xx)i_ o f(:co)‘ S ARG T L R - A
0 T — X T — T

e @ dt = flwo) (x —zo) | | [, f()dt— [} f(wo)dt
N T — 2o N T — 2o
o e IO = foldt] [ [5dt] _ [s—a0)] = __
|z — x| |z — x| |z — x| 2
Thus, from the definition of the derivative, F'(zq) = f(x). O

Proof of Theorem 4.14 (iii): The proof of (iii) follows from (ii) and the definition
of a primitive of f as a function F' which is continuous on (c,d), differentiable on
(c,d), and satisfies F'(z) = f(z) for all x € (¢, d). O

Fact: Every indefinite integral of a continuous function f is a primitive of f,
but not every primitive of f is an indefinite integral. This is illustrated by the
following example.

Example 4.16 (primitives of e”)
Since the exponential function e” is continuous on R, according to Theorem 4.14, a
primitive is given by

Fla) = / ddt,  zER, (4.8)

with some constant ¢ € R. From the order properties of the Riemann integral
F(z):= [Tetdt>0if x> aand F(z):= [ e'dt <0if < a. Thus for any choice
of a, the function F has positive and negative values.

Since we know that (%) = e” for all € R, the function F(z) := e*, z € R, is
another primitive of e*. The primitive F has only positive values since e* > 0 for all
z € R. We sce that the primitive F/(z) = e cannot be represented as an indefinite
integral (4.8). O
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4.4 Fundamental Theorem of Calculus

Now we can finally prove the fundamental theorem of calculus.

Theorem 4.17 (fundamental theorem of calculus)
Let f € C({c,d)) and let F be a primitive of f. Then for all a,b € {(c,d)

b
/ f(z)dx = F(b) — F(a). (4.9)

Notation: It is customary to use the abbreviated notation

F)f == F(b) — F(a).

Proof of Theorem 4.17: From Theorem 4.14, we know that Fy : (¢, d) — R,
defined by

is a primitive of f. We observe that we have

Fola) = / " @) dt =0, (4.10)

Now we consider an arbitrary primitive . From Lemma 4.9 we know that this
primitive F' of f can be written in the form F(z) = Fy(z)+C, x € (¢, d), with some
constant C' € R. Thus we have from (4.10)

b
F(b) — F(a) = (Fo(b) + C) — (Fola) + C) = Fy(b) = / f(t)dt
which proves (4.9). O

If we replace f by F” in (4.9), then (4.9) reads

/ F'(z)dz = F(b) — F(a),

and its becomes clear why integration is the inverse operation to differentiation.
The fundamental theorem of calculus (see Theorem 4.17 above) forms the backbone
of the calculation of integrals.

If we consider in Theorem 4.17 indefinite integrals then (4.9) reads

/w F(t)dt = / F'(t)dt = F(z) — F(a),
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for any primitive F' of f.

We give some examples to illustrate the use of Theorem 4.17.

Example 4.18 (examples illustrating the use of Theorem 3.18)

(a) Since cosz is continuous on R, it is in Ry(R). We know that (sinz)’ = cosz,
for all x € R, that is, sinx is a primitive for cosx. From the fundamental theorem
of calculus (see Theorem 4.17) we have

b
/ cosx dr = sinb — sina.
a

(b) The integral
1
/ e’ cos(e® 4+ 1) dx
0

exists, because the function e” cos(e®” + 1) is continuous on R, and hence (from
Theorem 3.18) we know that it is in Rj.(R). We observe that, from the chain rule,
(sin(e” 4+ 1)) = e®cos(e” 4+ 1) for all x € R, that is, sin(e” 4+ 1) is a primitive of
e” cos(e” + 1). Thus from Theorem 4.17,

1
/ e’ cos(e” + 1) dx = sin(e” + 1)|g = sin(e + 1) — sin(2). O
0

Example 4.19 (integral representation of Inx)

We know from calculus that (Inz) = 1/z, x > 0, that is, Inz is a primitive of 1/z.
Since 1/x is continuous for x > 0, we may define (according to Theorem 4.14) a
primitive of f(z) = 1/x via

F(x) :/ %dt, x>0, (4.11)

where a > 0. From Lemma 4.9, we know that
Inz=F(z)+C

with some constant C', since any two primitives differ by a constant. We would like
to choose a > 0 such that Inz = F(z) (that is, we want to achieve C' = 0). Thus we
try to choose a > 0 in (4.11) suitably. Since In(1) = 0, we want in (4.11) F(1) = 0.
If we choose a = 1, then

1
F(l):/ ;dtzo,
1

and thus 0 =In(1) = F(1)+ C =04+ C =C = C = 0. We see that the logarithm
has the integral representation
“1
Inx = / — dt. O
1t
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4.5 Integration by Parts

A very useful technique for the computation of integrals is integration by parts.
Integration by parts is the ‘inverse’ operation to the product rule

(GF)Y=G'F+GF',

where F' and G are continuously differentiable functions.

Theorem 4.20 (Integration by parts)
Consider (c,d), and let a,b € (c,d) with a < b. Let f,g € C({(c,d)) and let F
and G be primitives of f and g, respectively. Then

b b
/ f(x) G(z)dz +/ F(x)g(x)dx = F(b) G(b) — F(a)G(a). (4.12)

Proof of Theorem 4.20: Since F' and G are primitives of f and g, respectively,
we have F' = f and G’ = g, and F' G is continuously differentiable on (¢, d). From
the product rule we find that

(FG)=FG+FG =fG+Fy. (4.13)

Since the function (F G)’ is continuous on (¢, d) (and thus in Ry..({c,d))), we may
take the Riemann integral over [a,b] on both sides of (4.13) and obtain

/ (FG)(z)dx = / f(z) G(z) dx +/ F(z) g(z) dx. (4.14)

Since F'G is the primitive of (F'G)’, we may (due to the fundamental theorem of
calculus (see Theorem 4.17)) rewrite the left-hand side in (4.14) as

b
/ (F G (2)dz = F(b) G(b) — F(a) G(a). (4.15)

Combining (4.14) and (4.15) yields (4.12). O
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Remark 4.21 (other variants of integration by parts)
Other notations of the integration by parts formula are

b b
/ F'(2) G() dz + / Fe) G(x) dz = F(x) ).
and the most common formulation
b b
/ F'(z) G(z) dx = F(z)G(z)|" —/ F(z) G'(z) dx. (4.16)

The assumptions are analogous to Theorem 4.17: a,b € (c,d) with a < b, and
F and G are continuously differentiable on (c,d).

We show how integration by parts is performed for some examples.

2
/ Inzdx
1

Solution: We use the integration by parts formula (4.16) with F\(z) = z, G(z) = Inx.
Then F'(z) =1, G'(x) = 1/z, and from (4.16)

2 2 4 2
/ lnxd:)s:a?lnxﬁ—/ x—dr =2 ln(2)—0—/ ldr =2 In(2)—2} =2 In(2)—1.
1 1 T 1

Thus we find that

Example 4.22 (integral of Inz)
Evaluate

with integration by parts.

2
/ Inzder =2In(2) — 1. O
1

Example 4.23 (integral of x sinz)
Evaluate the integral
/ x sinxdx.
0

Solution: We use integration by parts (4.16) with F(z) = —cosz, G(z) = = and
thus F'(z) =sinz, G'(x) = 1. Then (with cosm = —1 and sin0 = sinw = 0)

s ™
/ rsinxdr = —x cosm\g+/ cosrdr = —m cosT +sinz|j = 7.
0 0

Thus we have

s
/ x sinxdr = . O
0
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Example 4.24 (integral of e” sinx)

Evaluate the integral
I ::/ e’ sinxdr.
0

Solution: This is an example of an integral that cannot be directly evaluated. In-
stead, it can be ‘solved’ via a simple equation. We apply integration by parts (4.16)
with F(z) = €*, G(x) = sinz, and thus F'(z) = ¢” and G'(x) = cosz. Then

/ e’ sinzdr = e” sinz|] —/ e’ cosxdr = —/ e® cosxdx. (4.17)
0 0 0

Now we apply integration by parts (4.16) a second time with F(z) = e*, G(z) =
cosz, and thus F'(z) = ¢” and G'(z) = —sinz. Then, using cosm = —1 and
cos0=1,

—/ e” cosx dr = —e® cos ] —/ e’ sinzdr =e" +1 —/ e’ sinx dzr. (4.18)
0 0 0
Combining (4.17) and (4.18), we obtain
/ e” sinxdx:e”+1—/ e’ sinx du. (4.19)
0 0

The original integral I occurs in (4.19) again on the right-hand side with a negative
sign. We add the original integral I on both sides and divide afterwards by 2 to
obtain

s T 1
I:/ e’ sim:vdx:6 i . |
0 2

The trick used to evaluate the integral in the last example is common for a certain
class of integrals. One performs integration by parts twice and obtains I = C' —
I, where I denotes the original integral and C' is a real value obtained from the
integration by parts. Now we can rearrange to determine /.

We can also use integration by parts to find primitives.

Example 4.25 (primitives of Inz)
A primitive of h(x) :=Inz, x > 0, is given by

Hy(x) := / Intdt  with some a > 0,
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and we know (from Lemma 4.9) that every primitive of hA(x) = Inz is of the form

H(x):Ho(x)+C':/ Intdt+ C, x>0,

a

where C € R is a constant.

With F(t) :=t and G(t) := Int, and thus F'(t) = 1 and G'(t) = 1/t, we have from
the integration by parts formula (4.16)

Ho(x) = /mlntdt:tlnt|§—/mt%dt:z1nx—alna—/w1dt
= zalnx—alna—ﬂﬁ::Zlnx—alna—:v—l—a:xln;—x—l—(a—alna).
Thus every primitive of h(z) = Inz is of the form
Hz)=zhz—z+(@a—alna)+C=zlnz—z+C,
with the new constant C :=a —a Ina + C. O

Example 4.26 (primitives of (sinz)? + 2z + 3)
Find all primitives of the continuous function h : R — R, given by

h(z) == (sinz)® + 2z + 3.

Solution: A primitive of h(z) = (sinz)? + 2z + 3 is given by the indefinite integral
Hy(z) = / [(sint)® + 2t + 3] dt,
0
and any primitive of h(z) = (sinx)? + 2z + 3 is of the form
H(x) = Ho(z) + C, x € R,

with some constant C' € R.

From the linear properties of the integral, from (z)’ = 1 and (2?) = 2z, and from
the fundamental theorem of calculus (see Theorem 4.17), we find that

Hy(z) = /O(Sint)2dt+/0 2tdt—|—/0 3dt

= /(sint)2dt+t2|g+3t\g:/ (sint)*dt + 2 +3z.  (4.20)
0 0
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From the integration by parts formula (4.16) we have, with F(t) := —cost, G(t) :=
sint, and thus F'(t) = sint, G'(t) = cost,

/ (sint)®dt = — cost sint|g+/ (cost)?dt = —cosx sinx+/ (cost)®dt. (4.21)
0 0 0

Now we use that (sint)? + (cost)?> = 1 and replace (cost)? = 1 — (sint)? in the

remaining integral in (4.21). Thus
/ (sint)®’dt = —cosx sinz +/ [1— (sint)*] at
0 0
= —coszw sin:)s+/ ldt—/ (sint)? dt
0 0
= —cosw sinx+t|§—/ (sint)? dt
0
= —coszw sinx+x—/ (sint)? dt,
0

and adding the original integral on both sides yields

2/ (sint)?dt = x — cosx sin z. (4.22)
0
Thus we have from (4.20) and (4.22) that
1 : 2 2, [ :
Hy(x) = 5(1’ —cosx sinz) + x4+ 3z =2” + 5 & —cosw sing,

and any primitive of h(x) = (sinz)? + 2z + 3 is of the form
2, ! :
H(z) =2"+ 5% —cosz sinz + C,
with some constant C' € R. O

Example 4.27 (primitives of (cosz)™?)
Find all primitives of the function h: (=7, 3) — R, given by

h(z) =

(cosx)?

2

Solution: We know that all primitives of h(x) = (cosz)™ are of the form

o1
H(z) = /0 W dt + C, T € (—g, g) , with some constant C' € R.
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We use that 1 = (cosz)? + (sinz)? to rewrite the indefinite integral as follows

Thus from the linear properties of the integral

S| v ? (sint)? ? (sint)? /”C (sint)?
——dt = 1dt dt = t|; dt = dt

/0 (cost)? /0 +/0 (cost)? o +/0 (cost)? v o (cost)?
(4.23)
We apply the integration by parts formula (4.16) with F'(t) = 1/ cost, G(t) = sint,

and thus F'(t) = sint/(cost)?, G'(t) = cost to the remaining integral, and obtain

/x (sint)? g — sin ¢
o (cost)? cost

x x

1 sin v sin
— [ —— costdt = —/ 1dt = —t|§ = tanz—x.
0

o Jo cost COS T COS T
(4.24)
Substituting (4.24) into (4.23) yields
/x L dt +t t
=2z +tanz —x = tanz.
o (cost)?
Thus all primitives of h(z) = 1/(cosz)? are of the form
H(x) =tanz + C, x € (—g, g) , with some constant C' € R. O

As an application of integration by parts, we obtain another version of Taylor’s
formula (see Theorem 1.33) with a remainder term in form of an integral.

Theorem 4.28 (integral version of Taylor’s formula)
Let f : (a,b) — R be a function which is (n+ 1)-times continuously differentiable
on (a,b), and let xo € (a,b). Then for any x € (a,b), x # o, we have

n ) (g
1) = flao) + 3 T

— 20)" + % /x(a: — )" fOD()de. (4.25)

o

Note that the assumption that f is (n + 1)-times continuously differentiable im-
plies that the (n + 1)th derivative f™+1) is locally Riemann integrable over (a, b)
(since it is continuous on (a,b)).

Remark 4.29 (k-times continuously differentiable)
If we say that a function is k-times continuously differentiable on an in-
terval (a,b), we mean that f and all its derivatives up to order k exist and are

continuous on (a,b). The set of k-times continuously differentiable functions on
(a,b) is often denoted by C*((a,b)).
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Proof of Theorem 4.28: Using the integration by parts formula (4.16) we first
show that if n > 1 then

(n)
T /f oyt g = L0 n(!x()) (x — zo)" /f"“ (z — t)" dt.
(4.26)

Proof of (4.26): Define

and thus

/ 1 n—1 / o n+1
F(t):m(x—t) . G = ).

Then by the integration by parts formula (4.16)

1

= 00|

— f(n)(x) l‘—xo /fn+1 x—t) dt

/f"+1 (x —t)"dt

n!
This proves (4.26).
Now we can prove (4.25) by induction:

(1) In the case n = 0 we have by the fundamental theorem of calculus

/wf’(t)dtzf(x)—f(:co) & f(@) = flao) + /wf’(t)dt- (4.27)

Thus the formula is true for n = 0.

(2) For n = 1, we use that the formula is true for n = 0, thus (4.27) holds and we
can apply (4.26) with n = 1 to rewrite the integral in (4.27) as (note 0! = 1)

/f t)dt = ) — 1'/f(2 (z —t)tdt. (4.28)

Substituting (4.28) into (4.27) yields (4.25) for n = 1.

(3) Let us now assume that we have already proved (4.25) for n =0,1,...,m — 1.
For n = m we may use the formula (4.25) for n = m — 1 and obtain

m—1 r(k) To N x .
f(fv)zf(cco)Jer k(, )(:c—:co) +ﬁ/ (z — )™ LU (1) db. (4.29)

k=1 (m —
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Now we apply the formula (4.26) to rewrite the integral in (4.29) as

(m)
/f (z—t)™ ' dt = fi(xo) /fm“ —t)™ dt.
(m—1)! m!
(4.30)
Substitution of (4.30) into (4.29) yields now (4.25) with n = m. O

4.6 Integration by Substitution

Another important technique for evaluating integrals is substitution or change of
variable. Integration by substitution is the ‘inverse operation’ to the chain rule

S (1) = F(9(0) ¢/ (1)

for a composition (F o p)(t) = F(p(t)) of two continuously differentiable functions.

Theorem 4.30 (integration by substitution — change of variable)

Let ¢ : (¢,d) — R be continuously differentiable. Let (¢',d') be an open interval
such that o((c,d)) = {¢(t) : t € (¢,d)} C (d,d), and let f : (¢,d') — R be
continuous. Then for any a,b € (c,d)

/ fo) @ di= [ Fa)de (4.31)

v(a)

For getting a better understanding of integration by substitution, it is helpful to
consider a primitive F of f. Then the composite function (F o ¢)(t) = F(¢(t)) has
the derivative (from the chain rule)
d
(Fop)(t) = 2 F(p(t)) = F'(p(t)) ¢'(t) = f (1)) ¢ (1)

which is the integrand on the left-hand side of (4.31). This is the main idea of the
proof of Theorem 4.30.

The formula (4.31) is called integration by substitution or change because we sub-
stitute © = ¢(t). With this substitution we change from the variable ¢ on the
left-hand side to the variable x on the right-hand side.

Proof of Theorem 4.30: Let v € (¢/,d’) and introduce the indefinite integral

= /S f(z)dx, se (d,d),
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of f, which defines a primitive of f. Then consider the function (Fop)(t) := F(p(t)),

that is,
©(t)

(Fop)(t) = F(p(t) = fl)de,  te(cd)
Now differentiate F'(¢(t)) with the chain rule and obtain
(Fop)(t) =F(e@) ¢'(t) = flet) ¢'(t),  te(cd), (4.32)

where we have used that F’ = f, since F' is a primitive for f. Now we integrate
(4.32) over [a,b] and obtain

/ (Fop)(t) dt = / Flo() & (8) dt.

We apply the fundamental theorem of calculus to the left-hand side and obtain

b
F(@(b))—F(w(a))Z/ f(e(t) ¢/ (t) dt. (4.33)

Now we substitute the definition of F' in the expression on the left-hand side and
obtain from the domain splitting property (see also Remark 3.35)

©(b) ©(b)

¢(a)
F(p(b)) — F(e(a)) = (z) dx —/ f(z)dx = fla)dz. — (4.34)

¥ ©(a)

The formulas (4.33) and (4.34) now yield (4.31). O
We give an example of integration by substitution.

Example 4.31 (integral of (sint)’ cost)
Show that

w/2 1
/ (sint)® costdt = —.
0 6
Solution: We substitute ¢ = ¢(t) :=sint. Then

d
o'(t) = d—f = cost = dp = costdt,

and ¢(0) = sin0 = 0, ¢(w/2) = sin(n/2) = 1. Performing the substitution, we
obtain

w/2 % 1 §06
/ (sint)® costdt = / (sint)® cost dt = / Pdp= -
0 0 ~—~— 0 6

1

— 5

as claimed. O
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Note: In many practical situations, we need to combine integration by parts
and change of variable. This is illustrated in the next examples.

Example 4.32 (integral of z° sin(2?))

Vor
/ 2% sin(2?) dz.
0

Solution: Introducing a new variable

Evaluate the integral

dy _

322 &  dy=32*dw,
dz

y=ylz) =2’
we obtain with y(0) = 0 and y(v/27) = 27 from the change of variable y = y(z)

% 1 % 1 27
/ 2% sin(2®) do = —/ 2% sin(x®) 32° dx, = —/ y siny dy.
0 0 N~ Y 3 Jo

3
=dy

=siny

Now we use the integration by parts formula (4.16) with F'(y) = —cosy, G(y) =y
and thus F’(y) = siny and G'(y) = 1 and obtain

1/2“ vy — L |27r+/2” J 2m L1 2 2m
= S = - | —ycos COS = —— — Sln = ——.
5 ) ysinydy=g{—ycosyl” + | ydy 5 T3 syl 5

Thus

Example 4.33 (integral of ¢** cos(e” — 1))
Evaluate the integral

1
/ % cos(e” — 1) dx
0
by using change of variable and integration by parts.

Solution: Introducing a new variable
y=ylx)=¢e"—-1 & € =y+1, — =& & dy=€dr

yields with y(0) =0 and y(1) =e — 1

1 1 e—1
2z T _ T T T _
/0 e’ cos(e” — 1) dz —/0 e’ cos(e® —1) ¢"dz /0 (y+1) cosydy. (4.35)

N———
=ytl =cosy =dy
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Now we use the integration by parts formula (4.16) with F(y) =siny, G(y) = y+1
and thus F'(y) = cosy and G'(y) = 1 to obtain

e—1 e—1
/ (y+1) cosydy = (y + 1) siny|c — / siny dy
0 0
=esin(e — 1) +cosz|[it =esin(e — 1) +cos(e —1) — 1. (4.36)

From (4.35) and (4.36) we obtain

1
/ e cos(e” —1)dx = e sin(e — 1) + cos(e — 1) — 1. O
0

We can also use integration by substitution to find all primitives of a continuous
function.

2

Example 4.34 (primitives of (sinx)* cosx)

Find all primitives of the function f: R — R, given by

f(z) := (sinz)? cos .

Solution: A primitive of the function f(z) = (sinz)? cosx is given by
Fy(x) == /m(sin t)? cost dt, r € R,
0
and we know (see Lemma 4.9) that all primitives are of the form
F(x):Fo(:)s)+C':/x(sint)2 costdt + C, xz € R,
0

with some constant C € R.

We use change of variable with the substitution

d
© = p(t) ;= sint, d—f:cost = dp = costdt,

with ¢(0) =sin0 = 0 and ¢(z) = sinz. Then

T T sinx 3
_ 2 _ 2 _ 2, _ ¥ 1
Fy(x) —/0 (sint) costdt—/o (sint) co_stdt—/o o dp = 3, 3

——
— 2 =dg

sinx

(sin z)®.

2 cosx are of the form

Thus all primitives of f(x) = (sinz)
1
F(x) = 3 (sinz)® 4 C, xr € R,

with some constant C € R. O
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Example 4.35 (primitives of f,(z) = a*)
Find all primitives of the function f, : R — R, given by

fa(x) :=a", where a > 0 is some fixed positive real number.

Solution: All primitives of f,(z) := a” are of the form
Fa(x):/ atdt + C, z € R,
0

with some constant C' € R. We have a' = (e?)! = " and thus

/atdt:/ et qp.
0 0

Now we have to distinguish two cases: a =1 and a # 1. If a = 1, then we have

/1%:/ Ldt =t} = .
0 0

Thus for a = 1 all primitives of f;(z) = 1¥ = 1 are of the form
Fi(z)=2+C, z € R, with some constant C' € R.

For a > 0 and a # 1, we use the substitution

y=1y(t) == (Ina)t, % =Ilna = dy=(Ina)dt,

with y(0) = 0 and y(z) = (Ina) z and obtain

x x (Ina)z _y y [(na)z e(lna):c -1 x 1
/ atdt:/ e(ln“)tdt:/ le—dyze— :( ) -4 -
0 0 0 na Ina|, Ina Ina Ina

Thus for @ > 0 and a # 1, all primitives of f,(z) = a” are of the form

xT 1 xT
a oo a

= C R
Ina Ina lna+0’ TEX,

F,(z)

with some constant C' := C' — 1/Ina. O

Example 4.36 (primitives of 1/v/1 — z?)
Find all primitives of the function f: (—1,1) — R, given by

1

flz) = \/ﬁ’

x e (—1,1).
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Solution: All primitives of the function f(x) = 1/+/1 — 22 are of the form

* 1
F(x) = —dt+C, x e (—=1,1), with some constant C' € R.
) /0 vi—+¢ (=1.1)

In order to compute the indefinite integral we use the substitution

dt
t=sinu < wu=u(t):=arcsint =sin"'t, gy = 08 = dt = cosudu,
u

and with u(0) = arcsin0 = 0 and u(z) = arcsin z, we find

T 1 arcsin x 1
—dt = / — cosudu. 4.37
/0 V1—1t2 0 V1 — (sinu)? (4.37)
Since 1 — (sinu)? = (cosu)?, we obtain
arcsinx coS arcsinx COS arcsin x ]
/ —u du = Y du = / 1du = ul§*™* = arcsin z.
0 V1 — (sinu)? 0 CoS U 0

(4.38)
From (4.37) and (4.38), we see that all primitives of the function f(z) = 1/v1 — a2
are given by

F(z) = arcsinz + C =sin" 'z +C

with some constant C € R. O

Remark 4.37 To find the ‘right’ method for computing an integral is mostly
experience. There are some general rules of thumb how to attempt to evaluate
certain types of integrals (see Handout ‘Derivatives and Integrals’ which is also
included in Appendiz A), but mostly it needs a lot of practice.

4.7 Integral Test for the Convergence of a Series

Integration offers a simple way, the so-called integral test, to find out whether a
certain type of series of positive real numbers converges or not.
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Theorem 4.38 (integral test for the convergence of series)

Let r be a natural number and let ¢ : [r,00) — (0,00) be a decreasing non-
negative valued function. Then the series

> (k)

k=r

converges if and only if the limit

exists and is finite.

Theorem 4.38 and its proof are illustrated in Figure 4.1 below.

A

~

@(r+2 ) <area under graph frorsr+1to x=r+2 <@(r+1 )

Qor+1)-------
QOr+2 }---ofee- -

__9()

\j

r r+1 r+2 r+3 r+4

Figure 4.1: Hlustration of the proof of Theorem 4.38.

Proof of Theorem 4.38 Since ¢(z) is a decreasing function, we have
o(k+1) < o(x) < o(k) for all x € [k, k + 1].

Now we integrate over [k, k + 1] and obtain (using the second order property of the
integral)

k+1 k+1 k+1

ok +1) = k ok + 1) dz < k (z)dz < : o(k) dz = (k).
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Taking the sum from k£ = r to N, we have from the domain splitting property
N+1 N
Z¢ (k+1) <Z/ d:c—/ $(a)de < (k). (4.39)
r k=r

After these preparation we can give the proof:

i [ ot

exists and has the value M < co. Then (4.39) implies (since ¢ is non-negative) that

«: Assume that the limit

N+1

N N+1
Z¢(k+1)g/ ¢(x)dr < lim o(x)dr =M < oo  forall N >r.

N—oo [
Hence -
D olk) <M
k=r
and the series Y"1 ¢(k) converges.

=: The statement is equivalent to the following statement: If the limit

N

of the integrals diverges (that is, has the value co) then the series )"~ ¢ (k) diverges.
We will show this equivalent statement. Assume that

N
Jm [ o) da -
Then (4.39) implies that
N
ym S0tk 2 g [ ot
hence the series is divergent. O

We give an example to show how the integral test is applied.

Example 4.39 (integral test for ) ;- k%)
Investigate the convergence of the series

>
k=1
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in terms of o € R.

Solution: Case 1: o > 0. Here the integral test cannot be used as the function
¢o(x) = 2% is not decreasing, but the divergence of the series is obvious as k% — oo
as k — 00.

Case 2: a < 0. Here the integral test can be used as the function ¢,(z) = z* is
positive and decreasing.

a+1 |V Na+1_1
N a - if o # 1,
z%dxr = a+1}; a+1
! Inz[¥ =In N if @ = —1.

We have In N — oo as N — oo, and for a # 1 we see that

N a+1 |N No+l 1
lim r*dr = lim = lim — < o0
N—oo Jy N—>ooa—|—11 N—oo \ @+ 1 a+1
if and only if & < —1. Thus >~ k* converges if and only if o < —1. O

Remark 4.40 (estimate from Theorem 4.38)

Under the assumption of Theorem 4.38 and if in addition ¢ is also defined and
decreasing on [r — 1,00), then we have the following estimate if the series con-
verges:

N 0 N
Jim / o) e < 3 0lh) < i, [_1¢<x>dx (4.40)

Proof: If the series converges, then we obtain from the second estimate in (4.39) for
N — oo that
N N+1

lim ¢(x)dr = lim o(a)dr <> (k)
T —0 r k=r

which proves the first estimate in (4.40). To prove the second estimate in (4.40),
we use the first estimate in (4.39) with r replaced by r — 1.

N+1 N N+1

Z¢ = <k+1)§/ é(z) da,

k=r—1 -1

and for N — oo we obtain

oo N+1
> ¢(k) < lim : o(x) de = hm/ o(x
k=r

N—oo r—1 N—oo

which proves the second estimate in (4.40). O
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Remark 4.41 (Comments on Theorem 4.38)

(1) It is important to check that ¢ is non-negative and decreasing!

(2) Since by the assumptions in Theorem 4.38, the function is decreasing on [r, c0),
it is Riemann integrable over any interval [r, N|, with N > r.

(8) Theorem 4.38 will often be stated saying that under the conditions in the theo-
rem the series > o ¢(k) converges if and only if f x) dx exists. The so-called
improper integral over the infinite interval [r,c0) is deﬁned as

[ oterie = [
and likewise

/_:O flz)de = A}linoo/_zv f(z)de, /_Z flz)dw = J\PB})O/N_Nf(I) dz

(Note that we have not defined improper integrals and therefore will not use this
notation.)

We give some more examples of the application of the integral test.

Example 4.42 (integral test)
Prove that the series

- 1
; (k+1)In(k+1)
diverges.

Solution: Since
¢(x) = (z+ 1)~ (In(z + 1))~
is positive and decreasing on [2, 00), the series converges if and only if
N
1

li d
Noo 5 (x4 1)In(x+1) v

exists and is finite. We have with the substitution

dy 1 1
y=y(z) :=In(x +1), %Ix—l—l & dy:x+1

and y(2) = In(3), y(N) = In(NV + 1) that

N 1 1n(N+1) 1
der = / —dy
/2 (z+1)In(z +1) In(3) Yy

"+ = In(In(N+1) —In(n3) » oo as N — .

dx

So the integral does not exist, and consequently the series diverges. O
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Example 4.43 (integral test and estimate of value of the series)

Prove that the series .

1
Z (2k + 3)(In(2k + 3))?

k=1

is convergent, and estimate the value of the series.

Solution: Since
o(z) = 2z +3) " (In(2x + 3)) 2 (4.41)

is positive and decreasing on [1,00) we may apply the integral test. The series
converges if and only if
N 1

.
Noo 1 (22 +3)(In(2z + 3))2 e

exists and is finite. With the substitution
dy 2 2
y=y@):=mQ@e+3),  Tr=5-3 & dy=5-=

and y(1) = In(5), y(N) = In(2N + 3), we have

N 1 1 [n@N+3) ) 1, In(2N+3)
dr = = Cdy=—-y~
/1 (22 + 3)(In(2z + 3))2 2 /1n5 vowE Ty

1 1 1
— —
2In5 2In(2N+3) 2Inb

dx

as N — 0. (4.42)

So the integral exists, consequently the series converges and has a finite value.

Now we use Remark 4.40 to obtain an estimate for the value of the series. We have
that ¢ given by (4.41) is also defined and decreasing on [0, 00). Thus we can apply
Remark 4.40, and have that

r N 1 ;

1m

N, (22 + 3)(In(2z + 3))2
< N 1 < lim /N ! dx
= 222k + 3)(In(2k 1+ 3)° ~ oy (20t 3)(In(z 13)2

and from (4.42) we see that

. N 1 4 1
1m =
Nose )y 2z +3) 2z +3))2 " T 2ms
N 1
lim de =

N—oo Jo  (2z + 3)(In(2z + 3))? 21In3’
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where we obtained the second integral by simply replacing y(1) = In(5) by y(0) =
In(3) in (4.42). Thus

1 1

< <
2In5 — z; (2k +3)(In(2k +3))?2 ~ 21n3

0.311 ~

~ 0.455. O

o]
k=
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Chapter 5

Uniform Convergence

In Section 5.1, we will discuss the concepts of pointwise convergence and uni-
form convergence of sequences of functions. In Section 5.2, we will derive several
results related to pointwise and uniform convergence. In Sections 5.3 and
5.4, we will discuss whether for a sequence of functions we may interchange the
limit and the integral, and interchange the limit and the differentiation,
respectively. Whether we may do this depends essentially on whether the series
converges uniformly or not. Series of functions can be seen as sequences of func-
tions, with the functions in the sequence being the partial sums. In Section 5.5 we
will learn the Weistrass M-test, which gives a sufficient condition for the uniform
convergence of a series of functions. In Section 5.6, we will apply the results derived
in this chapter to power series.

5.1 Uniform Convergence of Sequences of Func-

tions

We start the introduction of uniform convergence with the following question.
Query: If for every z € [a,b], fn(z) — f(x) as n — oo, that is,

7L11—>I20 fo(z) = f(2) for all x € [a, b], (5.1)
does it imply that

/abfn(x)dxefabf(x)dx as 1 — 007
1

13
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In other words, are we allowed to interchange the limit and the intrgral,
that is, is the statement

i [ e e = / (1 fute)) e

true? The answer is in general no, as we will learn later in this chapter! However,
it is possible to interchange the limit and the integral under certain assumptions.

We give an example where we can see that it is not sufficient for interchanging
limit and integral if a series of functions converges in the sense of (5.1) to a function
f. We mention here already that (5.1) means that {f,} converges pointwise on
[a,b] to f, since at every fixed point x € [a, b] the sequence {f,(x)} of real numbers
converges to the real number f(x).

Example 5.1 (limits cannot be interchanged)
Consider the sequence {f,} of functions f, : [0,1] — R, given by

0 ifr=0,
folz) =< n if 0 <z <1/n,
0 if 1/n<z<1.

We have from the domain splitting property

1 1/n 1 1/n 1
/ fn(x)dSCZ/ nd:c—l—/ Od:c:/ ndx+0—nx\1/" n—=1
0 0 1/n 0 n

For z = 0, we have f,(0) = 0 for all n and thus lim,, ., f,,(0) = 0. For every fixed

€ (0,1], there exists some N = N(z) such that 1/n < x for all n > N. Thus
fn(x) =0 for all n > N, and thus lim,,_, f,.(z) = 0 for every fixed z € (0, 1]. Thus
we find that for every = € [0, 1], the sequence { f,,(x)} of real numbers converges to
0 as n — oo. Thus f(z) :=0, z € [0, 1] is the so-called pointwise limit, where limit
is here meant in the sense of (5.1). We find

/Olf(:c)dx:/OIOd:czo

lim fn dx—l;«é/f

n—oo

and thus clearly

Here we cannot interchange the limits. O
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The question under which conditions the limit and the integral can be interchanged
leads us to introduce the notions of pointwise convergence and uniform con-
vergence.

Definition 5.2 (pointwise and uniform convergence I)
Let {f.} be a sequence of functions f, : {(c,d) — R, and let f : {c,d) — R be
another function.

(i) The sequence {f,} converges pointwise on {(c,d) to f if the following
holds: For all x € {(c,d) and for all € > 0 there exists N = N(z,e) € N
such that n > N implies |f,(z) — f(x)] < e.

Instead of {f.} converges pointwise on {(c,d) to f’, we may also write more
briefly ‘f, — [ pointwise on (c,d)’.

(i) The sequence {f,} converges uniformly on {(c,d) to f, if for alle > 0

there exists N = N(e) € N such that n > N implies

|fulz) — f(2)] < e for all x € {c,d). (5.2)

Instead of {f.} converges uniformly on (c,d) to f’ we may also write more
briefly ‘f, — [ uniformly on (c,d)’.

Remark 5.3 (difference between pointwise and uniform convergence)

(1) The difference between pointwise and uniform convergence is that in the point-
wise case N depends on € and on x whereas in the uniform case N depends on ¢
only. What does this mean?

In uniform convergence, given € > 0, once the N = N(e) has been chosen, the
estimate (5.2) is valid for all x € [a,b] and for alln > N.

In pointwise convergence, given x € {(c,d) and € > 0, then there exists N = N(zx,¢)
such that

|fo(x) — f(2)] <€ forall n > N(x,¢).

If we choose another point y € (c,d) and the same € > 0, then N = N(y,€) may be
different from N(x,e). Since the interval {c,d) contains infinitely many points it is
not clear whether, given € > 0, we can find a common N such that

|fu(z) — f(x)| <e  forall n>N andall x€ {cd). (5.3)

If and only if for every e > 0 such a common N exists for which (5.3) holds, then
the sequence {f,} converges uniformly on {(c,d) to f.
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(2) We observe that (5.2) is equivalent to the estimate
flz)—e< fulz) < f(x)+e  forall x € {(c,d) and for all n > N(e),

which is illustrated in Figure 5.1.

A 4.

Figure 5.1: If {f,} converges uniformly on (¢, d) to f, then we have have that there
exists an N = N(e) such that for all n > N, we have f(z) —e < fu.(z) < f(x) +¢
for all x € (¢, d). The dash-dotted curves indicate some functions f,, with n > N(¢).

We will show later that we may interchange the limit and the integral over a bounded
closed interval [a, b] if the sequence of functions {f,} converges uniformly on [a, b]
to some function f : [a,b] — R.

With the help of the so-called supremum norm, defined below, we can give an
equivalent definition of uniform convergence (see Definition 5.5 below)
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Definition 5.4 (supremum norm)
The supremum norm for bounded functions on (c,d) is defined by

[ flloe = sup, [f@)l, [ eB(cd).

z€(c,d

We now give the following definition of pointwise and uniform convergence which is
equivalent to Definition 5.2.

Definition 5.5 (pointwise and uniform convergence II)
Let {f,} be a sequence of functions f, : (c,d) — R, and let f : {(c,d) — R be
another function.

(i) The sequence {f,} converges pointwise on {(c,d) to f, if for all x € {(c,d)
we have

i fu() = f(a).
(i) The sequence {f,} converges uniformly on (c,d) to f, if
im ( 11,0 —f(:c)|> =l 1 = =0

n—=00 \ ze(c,d)

Example 5.6 (uniformly convergent sequence)

Let {f.} be the sequence of functions f,, : [0, %] — R, given by

fol(z) = 2", T € {0, %} :

Then lim,_ ., 2™ = 0 for all z € [O, %}, and thus {f,} converges pointwise on [O, %]
to f(z) :=0, z € [0,2]. We have that

sup [fule) — f@)] = sup |a"] = (3):0 as 1 — 0.

v€f0,2] 2€[0,2] 3

Thus the sequence {f,} converges uniformly on [0, 2] to f. O

We come back to our introductory Example 5.1 in which we saw that pointwise
convergence alone is not enough to guarantee that we can interchange limit and
integral. Since we could not interchange limit and integral, we suspect that the
sequence {f,} of functions in Example 5.1 does not converge uniformly, but how
can we show this?
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Remark 5.7 (Verifying that a sequence does not converge uniformly)
Let {f.} be a sequence of functions f, : (¢,d) — R that converges pointwise
on (c,d) to f{c,d) — R. If we want to show that the sequence {f,} does not
converge uniformly on (c,d) to f, we have to verify the following:
There exists € > 0 such that for all N € N, there exists an n > N with

|fu(z) — f(x)] > € for some x € (c, d).

Or equivalently: There exists € > 0 such that for all N € N, there exists an
n > N with

sup | fu(z) — f(z)] = &

z€(c,d)
Also if we find that

lim sup [fn(x) — f(2)] = L >0, (5.4)

N0 ze(c,d)

then we know that { f,,} does not converge uniformly on (c,d) to f. However, the
limit in (5.4) might not exist.

Example 5.8 (Example 5.1 continued)
Consider the sequence {f,} of functions f, : [0,1] — R, given by

0 ifx=0,
folz) =< n if0 <z <1/n,
0 if 1/n<z<1.

In Example 5.1, we have seen that {f,,} converges pointwise on [0, 1] to the function
f(z) :==0, 2 € [0,1]. Now we will show that the sequence {f,,} does not converge
uniformly on [0, 1] to f. We have for all n € N that

sup | fu(2) — f(2)| = [fu(1/n) = 0] = [1 = 0] = 1.

z€[0,1]

Thus we have for € = 1 that for all N € N

sup |fu(x) — f(x)| > 1 for all n > N,

z€0,1]

and we have proved that the sequence { f,,} does not converge uniformly on [0, 1] to
the function f. O

Notation: If we say that a sequence {f,} of functions f, : (¢,d) — R converges
pointwise on (c,d) (or is pointwise convergent on (c,d)), then we mean that is



5. Uniform Convergence 119

converges pointwise on (c¢,d) to some function f : (¢,d) — R. If we say that a
sequence {f,} of functions f, : (¢,d) — R converges uniformly on (c,d) (or is
uniformly convergent on (c,d)), then we mean that is converges uniformly on (c, d)
to some function f : (¢, d) — R.

The next remark deals with the relation between uniform convergence and pointwise
convergence. As will be explained, uniform convergence is the stronger type of
covergence: uniform convergence implies pointwise convergence, but the
reverse statement is not true!

Remark 5.9 (uniform convergence = pointwise convergence)
(1) Since for any x € {(c,d)

|[fu(x) = f(2)] < sup [fu(z) = f(z)],

z€(c,d)

we see that if { f,,} converges uniformly on {(c,d) to f, then {f,} converges point-
wise on (c,d) to f. The converse is not true: pointwise convergence does not
imply uniform convergence.

(2) From (1) we see that a sequence {f,} that does not converge pointwise on
(c,d) cannot converge uniformly on (c,d). Pointwise convergence is a necessary
condition for uniform convergence, but is it not a sufficient condition.

Here is how you should proceed when you want to investigate whether a sequence
{fa} of functions f, : {(¢,d) — R converges uniformly on (c,d).

Recipe for checking pointwise and uniform convergence: If we inspect
a sequence {f,} of function on (c,d) for pointwise and uniform convergence,
our first step is to check whether it converges pointwise by trying to find the
pointwise limit. Only if it is pointwise convergent, we need to check whether it

also converges uniformly towards the pointwise limit.

Example 5.10 (not uniformly convergent sequence)
Let {f.} be the sequence of functions f, : [0, 1] — R, given by

fulz) = 2", x € [0,1].

Then lim, o, 2™ = 0 for all x € [0,1) and lim,,_,o fn(1) = lim, o 1" = 1. Thus
{fn} converges pointwise on [0, 1] to

ro={ ] oy
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Now we have that

sup |fu(z) — f(x)| > sup |2" — 0| = sup |2"|=1"= 1.
z€[0,1] z€[0,1) z€[0,1)

Thus for e = 1 and for all N € N, we have that

sup |fu(x) — f(x)| > 1 for all n > N,

z€[0,1]

and we see that the sequence { f,,} does not converge uniformly on [0, 1] to f.

[

o
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Figure 5.2: The functions fi(z) =z, fo(z) = 2%, f3(z) =23, ..., f7(x) = 27 on the
interval [0, 1].

In Figure 5.2, we have plotted fi(x) = z, folz) = 2%, f3(z) = 23, ..., fr(z) = 27,
and we see how the functions approach the pointwise limit. Keeping the picture in
Figure 5.1 in mind, we can also see from Figure 5.2 why the convergence cannot be
uniform: If we lay an e-tube around the pointwise limit, then this e-tube gives

flz) —e=—e< folx) < f(x)+e=¢  foral z€][0,1),

where we have ignored the point z = 1 for the moment. Since the f,(z) = =" are
continuous and f,(1) = 1", we have

li = lim 2"=1
x<11,I£1—>1f"(x) <1, 11 ’
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and therefore for any n, the value f,(z) will lie outside (—¢,¢) for any € < 1 if = is
close enough to 1. O

We discuss some more examples.

Example 5.11 (pointwise but not uniformly convergent sequence)
Consider f,,(z) = na"(1—2") on [0, 1]. Show that lim,,_,~, fn(z) = 0 forall z € [0, 1].
This means that the pointwise limit is f(z) = 0, z € [0, 1]. Then investigate whether
the series converges uniformly on [0, 1] to f.

Solution: Since f,(0) = 0 and f,(1) = 0 for all n, clearly lim, .., f,(0) = 0 and
lim,, . fn(1) = 0. For z € (0,1), we use that

lim na™ =0, 0<z<l. (5.5)

n—oo

With lim,, o 2" = 0 for z € (0,1) and 27" = =" this follows from de I'Hopital’s
rule (with n as variable): for z € (0,1)

lim n2" = lim —— = lim lim -
mnz" = lim — = 1i = lim —— — _ —
n1—>oo n—oo x"  n—oo e "MINT  noco —(hl x)e‘"lnx n—00 (ln x)
From (5.5) and from |1 — 2" <1 for = € [0, 1], we get

na™ (1 —2")| = |na"| |1 —2"| < |na"| for all z € (0,1).

Thus, from the sandwich theorem,

0< lim [n2"(1—2")| < lim [n2"|=0 = limnz"(1—2") =0, ze€(0,1).

n—oo n—0o0 n—oo

This show that lim,,_, fn(z) = 0 for all z € [0, 1]. Thus f(x) := 0, x € [0, 1], is the
pointwise limit of {f,}.

Now we consider

sup |fn(z) — f(z)| = sup |[na”™(1—z")].
z€[0,1] z€[0,1]

The function f,(z) — f(x) = fu(x) is zero in z = 0 and = = 1 and we work out the
maximum of |nz"(1 — z")| = |nz™ — na?"| on [0,1]. To do this we compute the
zeros of the derivative of f,(z) =nz" (1 —2") = na" — nz*

(nx”(l—x")), =n’r" ' =2n% ! = %" N (1-22") =0 = z=0ora"=1/2.
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Since f,(0) = f.(1) = 0 and since x = {/1/2 is the only critical point in (0,1),
fn({/1/2) must be the minimum or maximum of f,,, and thus the maximum of | f,,|.
Thus

sup |fu(z)—f(z)| = sup |na"(1—z")| =
z€[0,1] z€[0,1]

— - = = - — — 00.
n2 9 1 (0.9) asn oo

Thus the {f,} does not converge uniformly on [0, 1] to f(x) = 0. O

Example 5.12 (uniformly convergent sequence)
Define f,, : [0, 7] — R by

o) = (cosx)™

~ 2n+ (cosx)n’ z € [0,

Find the pointwise limit, and determine whether the convergence is uniform on [0, ].
Solution: We have |(cosz)"| < 1, and thus
|2n + (cosz)"| > |2n| — |(cosz)"| > 2n — 1 for all x € [0, 7.

Hence we can estimate |f,,(z)| as follows

0= |fnl@)l = Qn(%c—o(scgo:)sx)" - |27J$O:cill)"| - 2n|fjsciLx|" ~2n—1 (56)
From (5.6) and the sandwich theorem
0= lim [fa(z) -0 = lim ﬁ < lim o =0,
and we see that the pointwise limit of {f,} is f(z) := 0, = € [0, 7]. Similarly,
0< lim sup |fu(z)— f(x)] = lim sup _(cosz)" —0‘ < lim L _ 0
n—00 ye(0.x] n—o0 yeio.q] | 21 + (cos )" n—oo 2n — 1

Hence, from the sandwich theorem, { f,,} converges uniformly on [0, 7] to the function
f(z) =0, 2 €0,m7]. O

Example 5.13 (uniformly convergent sequence)

Suppose {fn}, fn:[—1,1] — R, converges uniformly on [—1,1] to f: [-1,1] — R.
Let F,(z) := |fu(z)], € [-1,1], and let p,(t) := f,(cost), t € R. For each of the
sequences {F,} on [—1,1] and {p,} on R find out whether or not it is pointwise
and uniformly convergent.
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Solution: Claim: {F,} converges uniformly on [—1, 1] to F(x) := |f(x)|, x € [-1,1],
and {¢,} converges uniformly on R to ¢(t) := f(cost), t € R.

Indeed, let € > 0 be arbitrary. Since {f,} converges uniformly on [—1, 1] to f, there
exists N = N(e) such that n > N implies

|f(z) — f(2)] <, for all z € [-1,1]. (5.7)
Hence for any n > N we have from the lower triangle inequality
|[Fa(2) = F(2)| = [[fa(@)] = [f(@)]] < ful2) = f(x)] <& forallz e [-1,1].
Since cost € [—1,1] for all t € R, we have from (5.7) that for all n > N
lon(t) — @(t)] = |fu(cost) — f(cost)| < e for all t € R.

Thus {F,} converges uniformly on [—1,1] to F(x) = |f(z)|, and {p,} converges
uniformly on R to ¢(t) = f(cost). O

5.2 Results on Uniform Convergence

In analogy to Cauchy sequences in R, we introduce uniform Cauchy sequences,
and in analogy to the real numbers R we can prove a uniform Cauchy principle.
Then we will prove the important statement that the (uniform) limit of a uni-
formly convergent sequence of continuous functions is also continuous.
From this statement we draw a useful conclusion.

We start by remembering the definition of a Cauchy sequence of real numbers and
the uniform Cauchy principle (for squences in R).

Definition 5.14 (Cauchy sequence)
A sequence of real numbers {a,} C R is called a Cauchy sequence if for all
e > 0 there exists N = N(¢) € N such that m,n > N implies |a,, — a,,| < €.

Lemma 5.15 (Cauchy Principle)
A sequence of real numbers {a,} C R is a Cauchy sequence if and only if it is

convergent.

The Cauchy Principle has a deep meaning and it will reappear in various forms in
many other mathematical courses.
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In analogy to Definition 5.14, we define uniform Cauchy sequences.

Definition 5.16 (uniform Cauchy sequence)
A sequence {f,} of functions f, : (c,d) — R is called a uniform Cauchy
sequence if for all e > 0 there exists N = N(g) € N such that m,n > N implies

|fn(2) = f(2)| <€ forallx € (c,d).

Or equivalently: A sequence {f,} of functions f, : (c,d) — R is called a uni-
form Cauchy sequence if for all ¢ > 0 there exists N = N(¢) € N such that
m,n > N implies

[fro = frmlloo = sup |ful(z) — fin(7)] <e.

z€(c,d)

(Note: Here N depends only on €.)

We give an example of a uniform Cauchy sequence.

Example 5.17 (uniform Cauchy sequence)
In Example 5.6 we have seen that the sequence {f,} of functions

fol(z) = 2", T € [0, %} :

converges uniformly on [0,2/3] to the function f(z) := 0. We will now show that
{fn} is a Cauchy sequence.

Indeed given € > 0, choose N = N(g) such that 2(2/3)Y < e. Then we find
|x™ — a™| < |2™| + |2™]| and thus for all n,m > N

sup |fu(7) = fn(z)| = sup |a" —2"| < sup (Ja"] + [27])
x€[0,2/3] x€([0,2/3] x€[0,2/3]
_ (2 ' + 2\" <2 2)" <e
- \3 3) —7\3 ‘
Thus {f,} is indeed a uniform Cauchy sequence. O

In analogy to the Cauchy principle for sequences of real numbers (see Lemma 5.15
above), we can prove a uniform Cauchy principle.

Theorem 5.18 (uniform Cauchy principle)
A sequence {f.} of functions f, : (c,d) — R, is a uniform Cauchy sequence if
and only if it is uniformly convergent on {c,d).
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Proof of Theorem 5.18: «<: We first prove that uniform convergence implies that
the sequence is a uniform Cauchy sequence. We will use an £/2 argument and the
triangle inequality.

Suppose { f,} converges uniformly on (c,d) to f : (¢,d) — R. Then for every ¢ > 0
there is some N = N(g) € N such that for all n,m > N

|[fu(x) = f2)] <
|[fm(2) = f2)] <

for all x € (c, d),

£
2
5
5 for all x € (¢, d).
€

Thus for all n,m > N and for every = € (¢, d), we have from the triangle inequality

that

(@) = fu(@)] = |(fulz) = f(2)) + (f(2) = fu(2))]
< ful@) = F@)| + [ £(2) = funl)]

E+€_€
2 2 7

A\

Since ¢ > 0 was arbitrary, we see that {f,} is a uniform Cauchy sequence.

=: Now we prove that if {f,} is a uniform Cauchy sequence, then it is uniformly
convergent on (¢, d).

If {f.} is a uniform Cauchy sequence, then for every ¢ > 0 there exists an integer
N = N(e) € N such that

|fu(z) — f(z)| <€ for all x € (¢, d) and for all n,m > N.

Thus for each fixed = € (¢, d), {f.(x)} is a Cauchy sequence of real numbers. By
the Cauchy principle for sequences of real numbers, for each x € (¢, d), {f.(z)} is
convergent, and we denote its limit by f(x) := lim, . fn.(z). Now we need to show
that {f,} converges uniformly on (c,d) to the function f : (¢,d) — R, x — f(z),
defined by the pointwise limits. Since {f,} is a uniform Cauchy sequence, for every
e > 0, there is some M = M(e) € N such that

€

for all z € (c,d) and all m,n > M.

Fal@) = Fnl)] < 5

We now fix n and let, for each = € (c,d), m — oo in the above inequality. We
obtain -
\fn(a:)—f(x)\§§<6 for all z € (¢, d) and all n > M.

Thus {f,} converges uniformly on (c,d) to f. O
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The next theorem is of great importance. Later-on, we will come back to it and get
an even deeper understanding of its relevance in a broader mathematical context.

Theorem 5.19 (uniform limit is continuous)
Let {f.} be a sequence of continuous functions f, : (c,d) — R that converges
uniformly on {(c,d) to the function f : (c,d) — R. Then f is continuous on

(c,d).

Remark 5.20 (necessary condition for uniform convergence)
Theorem 5.19 provides a necessary condition for the uniform convergence of
sequences of continuous functions: If the convergence is uniform, then the uniform
limit is continuous. This implies the following (by contraposition):

If the pointwise limit of a sequence {f,} of continuous functions f, : (c,d) — R
is not continuous, then the sequence does mot converge uniformly on {(c,d).

Note that continuity of the limit of a sequence of continuous functions is only a nec-
essary condition for uniform convergence, but not a sufficient one. If the pointwise
limit of a pointwise convergent sequence of continuous functions is continuous, we
cannot conclude that the sequence converges uniformly.

We give two examples to illustrate Theorem 5.19 and Remark 5.20.

Example 5.21 (sequence with discontinuous pointwise limit)
Let {f.} be given by f,(z) := 2™, x € [0,1]. Since lim,_ 2" = 0 for all |z| < 1
and lim,, . f,(1) = lim, ., 1 = 1, the pointwise limit of {f,} is given by

0 if0<x<l,

f(x)::{ 1 ifw=1

The functions f,(x) = z™ are continuous on [0,1]. Since the function f is not
continuous at x = 1, we know from Theorem 5.19 that {f,} does not converge
uniformly on [0,1) to f. O

Example 5.22 (only pointwise convergent sequence with continuous limit)
If we define the sequence {g,} by gn(x) := 2", x € [0, 1), we see that {g, } converges
pointwise on [0, 1] to the continuous function g(z) = 0, x € [0,1). (Note that in
contrast to the previous example we consider the half-open interval [0,1).) Since
g(x) = 0, x € [0,1), is continuous, we cannot tell by Theorem 5.19 whether the
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convergence is uniform or not. By using the definition of uniform convergence, we
know can show that {g,} does not converge uniformly on [0, 1) to g as follows: Since

lgn — gllc = sup |z"| =1  foralln €N,
z€[0,1)

we see that lim,, . [|¢g — gnllec = 1 # 0. Thus the sequence {g,,} does not converge
uniformly on [0,1) to g. O

Proof of Theorem 5.19: Taking an arbitrary xy € (¢,d). Then we need to show
that f is continuous at xy. This is done with an /3 argument as follows.

Let x € (¢,d) be close to xy. Then we have the following estimate by the triangle
inequality:

[f (@) = f(@o)] < [f(2) = ful@)] + [ fal@) = fulzo)| + | fu(20) = f(@o)|.  (5:8)

From the definition of the uniform convergence, for every € > 0, there exists an
N = N(¢) € N such that for alln > N

5
[fuly) = f)l <5 forally € {c,d).
Thus for n > N, the first and the third term in (5.8) are less than /3.

We need to use the continuity of f,, at xy to make the second term small. Let us now
choose n in (5.8) to be n = N. (For this n = N, the first and the third term are less
than €/3 as explained above.) Since fy is continuous on (c,d), it is, in particular,
continuous at xy. Therefore by the definition of continuity, there is a 6 > 0 such
that

() — fr(wo)] < % for all € (¢, d) with |z — 0| < 6.

Thus we have for all z € (¢, d) with |z — 2| < 0,

[f(@) = fwo)| < |f(x) = fn(@)[ + [fn(z) = fv(zo)| + [fn(20) — f(20)]

< E+§+E—5
3 3 3 7

Thus f is continuous at xg. This completes the proof. O
We discuss some more examples.

Example 5.23 (sequence with discontinuous pointwise limit)
Define the continuous functions f,, : [O, g} — R by

folz) == %, T € [0, g} :
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Find the pointwise limit of { f,,} and determine whether the convergence is uniform
by using Theorem 5.19.

Solution: If x € [0,%), then 0 < sinz < 1 and (sinz)" — 0 as n — oo. Hence

lim, oo fu(z) =0 for z € [0,%). If z = 7/2, then sin(r/2) = 1 and f,(7/2) = 1/3

for all n, and lim, .o f,(7/2) = 1/3. Thus {f,} converges pointwise on [0, Z] to
|0 if z € [0,7/2),

Jw)i= { 1/3  ifz=n/2.

Since the functions f, are all continuous but f is discontinuous, by Theorem 5.19,
the convergence cannot be uniform. O

Example 5.24 (Example 5.12 continued)
Define the sequence { f,} of functions f, : [0,7] — R by

fula) = (cosx)™

=— 0, m|.
2n + (cosx)"’ z € [0

In Example 5.12, we have seen that the sequence {f,} converges pointwise and
uniformly on [0, 7], to the function f(x) =0, z € [0, 7]. We see that the functions
fn are continuous and that the limit f is continuous. O

Example 5.25 (uniformly convergent sequence)
Let {f.} be the sequence of continuous functions f, : [0,1] — R defined by

Falm) =" | x € [0,1].
Show that the sequence {f,} converges pointwise and uniformly on [0, 1], and find
the pointwise and uniform limit.

Solution: We have (from lim,, ., "TH = lim,, oo (1 + %) =1)

m fo(z) = lim e = lim "M% =¢”  for all 2 € [0, 1].

n—0o0 n—oo n—oo

Thus the pointwise limit is given by f(x) := e”, x € [0,1]. Now we will show that
the function converges also uniformly on [0, 1] to f(z) = €”.

e" i — " = sup |e* (/" — 1) = |e! (/" —1)| = 0

z€[0,1]

sup [fn(z) = f(z)| = sup
z€(0,1] z€[0,1]
as n — 0o0. Thus we see that the sequence {f,} converges indeed uniformly on [0, 1]
to f(x) = e®. Since the f, are continuous, by Theorem 5.19, the uniform limit has
also to be continuous. Obviously f(z) = e” is continuous. O
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Example 5.26 (pointwise convergent sequence with discontinuous limit)
Let the sequence {f,} of functions f, : [0,1] — R be defined by

folx) =€, x € [0,1].

Investigate whether the sequence converges pointwise and uniformly on the interval
[0, 1], and find the pointwise limit if { f,,} converges pointwise.

Solution: We have lim,, ., f,,(x) = lim,,_,oc e = 0 for z € (0, 1] and lim,,_, f,,(0) =
lim, .o, 1 = 1. Thus the sequence {f,} converges pointwise to the function

1 if =0,
f(x)::{o if 2 e(0,1].

Since the functions f,(z) = e™"* are continuous on [0, 1] but the pointwise limit f is

not continuous at = 0, we know from Theorem 5.19 that the sequence {f,} does
not converge uniformly to f. O

5.3 Interchange of Limit and Integral

Now we come back to our original question under which conditions on a sequence
of functions we can interchange limit and the integral.

Theorem 5.27 (interchange of integral and limit)

Let {f.} be a sequence of functions f, : [a,b] — R which are Riemann integrable
over [a,b] and which converge uniformly on the bounded closed interval [a,b] to
the function f : |a,b] — R. Then the following statements hold:

(i) The uniform limit f is Riemann integrable over |a,b|.

(i1) The sequence {F,} of indefinite integrals

Fo(x):= /1‘ fu(t) dt

converges uniformly on |a,b] to

(i1i) In particular,
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Before we prove Theorem 5.27, we discuss an example where we apply Theorem 5.27.

Example 5.28 (interchange of limit and integral)
Let f, : [1,2] — R be defined by

Find
2

n—oo 1
Solution: The functions f, : [1,2] — R are continuous and hence (by Theorem 3.18)
Riemann integrable over [1,2]. Since | cos(z®)| <1 for all n € N,

(cos))" | _ ffosta®)] _ [eos(a)" o alle € 1121
zt+n |24 4+ n| lz|* +n 1+n
(5.9)
Therefore, from the sandwich theorem, lim,, .., f,(z) = 0 for all z € [1,2], and
f(z) =0, x € [1,2], is the pointwise limit of {f,}. Since f(z) =0 for all = € [1, 2],

we have from (5.9) that

0< [ful2)] =

(cos(x?))" (cos(x?))"
< |fn(x)— = | 0| = for all 1,2].
02 fula) - fa)| = |l o) = |5 < o porallae 1,2
Thus from the sandwich theorem
1
0< lim ||fn — flloo = lim sup |fu(z) — f(x)] < lim =0,
n— o0 n—oo z€[1,2] n—oo | +n

and we see that {f,} converges uniformly on [1,2] to f(x) = 0, x € [1,2], and
Theorem 5.27 implies that

lim zfn(x)dx:/lz(lim fn(x)> dx:/12f(:v)dx:/20dx:(2—1)():0. 0

— —

Proof of Theorem 5.27 (i): We prove (i) by using Riemann’s criterion for inte-
grability (see Corollary 3.4). From the uniform convergence of {f,} we know that
for every € > 0, there is some N = N(e¢) € N such that

| folz) — fl2)] < 3(b5_ 5 forallw€ ot and all n > N
or equivalently
£ 9

for all = € [a,b] and all n > N.
(5.10)

o) = 53—y < 1) < Bl 55—
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Now we fix n = N. Since fy € R([a,b]), by Riemann’s criterion of integrability,

there is a partition P = {xg,x1, ..., Zn}, such that,

0<U(fw. P) = L{fn.P) < 5. (5.11)
From (5.10), we have for n = N

5 5
fn(z) — 30— a) < f(x) < fn(x) + 30— ) for all z € [a, b]
and this implies
€ €
- < < M, <M k=1,2,.
M) = 3y < M) < M) € M)+ g, B 12
(5.12)
where we have used the notation
my(g) == inf g(x),  M(g):= sup g(z).
z€[TK—1,7k] z€[zK_1,21)

Multiplying (5.12) by (zx — zx_1) and subsequently summing over k, we obtain
€ 5
This implies that
5 5 e € ¢
_ < ) - _ - 1=
U(f.P) = LUf.P) < (Ul P) +5) = (LU P) = 5) < s+ 5 +5 =<

where we have used (5.11) in the second last step. By Riemann’s criterion of inte-
grability (see Corollary 3.4), we know that f € R([a,b]). O

Proof of Theorem 5.27 (ii): Since {f,} converges uniformly on [a,b] to f, for
every £ > 0, there is some N = N(e) € N such that

fa(t) — F(8)] < 2<b€_ 5 foralltclatlandallnz N (53)

Thus for n > N and z € [a, b], we have from (5.13)

e = Pl =| [ o= [ sl =| [ (o - ) ar

5 _ex—a) elb—a) ¢
/'f" AU /a2<b—a)dt_2(b—a)§2<b—a)_§<5'

Since € > 0 was arbitrary, we see that {F),} converges uniformly on [a,b] to F. O

Proof of Theorem 5.27 (iii): Statement (iii) follows from (ii) by taking x = b. O

We discuss some more examples.
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Example 5.29 (interchange of limit and integral)
Let f, :[0,1] — R, where n € N, be defined by

_n+ (sin(e®))™

fn(x) : o+ 28 , T € [O, 1].

Find

1
n—~o0 0

Solution: The functions f,, are continuous and hence Riemann integrable over [0, 1].
Since |sin(e”)] < 1 for all z € [0,1] and 0 < 23/2 < 1/2 for all x € [0, 1], we have
for all z in [0, 1]

o< |y _ L]  [EmE)" gt Jsine)l + Hlal 32 3
2 2n + x3 2n + a3 2n + 2% T 4n
(5.14)

Therefore from the sandwich theorem lim, . |f,(z) — 1/2] = 0 for all x € [0, 1],
and the pointwise limit of {f,,} on [0,1] is f(z) :=1/2, z € [0,1]. From (5.14),

1 3
0< su ) —=| < ——0 as n — 00,
_xe[oz?l} fu(T) 2' n

and, for n — oo, we see from the sandwich theorem that the series {f,,} converges
uniformly on [0,1] to f(x) :=1/2, z € [0, 1]. Thus Theorem 5.27 implies that

|1 1

lim Olfn(:c)dx:/Olf(x)dx:/()l%dx:—’ = 2. 0

n—oo 2 0

Example 5.30 (Theorem 5.27 cannot be applied)

Consider {f,} defined by f,(z) := 2™ on [0,1]. From Example 5.21, we know that
{fn} converges pointwise but not uniformly on [0, 1], and that the pointwise limit
is given by

f(x) = lim f,(2) = lim 2" =

n—oo n—oo

0 if0<x<1,
1 if v =1.

Since the convergence is not uniform, we cannot apply Theorem 5.27.

However we have f,, € R([0,1]) for all n € N, f € R(|[0, 1]),

[ sy =o,

1 1 2
(x)dr = "dr =
/0 fulz) dz /0 " dx i

and
1

B 1
O_n—l—l'
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Thus

1 1
lim [ fu(2)dr = lim =0= / f(z) du. (5.15)

In this example the limit of the integrals converges to the integral of the limit,
despite the fact the convergence is not uniformly! O

Remark 5.31 (interchange of limit and integral)

Example tells us that it is sometimes possible to interchange the limit and the integral
under weaker conditions! Indeed, the so-called Lebesque integral, a generalization of
the Riemann integral, which will be not discussed in this class, explains why (5.15)
has to be true.

5.4 Interchange of Limit and Differentiation

Next we want to investigate under which conditions on the convergence of a sequence
of differentiable functions, we can interchange limit and differentiation.

Theorem 5.32 (interchange of differentiation and limit.)

Let {f.} be a sequence of continuously differentiable functions f, : (a,b) —
and let f : (a,b) — R and g : (a,b) — R be two other functions. Suppose that
{fn} converges pointwise on (a,b) to f, and that {f} converges uniformly on
(a,b) to g. Then f is continuously differentiable and

f'(z) = g(x) for all z € (a,b).

Substituting f(x) and g(x) by lim, o fu(z) and lim, . f)(z), respectively,
yields

(lim fn(x)>/ = lim fi(x)  forall z € (a,b),

n—oo

that is, we are allowed to interchange the limit and the differentiation.

Proof of Theorem 5.32: Fix ¢ € (a,b). By the fundamental theorem of calculus,
we may write

/f t)dt = fu(z) — fulc), z € (a,b). (5.16)

Now let n — oo in (5.16). Since {f/} converges uniformly to g, Theorem 5.27
implies that the left-hand side in (5.16) converges to

lim jf,;(t)dt:/j (Jlrgof;(t)) dt:/jg(t)dt. (5.17)

n—~o0
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Since {f,} converges pointwise to f, the right-hand side in (5.16) converges to
Tim (£(x) = £u(e)) = £@) = (0). (518

Taking the limit for n — oo on both sides of (5.16) and using (5.17) and (5.18)
yields for all x € (a,b)

[owa=t@-s0 = o+ [ s0d-f@. G

We observe that the function ¢ is continuous because it is the limit of the uniformly
convergent series { f} of continuous functions f/ (due to Theorem 5.19). Since g is
continuous on (a, b), the left hand side in (5.19) is differentiable and its derivative is
g(x) (see Theorem 4.14). Thus the right hand side is differentiable. Differentiating
both sides in (5.19) yields g(z) = f'(x). O

We give two examples of the application of Theorem 5.32.

Example 5.33 (interchange of limit and differentiation)
Let the sequence {f,} of functions f, : (e +1,e +2) — R be given by

1
folz) = —, etl<z<e+2.
x’ﬂ

Since lim,, o, 2" = oo for all z € (e + 1, e + 2), the series {f,} converges pointwise
on (e +1,e+2) to f(x) := 0. The functions f, are all continuously differentiable
on (e 4+ 1,e+ 2), and the series of the derivatives {f!} is given by
n
Now we show that the series {f} converges uniformly on (e+1,e+2) to g(x) := 0.
n

n
sup fi(x)—g(x)| = sup = —0 asn — o0. (5.20
z€(e+1,e+2) | ( ) ( )| z€(e+1,e+2) gt (6 + 1)n+1 ( )

That lim,, .., n/(e+1)""1 = 0 can be concluded with de I'Hospital’s rule as follows:

/
lim ; o = lim (n+1)7fn(e+1) = lim 1(7?) Y
N—00 (e + 1) n—oo € Nn—00 (e(n—i- ) In(e+ ))
1 . 1

=0.

= li =1
oo Tn(e + 1) et D) — 2% In(e + 1) (e + 1)n

From (5.20), wee see that {f!} converges uniformly on (e + 1, e + 2) to g(x) = 0.

From Theorem 5.32 we can now conclude that f(z) =0, x € (e + 1,e + 2), (the
pointwise and uniform limit of {f,}) is continuously differentiable on (e + 1, e + 2)
and that f'(z) = g(z) =0forall z € (e +1,e + 2). O
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Example 5.34 (interchange of limit and differentiation)
The sequence {f,} of functions f,, : R — R (where n € N), given by

(cosz)”
W) =" + ———F—, € R,
flz) i=e +2n2+smx .

satisfies (from |sinz| <1, |cosz| < 1 for all x € R)

n n 1
0 < sup |fu(z) — €] = sup (cosx) | cos z|

z€eR z€R

2n2 +sinz| = ,er n?+ (n?2 — |sinz|) ~ n?’
Since the upper bound tends to zero as n — 0o, we see from the sandwich theorem
that the series converges pointwise and uniformly on R to f(z) := e®, z € R. The

functions f,, are differentiable, and the derivative of f,, is given by

) = e + (—=1)n (cosz)" ! sinz (2 n2‘+ sinz) — (cosz)" cos
" (2n? +sinx)?
Now we show that the sequence of derivatives {f/} converges also uniformly on R
to g(z) = e*, x € R. To verify this, we estimate |f/ (z) — | as follows
(=1)n (cosx)" ! sinx (2n? +sinx) — (cosx)"™ cosx
(2n? 4 sinx)?

0 < |fulx) — €| =

n|cosx|" ! |sinx| (2n% + |sinz|) + | cosz[* !
- (2n2 + |sinz|)?
< n2n*+1)+1 2 1 1

1 =—+=+5—0 as n — oo,
n n n n

where we have used |sinz| < 1 and |cosz| < 1. Thus from the sandwich theorem

_'__
n  n3 nt

2 1 1
0 < lim sup |f}(z) — "] < lim (—+— ) =0,

and we see that {f/} converges uniformly on R to g(z) := €%, x € R. From
Theorem 5.32, we know that that f is differentiable on R and that
d
() = f/@) = = (lim fu(@)) = lim fi(@) =ga) =",  ceR
T \n—oo n—oo
thus (e*)’ = e® for all x € R. O

5.5 Uniform Convergence of Series of Functions
and Weierstrass M-Test

If we deal with series of functions (for example, power series), we can apply
all the definitions and theorems that we learned in this chapter to the sequence of
partial sums. For example:
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Let {f.}, fn: (c,d) — R, be a sequence of functions. Then we say that the series
s(x) =) falw),  z€{cd), (5.21)
n=1

converges uniformly on (c,d) if the sequence {s,,} of partial sums

sm(x) = fulx),  x€{cd),

converges uniformly on (¢, d). The uniform limit is then the function s: (¢,d) — R
defined by the series (5.21).

The so-called Weierstrass M-test gives us a criterion for a the uniform convergence
of a series of functions.

Theorem 5.35 (Weierstrass )M -test)
Let {f,} be a sequence of bounded functions f, : (c,d) — R, and suppose that
for each n there is a positive real number M, such that

[falloo = sup |fu(z)] < M,

z€(c,d)
and that -
Z M, < oo.
n=1

Then the series

> falz) (5.22)

converges uniformly on (c,d).

It should be noted that the Weistrass M-test gives a sufficient condition for the
uniform convergence of a series of functions, but this condition is not necessary. In
other words, if the assumptions in Theorem 5.35 are not satisfied then we cannot
conclude anything: the series of functions could converge uniformly or not.

We demonstrate the application of the Weierstrass M-test for an example.

Example 5.36 (Weierstrass M-test)
Show that the series

[e.e] xn
Zl+x"

n=1
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converges uniformly on [—%, %]

Solution We want to apply the Weierstrass M-test. Let {f,} be given by

fi(x) z" { 1 1].

Ty |2l

Since |1+ 2"| > 1/2 for all z € [—3,1] and [2"| < (1/2)" for all z € [—1,1], we

have .
" 1\""
<2 = = | = =: M,.
2 2
From the geometric series

S () () e

=1 (=0

n

sup [fu(z)| = sup

el el

1+ am

Thus from the Weierstrass M-test we know that

fal(z) = - n
; ; 1+z
converges uniformly on [—%, %] O

Now we prove the Weierstrass M-test.

Proof of Theorem 5.35: Since >~ M, < oo, for any given ¢ > 0, there is some
N = N(e) € N, such that

> M,<e forallk>N. (5.23)
n==k

Now we use this to show that the sequence {s,,} of partial sums

Sm(l') = Z.fn(x)> LS <Cv d>,

is a uniform Cauchy sequence. Then we know from the uniform Cauchy principle
(see Theorem 5.18) that the sequence of partial sums {s,,} converges uniformly on
(¢, d) and thus the series (5.22) converges uniformly on (c, d).

Let N be the integer N from (5.23), then for any m > k > N and all z € (c,d)

> falw)

n=k+1

k

0 < [sm(@) = su(@)] = |3 fule) =D ful@)

n=1
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SNl < S M < Y M, <

n=k+1 n=k+1 n=k+1
where we have used (5.23) in the last step. Hence
0< sup |sm(x) — sk(x \<ZM<6
z€(c,d) n—kt1

and we see that the sequence of partial sums {s,,} is a uniform Cauchy sequence.
Consequently, the series (5.22) is uniformly convergent. O

We discuss some more examples.

Example 5.37 (Weierstrass )M -test)
Show that the series
f: sin )"

n=1

converges uniformly on R.

Solution: We want to apply the Weierstrass M-test. Let {f,} be given by

folz) == (sin 'x) , r e R.
n!
Then, since |sinz| < 1 for all z € R,
sin @ 1
sup | fn(z)| = sup ( ‘ ) < — =t My,
z€R z€eR n: n!

and

ZM Z—<oo

n=1
which can be shown with the ratio test for series of real numbers. Thus from the
Weierstrass M-test we know that

[ [
SIIIZL’

> fal@) =3

n=1

n=1

converges uniformly on R. O

Example 5.38 (Weierstrass M-test)
Prove that the series

. 1+ n sin(nx)
Zl nAd—cos(nz)
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is uniformly convergent on [0, 27].

Solution: We want to apply the Weierstrass M-test. Let {f,} be defined by

14 nsin(n)

fn(flf) = W, x € [O,27T]

Since |sin(nz)| < 1 and |cos(nz)| < 1 for all x € [0, 27|, we have

|1+ n sin(nx) L+nlsin(nz)] 1+n _2n 2
0< |fn(.§(3)| - ‘ n4—cos(nz) n4—|cos(nz)| S n3 < ﬁ - ﬁ’ x € [07 27T]
Thus . ' )
+n sin
0< sup |fu(z)]= sup #ﬂ(gl’) < — = M,
z€[0,2m] xz€(0,27] n n

and we have

Z M, = ﬁ =2 Z ﬁ < 00,

n=1 n=1 n=1

which can be seen from the integral test, since we have that ¢(x) = 1/2? is non-
negative and decreasing and

N
lim x2dr= lim [ — =
T

N 1
)z lim (1——):1<oo.
N—oo 1 N—oo 1 N—oo N

(see Theorem 4.38). Thus, from the Weierstrass M-test, the series

= . 1+ n sin(nw)
Z ‘fn(x) - Z nAd—cos(nz)
n=1 n=1
is uniformly convergent on [0, 27]. O

5.6 The Convergence of Power Series

Now we will consider power series (see Chapter 1) which are a special class of
series of functions. We will apply everything that we have learnt in this chapter to
discuss the convergence of power series, and we will also investigate whether we my
integrate and differentiate a power series term by term.

Remember that a power series centred at x is of the form

ch(x—xo)n:co+cl(a7—:)so)+02(a7—x0)2+...+cn(a:—9:0)"+...,
n=0
and that there exists a real number 0 < p < o0, called the radius of convergence,
such that:
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(i) if p = 0 the series converges absolutely only at © = xg,
(i) if p = oo the series converges absolutely for all x € R, and

(iii) otherwise the series converges absolutely for all z € R with |z — x¢| < p and
diverges for all z € R with |z — zo| > p.

On the interval of convergence (zo — p,xg + p), a power series defines a function

f:(xog — p,z0+ p) — R, via the pointwise limit

f(x) ::ch (x — )", x € (xg— p,xo + p).
n=0

In practice, the radius of convergence is usually found using either the ratio test
(see Lemmas 1.14 and 1.8) or the root test (see Lemmas 1.16 and 1.9). The most
general formula of the radius of convergence is given in Theorem 1.23.

The first result is that a power series centred about xy with radius of convergence p
converges uniformly on every closed bounded interval [a,b] C (zo — p, xo + p).

Theorem 5.39 (uniform convergence of a power series)

o0
Z Cn (x — )"
n=0

with radius of convergence p, and let [a,b] C (xo—p, zo+p) be a bounded closed
interval. Then the power series converges uniformly on |a,b)].

Consider a power series

Note: It is important that [a,b] C (zo — p, o + p) is a bounded closed interval!

Example 5.40 (uniform convergence of power series)
In Example 1.27 and Example 1.36, we have derived that the exponential function
f(z) := e has the Taylor series centred at zo = 0, given by

o0

S
' b)

"m0 n'

and we have verified that the series converges for all x € R to the exponential
function f(x) = €. In other words the radius of convergence is p = oo and the
pointwise limit is f(x) = . Thus we know from Lemma 5.39 that the power series
converges on every closed bounded interval [a, b] C (—o00,00) = R to the exponential
function f(z) = e*. O
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Proof of Lemma 5.39: Let § := max{|b — x|, |20 — a|}. Then § < p, and since
the power series converges on (xg — p, xg + p), there exists y € (xg — p, kg + p) with

|t — x| <I<|y—xo| <p  forall x € [a,b], (5.24)

and the power series converges absolutely at y, that is,

Z|C" — )" < o0.

In particular, (5.25) implies that {|c, (y —z0)"|} tends to zero for n — oo, and thus
the sequence {|c, (y — x)"|} is bounded, that is, there exists M € R such that

len (y —x0)"| < M for all n € Ny. (5.25)
We want to show that

o
Z Cn (x — x0)"
n=0

converges uniformly on [a, b] with the Weierstrass M-test. From (5.24) and (5.25)

r—xzol \" ) "
Sup. Jon (z — 70)"| = sup |cn<y—xo>"|(' °') SM( ) |

z€[a,b] z€la,b] ly — o |y — o

and from the geometric series

iM(\y—éxo\) ZO(\y—xo\)nm

n=0

since §/|y — zo| < 1 (from (5.24)). Thus, due to the Weierstrass M-test, the power
series converges uniformly on [a, b]. O

The next lemma is technical and is needed to prove Theorem 5.42 below, which is
the main result of this section. We will prove Lemma 5.41 at the end of this section.

Lemma 5.41 (integration and differentiation term by term)
If the power series

Z Cn (x — )" (5.26)

has the radius of convergence p, then the two power series

(e e}

chn (7 — 20)" and Z Cn (z — x0)" (5.27)
n=1 n

:0n+1

also have the radius of convergence p.
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We observe that the two series in (5.27) are just the two power series that we
obtain if we differentiate and integrate the original power series (5.26) term by
term, respectively. Now we can state the main result of this section.

Theorem 5.42 (basic theorem on power series)
Consider a power series

Z Cn (x— x0)" (5.28)
n=0
with radius of convergence p > 0, and let f : (xg — p, xo+ p) — R be the function
defined by this series. Then the following statements are true:

(i) The power series (5.28) converges uniformly on any bounded closed in-
terval [a,b] C (zo — p,xo + p).

(i) The function f is continuous on the interval (zo — p, o + p).

(iii) The function f is Riemann integrable over any bounded closed interval
la,b] C (zo — p,xo + p), and the integral fabf(x) dx can be computed by
integrating the series (5.28) ‘term-by-term’:

/abf(x)dx _ /ab (icn(x—xo)”> dr — i(/abcn(x—xo)”d:c)

n=0 n=0
Z Cn xXr — .CL’(]
n+1

n=0

n+1

Z - + 1 20)™ — (a — x0)" ™). (5.29)

n=0

(iv) The function f has a primitive F : (zg — p,zo + p) — R, defined by

00 T
== E / Cn( - IO
n=0 v %0

The power series on the right-hand side of (5.30) has the same radius of
convergence p as the power series (5.28).

e}

o). (5.30)

:0

(v) The function f is differentiable on (xy — p,xo + p), and its derivative f’
can be computed by differentiating the series (5.28) ‘term-by-term’:

o0
'(x) = (E cn (x — x0) ) E cn (x —x0) :E n ey (x—x0)" 7,
x
n=1

(5.31)
where x € (xg—p, xo+p). The power series on the right-hand side of (5.51)
has the same radius of convergence p as the power series (5.28).
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Remark 5.43 (repeated differentiation/integration term by term)
According to Theorem 5.42, the power series and its derivative (and its primitive),
obtained by differentiating (and integrating) term by term, have the same radius of
convergence. Naturally, we can repeat the procedure and differentiate (and integrate,
respectively) again. Repeating this procedure, we see that a power series is in-
finitely often continuously differentiable on (xo— p,xo+ p) and that the kth
derivative can be obtained by differentiating the series k-times term by term.
The series representing the kth derivative will have the same radius of convergence.
Likewise we can integrate the series term by term as often as we like and
the resulting series will also have the same radius of convergence.

We give some examples to show how Theorem 5.42 can be applied.

Example 5.44 (derivative of e”)
We have seen in Example 1.27 that the exponential function e* has the Taylor series

1.
;n!x’

and that this Taylor has the radius of convergence p = oo and converges to e* for
all x € R (see also Example 1.36). According to Theorem 5.27 we may obtain a

centred at zy = 0, given by

representation of the derivative of e by differentiating the Taylor series term by

term:
d [«—1 , ~1da") =1 ., = 1 ol w1
(5.32)
where we have shifted the index of summation in the last step by setting m =n — 1.
We recover from (5.32) the well known formula (e*) = e”. O

Example 5.45 (primitive of cos )
In Example 1.28, we have seen that the Taylor series of cosz centred at xg = 0 is

(D" o

E x (5.33)
|

prd (2k)!

and that the series has the radius of convergence p = oo and converges to cos x for

all z € R (see also Example 1.36). According to Theorem 5.42, we may determine

a primitive of cosx by taking the indefinite integral of (5.33) term by term.

w D ) D [
o= | (Z RN )dyzz @i,

k=0 k=0

given by
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2k+1 z

Z 2k+1 (534)
22k + 1

> 5

k=0

which is the Taylor series of sinx centred at xyp = 0. We know from Theorem 5.42
that that the power series (5.34) of fj; cos(y) dy has also the radius of convergence
p = oo and thus converges for all z € R. Since we have recognized this series as the
power series sinz which converges on R to sinz, we can deduce from (5.34) that
sin x is a primitive of cos x. O

Example 5.46 (power series of In(1 + z) centred at zy = 0)
We want to derive a series representation for In(1+x) with the help of Theorem 5.27.

From the geometric series we know that for | — x| = |z| < 1
L= e = Y
= = —X = — €T s
l+z 1—-(-2) = —

and the power series has the radius of convergence p = 1. According to Theorem
5.27, a primitive of 1/(1 + x) is given by

n=0 n=0
_ S n yn-l—l w_ - (_1)n n+l __ - (_1)m—1 m
=2 1) n+10_zn+1x =2 e (5:39)
n=0 n=0 m=1

where z € (—1,1). Since (In(1+2)) = 1/(14z), x € (—1,1), the function In(z+1) is
another primitive of 1/(14x), and the primitive given by (5.35) equals In(14+xz)+C,
with some constant C' € R, that is,

i #xm =In(1+2)+C, (5.36)

m=1
where C' is a real constant. We want to show that C' = 0. If we evaluate (5.36) in
x = 0, we obtain

O=lh(l)+C=C = C=0.

Thus we obtain that

m—1

i(_Txm:ln(l—l—x), z e (—1,1). O

m=1
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Example 5.47 (Taylor series of Inz centred at zy = 1)
In Example 1.29, we have seen that the power series of Inz centred at xqg = 1 is

and we verified that its radius of convergence is given by p = 1, that is, the power

given by

series converges on (0,2). From Theorem 5.39, we know that this power series con-
verges uniformly on any subinterval [a,b] C (0,2). With the help of Theorem 5.42,
we can now show that this series converges for all z € (0,2) pointwise to Inz.

We start with the geometric series

e (e N N e A

with the radius of convergence p = 1. From Theorem 5.42, we know that a primitive
of 1/z, x € (0,2), is given by

/ji@:/j(i(—n( )dy f}/ 1)y

n=

n—l—l T

’I’L m—

f: o n+1 f: .CL’ _ 1)m7

=0 m=1

y—l
n+1

1

3

where = € (0,2). Since we have (Inz) = 1/z for all x € (0,2), we see that

i#(ﬂf—l)mzlnxth, z € (0,2), (5.37)

m=1

with some constant C' > 0. Substituting x = 1 in (5.37), we obtain
O0=hl+C=0+C=C.

Thus the constant C' is zero and we obtain

m—1

i%(m—l)mzlnx, z € (0,2),

m=1

and we have verified that the Taylor series of Inx centred at o = 1 converges for
for all = € (0,2) to Inx. O

Finally we prove Lemma 5.41 and Theorem 5.42.
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Proof of Lemma 5.41 The proof of this lemma is somewhat similar to that of the
previous one. First, we observe that for 0 < a < 1

Y na" < oo (5.38)
n=1

This can be seen as follows: From Theorem 4.38, we see that (5.38) holds true if

and only if
N

lim o dr < oo.
N—oo 1

We work out the integral with integration by parts. With F(z) := e*"%/Ina,
G(z) := z, and thus F'(x) = e*"® = o® and G'(x) = 1, we have

N
N . N el xemlna N emlna
o dx = Te dr = — dx
1 1 Ina | 1 Ina

N €N Ina elna e Ino [N N eNlna elna €N Ina elna

- Ina  Ina (Ina)? 1 "~ Ina Ina (Ina)?  (Ina)?
Na¥ o alv n o o n o s N o0
Inae Ina (Ina)?  (Ina)? Ina  (Ina)? ’

since 0 < o < 1. Thus we see from Theorem 4.38 that (5.38) holds true.

After this preparation we can give the proof that both series in the lemma have the
same radius of convergence p as the series > ° ¢, (x — x0)". Let p; and p, denote
the radius of convergence of the series

) B ) e .
; can(z —z)"' and ; — (z — x0)", (5.39)

respectively. Then we need to show that p; = ps = p.

Let z € (xg — p,xo + p), that is, |x — x¢| < p, and we may assume that z # xo.
Then there exists y € (zg — p, xo + p) with |z — xo| < |y — x| < p. Since the power
series converges absolutely at y, we know that {|c, (y — x0)"|} tends to zero and,
in particular, |¢, (y — x¢)"| < M for all n € Ny with a constant M > 0. Thus for

T # g
|Cnn($—$o)n_1|: \cn(y—:co) ‘n <|x—x0|> < M n (\x—xo\)

|z — 20 ly—x0|) T |z — 20 |y — o

and

Cn (1 — 20)" T n+1|
n+1

len (x — x0)
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n T — Zo "
— Jen (y — 20)"] |2 — o (‘ ‘)

|y—:):0|

< M|z — o <|I_x0|> .

|?/—930|

From (5.38), the geometric series and |z — zg|/|y — x¢| < 1 we see now that for

T #

> 1 M > |LU—.§L’0| "
Z|cnn(aj—xo)"_| < Zn( ) < 00,
0 |2 — o |y — ol

n=0
=] ¢ o — 20 \"
Z "z —xo)"| | — x| < M|:E—:)30|Z 0 < 0.
n=0 n+l =0 |y — ol

Thus the series in (5.39) converge absolutely at the point x. Since z € (z9—p, xo+p)
was arbitrary, we have shown that the series in (5.39) both converge absolutely for
all x in (xg — p,xg + p), and thus p; > p and py > p.

It remains to show that the series in (5.39) diverge for = with |z — x¢| > p, that is,
that p; < p and ps < p. We give the proof by contradiction: Assume that p; > p
or ps > p. Then there exist x; and y; with

r1 — Ig
p < |ri— x| <|y1 — 0| < 1 = g <1, (5.40)
[y — 2o
or there exist x5 and y, with
Tg — T
p < |xe — x| < |yo — 0| < po = M <1, (5.41)
\y2 - 36’0|

respectively. By the assumption, the first power series in (5.39) converges absolutely
at x; and y;, or the second power series in (5.39) converges absolutely at z, and
Yo, Tespectively. In particular, this means that the sequence {|c,n (y; — xo)" !}
or {c, (ya — )" /(n + 1)}, respectively, converges to zero and thus there exists a
positive real constant M; or My, respectively, such that

lenn (y1 —20)" Y < M,y for all n € Ny, or (5.42)
C+" 7 (V2 = z0)"t < M,  forall n € Ny, (5.43)
n

respectively. Thus, using (5.42) and (5.43)

n
- — T 1 —
len (21— 20)"| = [ean (y1 — x0)" ] Iy = 20| <| ! 0‘)
n [y1 — ol
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< M |y; — x| (M) forallm e N, (5.44)
|y1 —ZEO|
or
n+1
" Cn nit]| nH1 <|x2—x0|)
o = |— —
‘ ( 2 0) | 7’L—|—1<y2 ) |Zl§'2—l'()| |y2—1’0|
M N n+1
e Y (A <M> for all n € Ny, (5.45)
|5172 —ZEO| |y2 —a:0|

respectively. Thus we see from (5.38), that (5.42) and (5.44), or (5.43) and (5.45),
respectively, imply that the original series converges absolutely at x; or xs, respec-
tively. Indeed, from (5.42) and (5.44),

1 —X
Z|Cn 1’1—5170)|<CO—I—M1|y1—:L'0|Z(|1 0‘) < o0,

|y1 - 36’0|
——
<1

where the convergence follows from the geometric series. Likewise, from (5.43) and
(5.45),

[e'e) +1
|932 — 2o
E To — E +1) < 00

|y2 - !L"o|
N——
<1

where the convergence follows from (5.38).

The convergence of the original series Y - ¢, (x — o)™ at 2, and xs, respectively,
is a contradiction, since, from (5.40) and (5.41), |x1 — x| > p and |x2 — x| > p,
which means that the original series diverges at x; and z5. Thus we know that our
assumption was wrong, and hence p; < p and py < p. O

Proof of Theorem 5.42:
(i) This is the statement of Theorem 5.39.

(ii) Take any = € (xzg — p,zo + p). Then there exists a bounded closed interval
la,b] C (xg — p,xo + p) with T € [a,b]. From (i), we know that the power series
converges uniformly on [a, b]. The partial sums

= Z Cn (x — xo)” (5.46)

of the power series are polynomials and thus continuous. Thus the limit f of the
power series is on [a, b] the uniform limit of a sequence of continuous functions. From
Theorem 5.19, we know that the uniform limit on [a, b] of a sequence of continuous
functions is continuous on [a,b]. Thus f is continuous on [a,b] and in particular at
the point x.
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(iii) From Theorem 5.39, we know that the power series converges uniformly on
[a,b] C (zg — p,xo + p). Since the partial sums (5.46) are polynomials and hence
Riemann integrable, we know from Theorem 5.27 (i) and (iii) that f € R([a,b]),
and that we may interchange the sum and the integration. More precisely (since
Theorem 5.27 (iii) was formulated for sequences of functions), we know that

/ab (gcn (z — xg)") de = /ab (n}bl_r)réoécn (z — xo)”> dx

b m
lim <Z cn (T — xo)"> dz. (5.47)
a n=0

We evaluate the integrals on the right-hand side and obtain

b [ m m b
lim (Z cn (T — xo)") dr = lim Z cn/ (x — xo)"dx
@ — m—oo p— a

b

ZL’ _ :L.O n+1
= lim E Cp, —————
m—oo n -+ 1

The formulas (5.47) and (5.48) now yield (5.29).

=Y (b2 — (a— )] (5.48)

(iv) Since f is continuous on (zo — p, o + p) (due to (ii)), we know that

:/m:f(y)dy:/ (ch — x0) )dy, v € (w9 — p, w0 + p),

defines a primitive of f. We may assume without loss of generality that z > x.
Then the power series converges uniformly on [zg, x] C (xo — p, 2o + p), and from
(iii), we know that

which implies (5.30).

(v) Take any = € (xg — p,xo + p). Then there exists a closed interval [a,b] C
(xo — p,xo + p) with x € (a,b). From Theorem 5.39, we know that the power series
converges uniformly on [a, b]. We know that all the partial sums
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are continuously differentiable (since they are polynomials), and from Lemma 5.41
we know the sequence {s/ } of the derivatives

m m
s (x) = Z can (z—x0)" ' = Z can (z — 20)"
n=1

n=0

of the partial sums s,, converges uniformly on [a, b] to

[e.e]
Z can (z—20)" L
n=1

Thus from Theorem 5.32, we know that

= Ld S n df (x
;cnn(x—xo)" =%<ch($—xo)>: j;(x)

n=0

which verifies (iv). O



Chapter 6

Metric Spaces and Normed Linear
Spaces

In Section 6.1, we introduce metric spaces and normed linear spaces. An
elementary example of a normed linear space are the real numbers R with the
absolute value |z| as norm. The most important example of a metric and mormed
linear space is the Euclidean space R™ with the Euclidean norm

Y

)1/2

x|z = [I(z1, 22, - +.. +al

where we use the notation x := (x1,29,...,2,). The Euclidean norm induces the
Euclidean metric (or distance function)

n 1/2
dx,y) = lx = ylla = (Z(% - yj)2> .

J=1

In Subsection 6.1.4, we will discuss a special class of normed linear spaces, namely
those whose norm is generated by an inner product. Our most prominent exam-
ple of such a normed linear space is again R™ and the inner product is the usual
Euclidean scalar product

(x,¥y) ZIXT'y:Z%‘yj:$1y1+$2y2+---+$nyn-
j=1

The Euclidean scalar product of R™ generates the norm || - || of R™ via the relation

x|z = /(x,x).
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We will also call a space whose norm is generated by an inner product an inner
product space. Not all normed linear spaces have a norm which is generated by
an inner product. In an inner product space the so-called Schwarz inequality
holds. For R™ with the Euclidean inner product, you will most likely have seen the
Schwarz inequality in first year: it reads

n n n
dowiyl < Do D v = Il vl
j=1 j=1 j=1

In Section 6.2, we discuss sequences and Cauchy sequences in metric spaces and

(%, y)| =

normed linear spaces. For the elementary example of the real numbers R with the
absolute value, these new general definitions of convergence and Cauchy sequences
will just lead to the notions of convergence and Cauchy sequences that you have
learnt in first year. For the real numbers R, you have learnt in first year that every
Cauchy sequence converges, and you may remember that this was described by
saying that the real numbers are complete. As for the case of the real numbers, we
will discuss for various examples of normed linear spaces and metric spaces whether
all Cauchy sequences converge (to a limit in that normed linear space). If this is
the case then we call the normed linear space or metric space complete. We also
define bounded sets in metric spaces normed linear spaces, and we will prove the
Bolzan-Weierstrass theorem for R" with the Euclidean norm.

In Section 6.3, we finally introduce the notions of open sets and closed sets
in metric spaces and normed linear spaces. Although these definitions are rather
abstract, we find that they are in correspondence with our intuitive use of the terms
open and closed for real numbers: open intervals (a, b) are open and closed intervals
[a, b] are closed.

All definitions that we encounter in this chapter will extend terminology that
you may have already seen for the real numbers R and possibly for R" to a more
general setting: These more general definitions will include the examples
that you have already encountered as special cases.

You may wonder now whether this chapter is not topic-wise somewhat separate
from the rest of the course material. However, this is not the case, since much of
the material from Chapter 5 contributes to this chapter: for example, in Chapter 5,
we have introduced the supremum norm

[flloe == sup [f(z)l,  feB((cd),

z€{c,d)

for bounded functions on a interval (c,d). We will see in this chapter that the
supremum norm is indeed a norm. We will show that uniform convergence is just
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convergence (in the sense to be defined in this chapter) for the space of continuous
functions C([a, b]) equipped with the supremum norm || - ||. In Chapter 5, we have
also defined uniform Cauchy sequences, and we will see that they are just Cauchy
sequences (in the sense to be defined in this chapter) for C([a, b]) equipped with the
supremum norm || - [|«. In Chapter 5, we learnt that every uniformly convergent
sequence {f,} of continuous functions f, € C([a,b]) has a continuous limit. This
implies that C([a, b]) with the supremum norm is a complete normed linear space in
the sense to be defined in this chapter.

As illustrated for the example of uniform convergence, the topics discussed in this
chapter will help us to get a much better understanding of many concepts discussed
in this course and also in your first year and other second year mathematics courses:
they will allow us to see several individual concepts as examples and variants
of more general concepts; these general concepts are metric spaces, normed
linear spaces, and inner product spaces, convergence, Cauchy sequences,
completeness, and open sets, closed sets, as well as related notions. These
concepts are also of fundamental importance for many courses that you might choose
in third year, and it is very important to understand these concepts thoroughly!

6.1 Metric Spaces and Normed Linear Spaces

In Subsection 6.1.1, we introduce the notation a metric and a metric space.
Roughly speaking a metric is a function that measures distances and has some
specific properties. Then we introduce the notion of a norm and a normed linear
space. A norm induces a metric, but the reverse is not true. We discuss various
elementary examples of normed linear spaces and metric spaces. In Subsection 6.1.2,
we discuss the Euclidean space R" with the Euclidean norm. However, we will
also equip R"™ with various other norms and verify the norm properties. A given
linear space can have several different norms, and, likewise on a given set, we can
define several different metrics (distance functions). In Subsection 6.1.3, we discuss
more complicated examples of normed linear spaces, namely function spaces such
as B({c,d)) and C([a, b]) with different norms. Here we will encounter the supremum
norm again and we will also discuss the the important Li;-norm and Ls-norm. In
Subsection 6.1.4, we finally introduce the notion of an inner product and an inner
product space. We will see that some of the normed linear spaces that we have
encountered so far are examples of inner product spaces, and we will show that an
inner product induces a norm. We will also prove the Schwarz inequality for
an arbitrary inner product space.
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6.1.1 Definitions and Basic Examples

On the real line R we measure the distance d(z,y) of two points x and y in R by

d(z,y) = |z = yl.

This is the simplest example of a metric or distance function.

Definition 6.1 (metric space)
A metric space (X,d) is a non-empty set X with a metric (or distance func-
tion) d: X x X — R satisfying

(i) d(z,y) >0 for all z,y € X; and d(z,y) = 0 if and only if x = y.
(i1) d(z,y) = d(y,x) for allx,y € X (symmetry).

(iii) d(z,y) < d(z,2) +d(z,y) for all z,y,z € X (triangle inequality).

Example 6.2 (metric space R with absolute value metric d(z,y) := |x — y|)
The real line R with d : R x R — R, defined by d(z,y) := |z — y|, is a metric space
(where | - | is the usual absolute value).

Proof: We have to verify the conditions (i) to (iii). Clearly d(z,y) = |x —y| > 0 for
all z,y € R; and d(z,y) = |z — y| = 0 if and only if x = y. Also, d is symmetric,
since d(z,y) = |z —y| = |y — x| = d(y,z) for all z,y € R. Finally, by using the
triangle inequality |a + b| < |a| + |b] for real numbers a,b € R, we have

d(z,y) = |z -yl =z = 2) + (2 =y)| < |z = 2| + |z —y| = d(z, 2) + d(2,9)

for all z,y, z € R, which proves the triangle inequality for R with the absolute value
metric d(z,y) = |r — y|. O

Instead of the real line we can also consider an interval with the distance function
d(z,y) = |z —y|.

Example 6.3 (metric space (0,1] with d(z,y) := |z — y|)

The interval (0, 1] C R with the distance function d : (0,1] x (0,1] — R, defined by
d(z,y) = |* — y|, is a metric space.

Proof: Let us verify the conditions (i) to (iii). Clearly d(z,y) = |x — y| > 0 for
all z,y € (0,1]; and d(z,y) = |r —y| = 0 if and only if z = y. Also, d(x,y) =
|z —y| = |y — 2| = d(y,x) for all x,y € (0,1]. Finally, by using the triangle
inequality |a + b| < |a| + |b| for real numbers a,b € R, we have

d(z,y) = |z -yl =z = 2) + (z =y)| < |z = 2| + |z —y| = d(z, 2) + d(2,9)



6. Metric Spaces and Normed Linear Spaces 155

for all z,y, z € (0, 1], which proves the triangle inequality for (0, 1] with the metric
d(z,y) = |z —yl. O

The so-called discrete metric from the next example is a metric which is contrary
to our everyday experience of distances: Either two points have distance d(x,y) = 0,
and then x = y, or alternatively two points = # y have distance d(z,y) = 1. The
discrete metric assumes no other values apart from the discrete values 0 and 1.

Example 6.4 (R with the discrete metric)
The real line R with the discrete metric

] 0 if t =y,

is a metric space.

Proof: By the definition of the discrete metric, d(x,y) > 0 for all x,y € R; and
d(xz,y) = 0 if and only if x = y. Let x,y € R and x # y. Then d(z,y) = 1 and
d(y,z) = 1. Thus we have symmetry d(z,y) = d(y, z) for all z,y € R.

Finally, we need to verify the triangle inequality, that is, we have to show
d(z,y) < d(z,z) +d(zy) for all z,y,z € R. (6.1)

If x = y, then the left-hand side is zero, and since the metric has only non-negative
values, the right-hand side is non-negative. Thus the inequality (6.1) is true if z = y.
Now assume that x # y. Then the left-hand side has the value d(x,y) = 1, and the
point z has to differ from either = or y (or from both). Thus we find that d(z, z) =1
or d(z,y) = 1. Since the metric assumes only non-negative values, the value of the
right-hand side is > 1. Thus the inequality (6.1) is true if z # y. O

A very important class of metric spaces are the so-called normed linear spaces.
While it is not obvious from the definition of a normed linear space below, we will
show later-on that every normed linear space is also a metric space with a
metric that is defined in terms of the norm.

Definition 6.5 (normed linear space)
A (real) normed linear space (X, | -||) is a real linear space (or real vector
space) X with a norm || - || : X — R satisfying:

(i) ||z|]| >0 for all z € X; and ||z|]| = 0 if and only if v = O.

(i1) ||az|| = || ||z]| for all z € X and all o € R.

(1i1) ||z +y|| < ||z|| + ly|| for all x,y € X (triangle inequality).
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Remember that O denotes the neutral element (or zero vector) in the linear
space X.

We show that R with the absolute value is a normed linear space.

Example 6.6 (R with absolute value norm)
The space R with the absolute value norm |z| is a normed linear space.

Proof: From the definition of the absolute value, we have |z| > 0 for all x € R; and
|z| = 0 if and only if z = 0. Likewise,

laz| = |af || for all x € R and for all & € R.
The triangle inequality is just the usual triangle inequality for real numbers:

|z +y| < |z| +|y| for all z,y € R. O

Here is an example of a set with the absolute value norm which is not a normed
linear space.

Example 6.7 ((0,1] with absolute value is not a normed linear space)
The interval (0, 1] with the absolute value norm |z| is not a normed linear space.

Proof: The interval (0, 1] C R is not a linear space. For example, the closure is
violated: 1 € (0,1] and 1 +1 =2, but 2 ¢ (0, 1]. O

Note that, unlike in the definition of metric spaces, we do assume in the definition
of a normed linear space (X, || -||) that X is a linear space or vector space! If
this is not the case than (X, || - ||) cannot be a normed linear space and you need
not check whether the norm properties are satisfied.

Now we show that any norm induces a metric, and thus any normed linear space is
in particular also a metric space with this induced metric.

Lemma 6.8 (normed linear space = metric space)
A normed linear space (X, || -||) with the norm || -|| : X — R is a metric space
with the distance function d: X x X — R, given by

d(!lf,y) = ||$’—y||, :EvyEX-

Proof of Lemma 6.8: We have to verify that d(z,y) = ||z — y|| satisfies the three
properties of a metric.
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(i) From the norm property (i), clearly d(z,y) = ||z —y|| > 0; and we have d(x,y) =
|z — y|| = 0 if and only if x — y = O, or equivalently, if z = y.

(ii) From the norm property (ii), we see that for all z,y € X
d(z,y) = [lz =yl = (=D = 2)[ = [ = lly = 2| = ly — 2| = d(y, ).
Thus d is symmetric.
(iii) The triangle inequality (iii) of the norm implies that
d(z,y) = lz =yl = l(x = 2) + (z =) <z = 2| + ||z = yll = d(=, 2) + d(z,9)
for all z,y, z € X.

Thus d(z,y) = ||z — y|| is indeed a metric for X. O

Example 6.9 (normed linear space is also metric space)
We have seen that R with the absolute value norm |z| is a normed linear space.
According to Lemma 6.8 we have that

d(z,y) = |z —y|

defines a metric for R. This has already been verified in Example 6.2 at the beginning
of this subsection. O

6.1.2 Norms on R"

In this subsection we will consider the linear space R™ of n-tuples x = (21, xa, ..., Zy)
or real numbers. We will equip R™ with various norms. The most common example
that you will already have encountered in first year is the Euclidean norm.

Notation: A vector in R" is denoted by x = (z1, xs, .. ., x,), where the components
X1, T, ..., T, are real numbers. We have
n .__ — .
R" :={x = (z1,%2,...,%,) : T1,Ta,..., 2, € R}.

If n =1, we get the real line R, and the superscript 1 is usually dropped, that is,
we write R instead of R!.
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Definition 6.10 (Euclidean norm and Euclidean metric)
The Euclidean norm on R" is defined by

n 1/2
HXHF<in> = et ta - tak, xeR
k=1

The Euclidean distance (or Euclidean metric) of any two vectors x € R"
andy € R" is then defined by

N 1/2
da(x,y) = |lx —yll2 = (Z(% —yk)2>

k=1

= V(@ — )2+ (@2 — 122+ .+ (20 — ya)>

The next lemma states that R™ with the Euclidean norm || - ||2 is a normed linear
space.
Lemma 6.11 ((R",]| - ||2) is a normed linear space)

1/2

The vector space R™ with the Euclidean norm ||x||s := (3_,_, x3)"'" is a normed

linear space.

To prove the triangle inequality for (R™, || - ||2), we need the following lemma.

Lemma 6.12 (Schwarz inequality for R™)
For any vectors x = (x1, T2, ...,x,) andy = (Y1, Y2, - - -, Yn) in R",

n
E :xﬂﬁ
Jj=1

< 2o Do vr = I [yl (6.2)
Jj=1 j=1

Proof of Lemma 6.12: For x = 0, the inequality is obviously true, since both
sides of (6.2) are zero. Now we assume that x # 0 and consider the quadratic
function A — f(\), defined by

fO) = lly = x5 AeR,

and expand it in terms of A:

n

FO) = lly =Ax3 = (g — Az;)> = (] — 2 Xy + A a))
=1

j=1
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=N a2l =20 miyi+ >yl =AN-2BA+C >0, (63)
j=1 j=1 j=1

with

A=) a=|xl3  C=)]
j=1

=yl B=> v
J Jj=1

v;
=1
We may write the right-hand side of (6.3) as
W B ? (¢ P
A A A2

Since the quadratic function f(A\) = |y — Ax||3 is non-negative, and, since A > 0

B
f(A):AA2—23A+C=A[A2—2Az+ﬂ = A

(from x # 0), we conclude that

B\* (C B?
0<f(N)=A ()\_Z) +(2_F) for all A € R.
Now we choose A := B/A and have (using A = ||x||3 > 0)
B B B\® [(C B C B
< — | = EEE— - - -
=) 4G5+ (G- 5)] -2 (G- )
C B? 1 9 5
= OS(Z_F):F(AC_B) & B* < AC.
Substituting A, B,C by their definitions and taking the square root yields the
Schwarz inequality:. O
Now we can prove the triangle inequality for (R", || - ||2)

Lemma 6.13 (triangle inequality for the Euclidean norm)
Consider R™ with the Euclidean norm ||x||2 = (3 ,_, mi)l/z. For (R ]| - ||2) the
triangle inequality holds true, that is,

Ix+yllz <lxll2+llyll. foralxy e R".

Proof of Lemma 6.13: We have from the Schwarz inequality that

n n

Ix+yl2 =" +u)* =3 (@2 + 2z 442 = > a2 42wy + Yy
j=1 Jj=1 Jj=1

J=1 J=1

Z%‘ Yj

j=1

< =I5 +2 Iy llz < I3 + 2 lxll2 lyllz + 11113 = (B2 + llyll2)*
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Taking the square-root, we see that the triangle inequality is satisfied. O

After these preparations we can finally prove that R" equipped with the Euclidean
norm is a normed linear space.

Proof of Lemma 6.11: We have to verify the three properties of a norm

(i) For x € R", we have

(since the square-root of a non-negative value is non-negative). We also see that
|x]]2 = 0 if and only if 27 = 0 for all k = 1,2,...,n, that is, if and only if z;, = 0
for all k =1,2,...,n. Thus ||x||2 = 0 if and only if x = 0.

(ii) Let @ € R and x € R™. Then, using o? = |a/?,

n n

n n
laxlls = | > (az)? = | a?a} = |lal?) a2} =lal,| >} = |a][|x].
k=1 k=1

k=1 k=1

(iii) The triangle inequality was proved in Lemma 6.13.
Thus R” with the Euclidean norm || - || is indeed a normed vector space. O

We have seen in Examples 6.2 and 6.4 before that it is possible to define different
metrics on the same set. We had R equipped with the absolute value metric (see
Example 6.2) and the discrete metric (see Example 6.4). It is also possible to define
different norms for the same linear space.

Example 6.14 (different norms for R")
The following functions define all norms on R™:

(a) the 1-norm

n
Ixlly == la|  for x=(z1,...,3,) €R",
k=1

(b) for any fixed p € N, the p-norm

n 1/p
x|, := (va’) for x=(z1,...,2,) € R",
k=1
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(c) the infinity norm (co-norm)

x| o0 := max || for x=(z1,...,7,) € R™.

Note that the p-norm includes both the case of the Euclidean norm || - ||» for p = 2
and the 1-norm || - ||; for p = 1.

Proof: In each case we have to verify the three properties of a norm.

(a) (i) Clearly ||x|y > 0 for all x € R*. If x = 0 then ||x|; = 0. If [|x]; =
> i lzg] = 0 then |xy| = 0 for all & = 1,2,...,n, and thus z;, = 0 for all k =
1,2,...,n, that is, x = 0. Thus ||x||; = 0 if and only if x = 0.
(ii)) For a € R and x € R™, we have

ol = 3l = 3" ol el = o] 3 sl = o ]

k=1 k=1 k=1

(iii) The triangle inequality follows from the triangle inequality for the absolute
value. For x,y € R",

n n

It ylle= > lae el < > (ol + lol) = D el + Y lyel = Ixlla + [yl

k=1 k=1 k=1 k=1
Thus | - ||y is a norm for R™.
(b) That || - ||, is a norm for R™ for p # 1,2 is not so easy to prove and we will not

discuss this case here.

(c) (i) By its definition, we see that ||x||oc > 0. If x = 0 then ||x||oc = 0; and if
|xX|lo = maxi<r<y |zx| = 0 then |zgx| =0 for all k =1,2,...,n, and thus z; = 0 for
all k =1,2,...,n, that is, x = 0. Hence ||x||ooc = 0 if and only if x = 0.

(ii) For a € R and x € R",

lax]lo = max oz = max [af |z = [a] max [zx] = [af [[x]|s.
1<k<n 1<k<n 1<k<n

(iii) We prove that the triangle inequality holds. Let x,y € R"™ be arbitrary. By
definition we have ||X+¥||oc = maxj<g<n |Tx+yk|. Suppose the maximum is reached
for k = kgy; we then have

e+ Ylloo = max |zx + il = |, + Y|
< J@nol + lymol < max foi] + max Jyel = [|x[loc + [lylloc;

where we have used the triangle inequality for real numbers.

Thus || - ||e is @ norm for the vector space R™. 0
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6.1.3 Spaces of Functions With Various Norms

A nontrivial example of a normed linear space is the linear space C([a, b]) of contin-
uous functions on [a,b] C R equipped with the supremum norm.

Lemma 6.15 (space of continuous functions with various norms)
Let [a,b] be a closed and bounded interval. The linear space C([a,b]) of all con-
tinuous functions f : [a,b] — R with the pointwise addition

(f+9)(@) = flz) +g(x),  z€lab]
and the pointwise scalar multiplication
(af)(x) =af(z), z€lab]

forms a linear space C([a,b]). The following are norms of C([a,b]):

(a) the supremum norm

[ flloe = Sup}lf(ff)lv

z€la,b

(b) the Li-norm
b
1l = / (@) d,

If= (| b o) o) "

Note that we can define the norms |- |1 and || - || with the Riemann integral over
[a, b] since all continuous functions on [a,b] are Riemann integrable.

(c) the Ly-norm

Proof of Lemma 6.15: We have to show that in each case the three properties of
a norm are satisfied.

(a) (i) Since |f(x)| > 0 for all z € [a, b] (by the definition of the absolute value), we
have || f]le > 0 for all f € C([a,b]). The condition
0= [fllec = sup |f(z)]

z€[a,b]

implies that |f(z)| = 0 for all z € [a,b], thus f(xz) = 0 for all z € [a,b]. On the
other hand, if f(x) = 0 for all z € [a,b], then ||f|cc = 0. Thus ||f|lc = 0 if and
only if f(z) =0 for all = € [a, b].
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(ii) Let « € R and f € C([a,b]). Then

lflloe = sup |af (z)] = sup |af [f(x)] = [af sup |f(x)] = | [[f]l-

z€[a,b] z€la,b] z€[a,b]
(iii) Let f,g € C([a,b]). For any fixed x € [a, b], we have, from the triangle inequality

for real numbers,

[f (@) +g(@)| < [f (@) + lg(x)] < sup [f(y)[+ sup [g(z)] = [[fllec + l|glloo-

y€la,b] z€[a,b]
Thus the right hand side is an upper bound for |f(z)+g(z)| for all z € [a, b]. Taking

the supremum over z € [a, b] yields

1+ gllec = sup [f(2) + g(2)] < [|flloc + [l9]loc-

z€[a,b]
Thus the supremum norm is a norm for C([a, b]).

(b) (i) From the first order property of the Riemann integral (see Theorem 3.29) we
know that

T :/0 (@) de > 0,

since |f(z)| > 0 for all z € [a,b]. If f(z) =0 for all € [a,b] then | f||; = 0. From
the third order property of the Riemann integral, we see that, for any f € C([a, b)),
|flli = 0 implies that |f(z)] = 0 for all z € [a,b], and hence f(zx) = 0 for all
x € [a,b]. Thus || f]|1 = 0 if and only if f(x) =0 for all x € [a, b].

(ii) Let @« € R and f € C([a,b]). Then from the linear properties of the Riemann
integral (see Theorem 3.29)

b b b
lf I =/ I(af)(a:)ldxz/ o | (2)] d = |a|/ (@) dz = o] | 1.
(iii) Let f,g € C([a,b]). The triangle inequality follows from
F@) +9@)| < @) +lg@)|  for all € [a, 1],

where we have used the triangle inequality for real numbers, and from the first
linear property of the Riemann integral (see Theorem 3.29). Indeed, we have for

frg9 € C([a,b])

I£ 49l = [ 1f)+ g(a)|do

b b b
g/ <|f<a:>|+|g<x>|)dx=/ |f<x>|dx+/ 9(@) e = 171 + llglh.

Thus the L;-norm is a norm for the linear space C([a, b]).
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(¢) (i) From the first order property of the Riemann integral (see Theorem 3.29) we

know that
b 1/2
£l = ( / \f(fv)\2dx) >0,

since |f(z)|*> > 0 for all = € [a,b]. If f(z) =0 for all z € [a,b] then || f||2 = 0. From
the third order property we see that, for any f € C([a,b]), ||f|l2 = 0 implies that
|f(x)|> =0 for all = € [a,b], and hence f(x) =0 for all z € [a,b]. Thus || f|] = 0 if
and only if f(z) =0 for all z € [a, b].

(ii) Let « € R and f € C([a,b]). Then

b 1/2 b 1/2
||af||z=(/ |a|2|f<x>|2da:) =(|a|2 / |f<x>|2dx) — Ll £l

(iii) Let f,g € C([a,b]). The triangle inequality follows from the Schwarz inequality
for the Ly-norm (which can be proved analogously to the Schwarz inequality for R"
(see Lemma 6.12 and its proof)),

2

/ab\f(:c)g(:cﬂda: < (/ab |f(:c)|2d:c) " (/ab\g(x)\2dx) ! —fl2llglla (6.4)

for all f,g € C([a,b]), with the following argumentation: from the linear properties
of the Riemann integral, the triangle inequality for (R™, |- |) and (6.4),

£ 498 = [ 1@+ g@Pde < [ (5@ +lg@) ds
= [ 15@P +217@) @) + o)) do
~ [ t@Pds+z [ glde+ [ o) ds

b
= ||f||§+2/ |f(x) g(@)l dz + |93

< AR+ 20f 2 gl + gl = (Lfllz + llgll2).
Thus the Ly-norm is a norm for the linear space C([a, b]). O

We give some more examples of norms on function spaces.

Example 6.16 (norms on C([0,1]))
Determine which of the following are norms for C([0, 1]).

(@) [[fII:=f(1) + sup [f(z)],

z€[0,1/2]
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o 1= |7 (3)]+ [ 15wl

Solution: We check whether the norm properties are satisfied.

(a) Claim: |[f|| = f(1)+sup,e(o,1/2 |f ()| does not define a norm of C([0, 1]) because
| £l = 0 does not imply f(x) =0 for all x € [0, 1].

For example, if we choose a piecewise affine linear function f(x) defined by

( 1

1 1 3

F = — = if —<z<-=

(x) x 5 i 2_3:_4,
3

11—z if Z<x§1,

then sup,cpo1/9 [f(7)] = 0, and f(1) = 0. Hence |f|| = 0, but f is not identically
zero in [0, 1]. Thus the property (i) of a norm is violated.

7= (3)|+ [ e
is a norm for C([0, 1)

(i) From the first order property of the Riemann integral and from the definition of
the absolute value, we have

(b) Claim:

1 1
I1=|r (3)]+ [ as =0 toran g e o,
0
If || f|l = 0 then

in=|s (3)|+ [wena=o = |r(3)[=0 ma [irwia=o
(6.5)

From Example 6.15 we know that

1l = / ()| dz

is a norm on C([0,1]). Thus (6.5) implies f(x) = 0 for all € [0,1]. On the other
hand, if f(z) = 0 for all x € [0,1], then ||f|| = 0. Thus ||f|| = 0 if and only if
f(x) =0 for all x € [0,1].
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(ii) Forall @« € Rand f € C([0,1]), we have from the linear properties of the integral

fort =[as (3)|+ [ las@ide = a1 (3)] +1al [ 760
~tal (¢ (3)]+ [ 1rnac) =t s

(iii) The triangle inequality follows from the triangle inequality for real numbers

and from the properties of the integral

ir+at =7 (3) +a(3)|+ [ 150 + st as
<|r(3)]+[s G)] + [ G+ laonas
R A
< (| ()| [ wenas)+ (jo ()| [ ) = 151+ pal

for all f, g € C([0,1]).
Thus || - || is a norm for C([0, 1]). O

Example 6.17 (subset of continuous functions)
For the linear space C([0,00)) of continuous real-valued functions on [0, 00), define

IfIF:=sup e™*|f(z)l,  feC(0,00)).

z€[0,00)

Let X be the subset of C([0,00)) defined by

X = {feC([0,00)) : [If]| < o0}.

Then (X, ||-]|) is a normed linear space. The rapidly declining function e~* is called
a weight function.

Proof: We check the vector space properties for X and the three norm properties
for || - ||.

First we check the vector space properties for X. First we have to check closure
for the pointwise addition of functions and the pointwise scalar multiplication. If
f,g € X, then from the triangle inequality of real numbers

If +9ll = sup e *|f(z)+g(x)]

z€[0,00)



6. Metric Spaces and Normed Linear Spaces 167

< sup e "(|f(2)[+]g(2)]) = sup (e7"|f(z)]+ e "|g()])

z€[0,00) x€[0,00)
< sup e “|f(x)[+ sup e *[g(x)| = [If]| + [lgll < oo
z€[0,00) x€[0,00)

If « € Rand f € X, then

lef|l = sup e laf(z)| = |af sup e *[f(z)] = [af [ ] < oo.

z€[0,00) x€[0,00)

Thus we have closure, that is, f +¢g € X forall f,g € X, and af € X for all « € R
and all f € X.

(i) Forall f,g,h € X, we have (f+g)+h = f+(g+h) because, from the associative
law for the real numbers

(f(@)+g(2)) +h(z) = f(z)+ (g(z) + h(z)) for all z > 0 and for all f,g,h € X.

(ii) The neutral element is given by the zero function O(z) := 0 for all z > 0. This
follows from

|O|| ;= sup e *|O(z)| = sup e *|0| = sup 0=0 < oo,

z€[0,00) z€[0,00) 2€[0,00)
that is, O € X, and from

(f+0)(x)= f(x)+O(x) = f(x) + 0= f(x) forallz>0and for all f € X,
(O+ fHz)=0(x)+ f(z) =0+ f(x) = f(x) forall z > 0 and for all f € X.

(iii) For f € X, the inverse element is given by —f € X because

(f+(_f))(g;) flx)— f(x) =0=0(x) forall x >0,
((_f)+f)(x):—f(x)+f(x):0:(’)(x) for all x > 0.

(iv) Since the real numbers are commutative, we have
(f+g)(x) = f(x)+g(x) = g(x)+f(x) = (9+f)(x) forallz > 0and for all f,g € X,
thatis, f+g=g¢g+ f forall f,g € X.

(v) We have (1f)(z) = 1f(x) = f(x) for all z > 0 and for all f € X.

(vi) We have ((a3) f)(z) = af f(z) = a (B f(z)) for all z > 0 and for all f € X
and for all o, f € R. Thus (af) f =« (B f) for all f € X and all o, 5 € R.
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(vii) For all f,g € X and for all a, 8 € R, we have from the distributive laws for
the real numbers

((a+8) f)(@) = (a+p) fz) = a f(z) + B f(z) = (a f)(z) + (B f)(z), x>0,
that is, (a+ 8) f=a f+ [ f forall f € X and all o, 5 € R, and

(@ (f+9) (@) = a(f+9)(x) = a (f(2)+g(x)) = a f(z)+ag(z) = (a f)(z) = (ag)(z)
for all x > 0, that is, a (f +g) =af+agforall f,ge X and all « € R

Now we check the norm properties.

(i) Since e=* > 0 for all z € [0, 00) and |f(z)| > 0 for all z € [0, 00), we clearly have
|fIl > 0forall feX. If f(x) =0 for all x € [0,00), then | f|| = 0. If

IfIl= sup e™|f(z)] =0

2€[0,00)

then we conclude from e™® > 0, z € [0,00), that e™*|f(x)| = 0 for all z € [0, c0).
Since e=* > 0 for all z € [0,00), this implies f(z) = 0 for all z € [0,00). Thus
|| £l = 0 if and only if f is the zero function.

(ii) Let o € R and f € X. Then

lefl = sup e laf(z)] = sup e o] [f(z)] = [a] sup e*[f(x)] = |af [ f]]

z€[0,00) 2€[0,00) 2€[0,00)
(iii) Let f,g € X. The triangle inequality can be derived with the help of

[f (@) + g(x)] < [f(2)] +[g(z)]  forall z € [0, 00),

which follows from the triangle inequality for real numbers. Indeed, since e > 0
for all x € [0, 00),

If +gll = sup e™|f(z) + g(x)]

x€[0,00)
< sup e (|f(x)] +|g(x)]) = sup (e7*|f(2)|+e"|g(x)])
z€[0,00) x€[0,00)
< sup e “|f(z)|+ sup e "|g(x)| = fIl + llgl.-
z€[0,00) z€[0,00)

Thus || - || fulfills the three properties of a norm.

We have proved that (X, | - ||) is a normed linear space. O
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6.1.4 Inner Product Spaces

A special class of normed linear spaces are those whose norm is defined by a so-called
inner product or scalar product.

Definition 6.18 (inner product/scalar product)
Let X be a (real) linear space. A (real) inner product or scalar product is a
function (-,-) : X x X — R with the following properties:

(i) (x,z) >0 for all x € X with x # O.
(ii) (,

(iii) (x,y + z) = (z,y) + (z,2) forall x,y,z € X.

(iv) (Azx,y) = A(z,y) = (x,\y) for all xz,y € X and all scalars A € R.

y) = (y,x) for all z,y € X (symmetry).

The normed linear space X with the inner product (-,+) is called an inner prod-

uct space.

Firstly we observe that property (ii) and (iii) in Definition 6.18 imply that also

(y+2,2)=(y,x)+ (z,2) forall z,y,z€ X. (6.6)

We also observe that property (i) of the inner product implies that
(x,z) >0 forall z € X, and (z,x) =0 if and only if z = O. (6.7)

Indeed, since from (i) (z,z) > 0 for all x # O, it only remains to show that (z,z) = 0
if x =0. If z =0, then x = O = 00, and thus from property (iv) of the inner
product

(0,0)=(00,0)=0(0,0) =

Our standard example is the so-called Euclidean inner product on R".

Lemma 6.19 (R" with Euclidean inner product)
Define on R™ the Fuclidean inner product

(x,¥) ZIXT'YIZ%‘Z/]':$1y1+$2y2+---+$nyn-
j=1

Then R™ with the Euclidean inner product is an inner product space.
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Proof of Lemma 6.19. We observe that
(x,x) = af = |x]3,
j=1

and therefore we can use our knowledge about the Euclidean norm.

(i) From the property (i) of the Euclidean norm, we know that ||x||3 = (x,x) > 0 if
x # 0.

(ii) The symmetry follows from the commutative law for the multiplication of real
numbers: for any x,y € R",

(x,y) = Z%‘ Yi = Zijj = (¥,%).
j=1 J=1

(iii) For any x,y,z € R", we have from the distributive law for real numbers

n

(x,y+z) = ij(yj+zj) = Z[xjyj“’szj}
j=1

=1

= ijyj +Z:cjzj = (x,y)+ (x,2).
=1 =1

(iv) For any real x,y € R" and any real number A € R, we have

n

Axy) =Y Az y; =AYz, = A(x,y).

Jj=1 J=1

From this relation and the symmetry of the inner product (property (ii) which we
have already verified), we have for any x,y € R"” and any real number A € R

(Ax,y) = A(xy) =A(y,x) = (A\y,x) = (X, \y).

Thus all the properties of an inner product are satisfied, and R™ with the Euclidean
inner product is indeed an inner product space. O

In the previous sections we have already seen that both in R™ with the Euclidean
norm as well as in C([a, b]) with the Ly-norm

i1 = ( [ @) dx)m
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we have a Schwarz inequality. We will now see that a Schwarz inequality is a
property of any inner product space.

Lemma 6.20 (Schwarz inequality)
Let X with the inner product (-,-) : X x X — R be an inner product space. Then
the Schwarz inequality holds

[(z,y)] <V (z,2)\/(y,y)  forallz,yec X,

where we have equality if and only if x = ay with some a € R or y = B with
some (3 € R.

Before we prove Lemma 6.20, we take a look at the Schwarz inequality for our
standard example R™ with the Euclidean inner product.

In Lemma 6.19, we have seen that R™ with the Euclidean inner product (x,y) =
Z;L:1 x;y; is an inner product space, and in Lemma 6.12 we have proved that

n
E 933 Yj
j=1

n n
2 2
< DDk
j=1 j=1
which we can now write as

(%, ¥) <V (xx)V(y,y) forallx,yeR"

We see that the Schwarz inequality for R™ with the Euclidean inner product (-, ) is
indeed a special case of Lemma 6.20.

Proof of Lemma 6.20. First we consider the case that x = O or y = O; in this
case the left-hand side and the right-hand side are both zero, since (O, O) = 0 and

(O0,2)=(00,2) =0(0,z2) =0 forall z € X,

and we have an equality. We note that if + = O, then x+ = O = 0y and that if
y=0 theny =0 =0x.

Now let us assume that both x and y are different from the zero vector O, and
consider the quadratic function

F) == Az,y—Ax) =N (z,2) =2 X (z,9) + (v, ),
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where we have used the properties (ii), (iii), and (iv) of the inner product to obtain
the second representation of f(A). This is a quadratic equation in A, and, using
(z,z) > 0 since x # O, we factorize

F) = XN(z,z)=2X(z,9)+ (,9)

(o) 2oy @Y Wy
= o) YA T e

- oo (- 8)' (18- )]

— (z,2) _()\ — Ei:z)f + ((x,:c) (?z:;?z); ($,y)2)] :

Now we choose A = (z,y)/(z,x) so that the first term in the angular brackets

vanishes, and we also use f(\) = (y — Ax,y — Ax) > 0 from the property (6.7) of
the inner product. Thus

0<f ((x,y)) _ (@2 (y’y)_(x7y)2'

(x,x) (x,x)

Since (z,z) > 0 (from x # O), we have from multiplying by (z, z)

0< (z,2) (y,y) — (z,y)> & (2,9)° < (z,2) (y,y)

Taking roots and observing that (z,x) > 0 and (y,y) > 0, since z # O and y # O,

yields
(@, y)| < V(z2) V(Y 9),

which proves the Schwarz inequality.

It remains to show that we have equality if and only if x = ay with some o € R
or y = fx with some § € R. —If x = O or y = O, then we have seen that this is
indeed true. — Now consider again the case that © # O and y # O. If x = ay with
some a € R, then we find that y = a~!x (since o # 0 due to x # O), and thus it
is enough to consider the case y = fx. From taking the inner product with z,

y=fs = w)=Ba) = =0
and thus
y:ﬁx:(z’y)x.
(z, )
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Inspecting the proof we find that now

f ((%@D) _ (y_ (®.9) ., @Y x) _(0.0) =0,

(z,x) (x,2) "’ (z,x)

and thus the < in the Schwarz estimate becomes an equality. On the other hand, if
y # B for all § € R, then from property (i) of the inner product

1(55) = (- G- 24e) >0

since y — [(z,y)/(z, )] x # O. Inspecting the proof shows that the Schwarz inequal-

ity becomes a strict inequality. O

In the next lemma we learn that any inner product space is also a normed linear
space with a suitable norm ‘induced’ by the inner product.

Lemma 6.21 (inner product space = normed linear space)
Let X with (-,-) : X x X — R be an inner product space. Then

1 X =R,z o= (2, 2),

defines a norm on X, and (X, || - ||) is a normed linear space.

The proof follows straight-forward by making use of the properties of the inner
product.

Proof of Lemma 6.21. We have to verify that ||z|| = \/(z, x) satisfies the three
norm properties.

(i) From property (i) of the inner product we have
||| = (z,2) >0 forall 2 #0 = |z|| = /(z,2) >0 for all z # 0.
If x =0, then x = O =00, and thus from property (iv) of the inner product
IO = (0,0)=(00,0)=0(0,0)=0 = |O]=0.

Thus we have shown that ||z|| > 0 for all z € X, and ||z|| = 0 if and only if x = O.
(ii) Let & € R and x € X be arbitrary. Then

laz)* = (az,az) = o (z,2) = o] |z* = llaz|=|o|]z].
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(iii) Let x and y be two arbitrary elements in X. From property (iii) of the inner
product, from (6.6), and from property (ii) of the inner product

lz+yl* = (z+yz+y)
= (z,z+y)+ (.2 +y)
= (z,2)+ (z,y) + (y,2) + (v, v)
= =l +2(z,9) + |yl
< ll® + 2|z, 9)] + [lyl1*. (6.8)

From Lemma 6.20, the inner product satisfies the Schwarz inequality

(@ 9)l < V(@ 2) Viyy) = llel iyl forallz,y € X,

which we now apply to estimate the middle term on the right-hand side of (6.8).

2

lz + yll* < ll=lf* + 2|2 )| + [y lI* < [l + 2 2l Iyl + yl* = (=l +yl])
and thus taking the root yields the triangle inequality

Iz +yll < {lz] + vl

We have verified that ||z|| = \/(z, ) satisfies the three norm properties and is thus
anorm on X. Thus X with ||z|| = y/(z,x) is a normed linear space. O

After proving Lemma 6.21, we can also state the Schwarz inequality in the
following form: Let (X , (s )) be an inner product space with the inner product
(,): X x X = R. Then

(@, 9 < ||zl lyl| for all z,y € X, where || := \/(z,2), |yl == /(y,9).

(6.9)
Equality in (6.9) holds if and only if = ay with some o € R or y = [z with some
g eR.

We give another example of an inner product space that we have already encountered
when we discussed normed linear spaces.

Example 6.22 (Ls;-inner product for continuous functions)
The space of continuous functions C([a,b]) on the interval [a,b] with the Lo-inner
product

(f.9) = / f@)g@)de, g€ C(ab), (6.10)
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is an inner product space.
Proof: We verify the properties of an inner product.

(i) Consider a continuous function f(z) which is different from the zero function.
Then |f(x)|*> > 0 for all z € [a,b], and since f is not the zero function we have
|f(z)]? > 0 for some = € [a,b]. Since f is continuous and |f(z)] > 0 for some

€ [a,b], we know, from the third order property of the Riemann integral (see
Theorem 3.29), that

(f,f)Z/ |f(x)|* dz > 0.

(Indeed, assume hat (f, f) = 0, then the third order property would imply that
la,b

|f(x)|? =0 for all z € [a,b] which is not true.)

(ii) Since the multiplication of real numbers is commutative, we have
b
)= [ 1@ o= [ o) f0de=(0.0) .0 Clot)

(iii) From the distributive law of the real numbers and the first linear property of
the Riemann integral (see Theorem 3.29) we have, for all f, g, h € C([a, b)),

(f.9+) Z(/f (ﬂdxz‘/[ﬂ@g@%hﬂ@h@ﬂw
= /f(x) da:+/ f(x = (f,9)+(f,h).

(iv) From the second linear property of the Riemann integral (see Theorem 3.29),
we have for any f,g € C(|a,b]) and any A € R

(Af,g>=/Af< r)de = A /f dr=\(f.g).  (6.11)

From the symmetry property (ii) of the inner product and from (6.11) we have for
any f,g € C([a,b]) and any A € R

(f:Ag) = (Ag, f) = Ag, [) = A ([, 9). (6.12)
From (6.11) and (6.12) we obtain property (iv) of the inner product.

Thus we have verified all the properties of an inner product and know therefore that
C([a, b]) with the inner product (6.10) is an inner product space. O
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6.2 Sequences in Metric Spaces and Normed Lin-

ear Spaces

In Subssection 6.2.1, we define the notion of (convergent) sequences and Cauchy
sequences. In Subsection 6.2.2, the notion of completeness is introduced: A metric
space or normed linear space is complete if every Cauchy sequence in the metric
space or normed linear space converges (to an element in the space). In Subsection
6.2.3, we introduce the notion of bounded sets in metric spaces and normed linear
spaces. Then we will prove the Bolzano-Weierstrass theorem for R™ which
says that any bounded sequence in R™ with the FEuclidean norm has a convergent
subsequence. For R! = R you should have learnt the Bolzano-Weierstrass theorem
in your first year courses. Throughout this section we will discuss various examples.

6.2.1 Convergent Sequences and Cauchy Sequences

With the help of the metric or distance function d(z,y) in a metric space, we can
give an e-definition of convergent sequences and Cauchy sequences in metric
spaces and normed linear spaces.

Definition 6.23 (sequences in a metric space)
Let X be a metric space with the distance function d : X x X — R.

(i) A sequence {xy} in (X,d) converges to v € X (that is, limy_.o ) = )
if for every e > 0 there exists an N = N(g) € N such that

d(zg,x) < € for all k > N.
Equivalently, a sequenze {xy} in (X, d) converges to x € X if

lim d(x,x) = 0.

k—o00

(i) A sequence {zy} in (X,d) is a Cauchy sequence if for each € > 0 there
exists an N = N(g) € N such that

d(xg, Tm) < € for all m,k > N.

Example 6.24 (Cauchy sequences in R with d(z,y) := |z — y|)
We have seen in Example 6.2 that the real line R with the metric d(x,y) := |z — y],
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defined with the absolute value |- |, is a metric space. According to Definition 6.23,
a sequence {zx} in (R, |- ) is convergent to x € R if for every € > 0 there exits an
N = N(e) € N such that

d(zg,x) = |z — x| < e for all k > N.

We see that this is just the usual definition of the convergence of a sequence in R
which we know from first year.

According to Definition 6.23, a sequence {zx} in (R, |-|) is a Cauchy sequence if for
every £ > 0 there exits an N = N(g) € N such that
d(xg, xpy) = |8 — 20| < € for all k,m > N.

This is just the usual definition of a Cauchy sequence in R which we know from first
year. In first year we also learned the Cauchy principle which states that a sequence
in R is convergent if and only if it is a Cauchy sequence (see Lemme 5.15). O

Definition 6.23 implies for a normed linear space (X, || - ||) the following definition
by using the distance function d(z,y) = ||z — y||.

Definition 6.25 (sequences in a normed linear space)
Let X be a normed linear space with norm || - || : X — R.

(i) A sequence {xy} in (X,||-||) converges to x € X (that is, limy_ .o, x) = )
if for every e > 0 there exists N = N(¢) € N such that

|z — || <e  forallk > N.

Equivalently, a sequence {xy} in (X,||-||) converges to x € X if
lim ||zx — | = 0.
k—o0

(i1) A sequence {xy} in (X, ||-]|) is a Cauchy sequence if for each e > 0 there
exists an N = N(e) € N such that

|k — 2| < e for all m,k > N.

We will discuss another example.
Example 6.26 (sequences in R with the discrete metric)
In Example 6.4, we saw that R with the discrete metric

] 0 if t =y,
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is a metric space. We will now show that a convergent sequence {z,} in R with the
discrete metric that converges to x € R satisfies x,, = x for all n > N with some
N € N, that is, from some n = N onwards the sequence is constant.

Proof: Let {x,} be a sequence in (R, d) that converges to x. Then for every ¢ > 0,
there exists N = N(e) € N such that

d(z,,z) <e for all n > N.
Now we choose € = 1. Then there exists N = N(1) € N such that
d(zp,z) <1 for all n > N. (6.13)

From the definition of the discrete metric, we know that d(z,, x) has either the value
0 or 1. But from (6.13) we have d(z,,x) < 1, and thus d(x,,z) =0 for all n > N.
Thus we have z,, = x for all n > N as claimed. |

A more complicated example is given by the space of continuous fundtions C(|a, b])
on [a, b] equipped with the supremum norm || - |-

Example 6.27 (C([a,b]) with the supremum norm)
In Chapter 5, we defined the supremum norm

[ fllo := sup [f(z)],  f € B(la,b]),

z€la,b]

and in Example 6.15 we have seen that the space of continuous functions C([a, b])
with the supremum norm || - || is a normed linear space. Convergence in the normed
linear space (C([a, b)), || || ) is just uniform convergence, and a Cauchy sequence
in (C([a,b]),] - |lc) is @ uniform Cauchy sequence as encountered in Chapter 5.

Proof: According to the definitions in this section a sequence { f,,} in (C([a, b]), ||*|/c0)
converges to f € C([a, b)) if for every € > 0 there exists some N € N such that

| fro = flloo = sup |fu(z) — f(2)| <e€ for all z € [a,b] and for all n > N.

z€[a,b]
This means exactly that {f,} converges uniformly to f.

According to the definitions in this section a sequence {f,} in (C([a,b]), || - ||le) is a
Cauchy sequence if for every € > 0 there exists some N € N such that

| fro = fimlloo = sup |fu(x) — fr(2)] <€ for all z € [a,b] and for all n,m > N.

z€[a,b]

This means exactly that the sequence {f,} is a uniform Cauchy sequence. O
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Remark 6.28 (on definition of convergence and Cauchy sequence)

From Examples 6.24 and 6.27 we see that the definitions of convergence and the
definition of a Cauchy sequence that we learned previously for particular ezamples
of metric spaces or normed linear spaces (for example, (R, d(x,y) = |z —y|) and
(C([a,b]), ]| |lc)) are just special cases of the general Definitions 6.23 and 6.25.

Now we will investigate convergence in the normed linear space R™ with the Eu-
clidean norm. The next lemma establishes that in order to test whether a sequence

{x®} c R or vectors x*) = (xgk),:c;k), . ,mslk)) converges it is enough to verify
whether the component sequences {xgk)} C R converge for all j = 1,2,...,n. This

leads back to the definition of convergence of sequences of real numbers which you
learnt in your first year at university.

Lemma 6.29 (criterion for convergence in R™)

1/2
Consider the linear space R"™ with the Fuclidean norm ||x||y := (Z" :)32-> :

j=1"7
i) A sequence {x*)} = 2! ,x(k), e ,xﬁf) m (R™ || - ||2) converges if and
12
only if for each j = 1, 2,...,n the component sequence {xgk)} converges in
(®,]-])
i) A sequence {x*)} = x(k),x(k), e mn (R™ || - ||2) is a Cauchy se-
1 2 Y
quence if and only if for each mdex 1 2,...,n the component sequence

{;):gk)} is a Cauchy sequence in (R,|-]).

Proof of Lemma 6.29: The proof of Lemma 6.29 is based on the use of
0 <lzj =yl < Ix =yl < vn max |z; -y, (6.14)

which can be proved as follows: Fixing an index j with 1 < 7 < n, we have

2
(2= 93)* < (@1 = y1)* + -+ (@ — yn)® < 0 max (a; wfzncﬁim_MO’

1<i<n

g

=lx-yl3
and taking the square root yields (6.14).
Now we give the proofs with the help of (6.14).

(i) =: Assume that {x®)} converges to x = (v, 2s,...,7,) € R", that is, we have
limy s ||x*) — x||; = 0. Then (6.14) implies that

0< klim |a:§k) — ;] < lim ||x® — x|l =0 forall j=1,2,...,n,
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and, from the sandwich theorem,

I}Lrilo|z§k)—zj|:0 forall j =1,2,...,n.
Thus, for each 7 =1,2,...,n, the sequence {xyg)} converges to ;.
<: Assume that for each j = 1,2,...,n, the sequence {igk)} converges to some
number z; € R. This means that for every ¢ > 0, there exists foreach j = 1,2,...,n

a number N; = N;(¢) € N such that

e — 2| < % for all k > N;. (6.15)

Define N := max{Ny, Ny, ..., N,}. Then from (6.15), we have

\x(.k)—xj\<i for all k > N and for all j =1,2,...,n.

J \/ﬁ
Thus R
max |x§k) -z < — for all K > N. (6.16)

1<j<n VLD

From (6.16) and (6.14), we see that with x := (21, x9,...,Zy)

|x®) — x|, < v/n max |x§»k)—:£j| <\/ﬁi:5 for all k > N.
1<j<n n

vn

Since € > 0 was arbitrary, we see that {x*)} converges to x.

(ii) = Assume that {x;} ia a Cauchy sequence, that is, for every ¢ > 0 there exists
an N = N(e) € N such that

|x®) —xM||l, <e  forall k,m > N.
Then from (6.14) for all j =1,2,... n,
|{£§-k) — z§m)| < |x® — x|, <& forall k,m > N.

Since € > 0 was arbitrary, we see that, for each j = 1,2,...,n, the sequence {:ng)}
is a Cauchy sequence in R.

«<: Let ¢ > 0 be arbitrary, and assume that for every j = 1,2,...,n, {xgk)} is a
Cauchy sequence, that is, there exists N; = N;(e) € N such that

|2t — atgm)| <= for all k,m > N;. (6.17)

J \/ﬁ
Define N := max{Ny, Ny, ..., N,}. Then from (6.17)

|xy — x| < — for all k,mn > N and for all j =1,2,...,n.
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Thus
€

NG

From (6.14) and (6.18), we see that with x := (z1, 29, ..., xy)

max \xﬁk) — xg-m)\ < for all k,m > N. (6.18)

1<j<n

5 =Xy < Vi (7 a0 < Vi< forall k2 N
n

i=12,...n Vn
Since € > 0 was arbitrary, we see that {x(®} is a Cauchy sequence in R™. O

With the help of Lemma 6.29, we can now easily prove a Cauchy principle for
(R - {l2)-

Theorem 6.30 (Cauchy principle for (R, || - [2))

1/2
Consider the linear space R™ with the Euclidean norm ||x||s = (Z;;l sz) A

sequence {x®} C R™ is convergent if and only if it is a Cauchy sequence.

Proof of Theorem 6.30. This follows almost immediately from Lemma 6.29 and
the Cauchy principle for (R, |- |) (see Lemma 5.15).

=: Let {x(®} C R™ be convergent in (R, || -||2). From Lemma 6.29 (i), this means
that all component sequences {xg-k)}, where j = 1,2, ..., n, are convergent. From the
Cauchy principle for R (see Lemma 5.15), this implies that for each j € {1,2,...,n}
the sequence {xgk)} is a Cauchy sequence. From Lemma 6.29 (ii), this implies that
{x®)} is a Cauchy sequence in (R™, || - [|2).

«: Assume that {x(®} is a Cauchy sequence in (R, || - ||2). Then from Lemma 6.29
(ii), for each j = 1,2,...,n, the component sequence {xgk)} is a Cauchy sequence
in (R,|-|). Thus we know from the Cauchy principle for R (see Lemma 5.15) that,
for each 7 = 1,2,...,n, the sequence {xgk)} converges in R. From Lemma 6.29 (i),
this implies that {x*} converges in (R™, | - ||2). O

6.2.2 Complete Metric Spaces and Complete Normed Lin-
ear Spaces

Now we define the notion of completeness for metric spaces and normed linear
spaces: a metric space or normed linear space is complete if every Cauchy sequence
converges to some element in the space. We will give several examples of complete
normed linear spaces and complete metric spaces.
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Definition 6.31 (complete metric space)

Let X be a metric space with the distance function d : X x X — R. The metric
space (X, d) is called complete if every Cauchy sequence in X converges to some
element x in X.

For the special case of normed linear spaces Definition 6.31 yields the following
definition.

Definition 6.32 (complete normed linear space)

Let X be a normed linear space with norm || - | : X — R. The normed linear
space (X, || - ||) is called complete if every Cauchy sequence in X converges to
some element x 1n X.

We will look at some examples. Our first example is R with the absolute value norm
which is a complete normed linear space.

Example 6.33 (R with the absolute value norm)
The real line R with the absolute value norm | - | is a complete normed linear space.

Proof: In Example 6.6, we have seen that R with the absolute value norm | - | is a
normed linear space. From the Cauchy principle (see Lemma 5.15) we know that
a sequence {x,} C R is a Cauchy sequence if and only if it is convergent to some
x € R. Thus R with the absolute value norm is complete. O

Here is an example of a metric space that is not complete.

Example 6.34 (metric space (0, 1] with the d(z,y) := |z —y|)
The metric space (0, 1] with the metric d(z,y) := |z — y| is not complete.

Proof: In Example 6.3 we proved that (0, 1] with the metric d(z,y) := |x — y| is
a metric space. We want to show that it is not complete. Consider the sequence
{1/n} C (0,1]. Let € > 0 be arbitrary, and let N = N(¢) € N be given by
N :=min{k € N : k> 1/e}. Then 1/N < ¢, and for all n,m > N,

1 1
(32)-
n-m

Thus {1/n} is a Cauchy sequence. We have

lim d (1,0) = lim
n— oo n n—oo

but the limit 0 of {1/n} is not in (0, 1]. Thus ((0, 1], d) is not complete. O

1 1

n m

monl_ max{n,m} 1

= — <e.
nm min{n,m} ~ N

nm

n n—oo 1

l—o‘: lim ~ =0,
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We look at some more complicated examples.

Example 6.35 (R with the discrete metric)
In Example 6.4, we saw that R with the discrete metric

0 ifx=y
d = ’
(z,y) {1 if v # vy,

is a metric space. If {z,} is a Cauchy sequence, then for every ¢ > 0 there exists
some N = N(g) € N such that

d(xp, ) <€ for all n,m > N, (6.19)

and, in particular,
d(zn,xm) <€ for all m > N,

Now let ¢ = 1. Then (6.19) with ¢ = 1 implies that z,, = xy for all m > N. Thus
the series {z,} converges to xy € R. We see that the metric space R with the
discrete metric is complete. O

Example 6.36 (Q with the absolute value norm)
Let Q denote the set of rational numbers with the metric d(z,y) := | — y|. Then
(Q, | -]) is a metric space, but (Q, | -|) is not complete.

Proof: We have proved in Example 6.2 that the metric d(z,y) := |z — y| is a metric
for R. Inspection of the norm properties shows that d(z,y) = |x —y| is also a metric
for any subset of R. Thus d(z,y) := |x —y| is a metric for Q, and we see that (Q, d)
is a metric space.

It remains to show that Q is not complete. Consider the number v2 € R C Q.
Since Q is dense in R, we can construct a sequence {z,} C Q that converges to /2.
Since this sequence converges in R we know from the Cauchy principle (see Lemma
5.15) that {x,} is a Cauchy sequence with respect to the absolute value norm and
thus it is a Cauchy sequence in Q. The limit of this Cauchy sequence is v/2 which
is not in Q, and thus Q is not complete. O

Now we want to discuss the example of R™ with the Euclidean norm. Lemma 6.29
immediately leads to the fact that that R" with the Euclidean norm is complete.

Theorem 6.37 ((R",] - ||2) is complete)

j=1T;

1/2
The linear space R™ with the Euclidean norm [|x||s := (Z" x2> is complete.
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Proof of Theorem 6.37: The statement follows from the Cauchy principle for
(R™, || - ||2) (see Theorem 6.30). Indeed, let {x*)} € R™ be a Cauchy sequence in
(R™,| - |l2). Then we know from Theorem 6.30 that {x*®)} is convergent to some
x € R". Thus (R",]| - ||2) is complete. O

Now we come back to the normed linear space C([a, b]) of continuous functions with
the supremum norm || - ||oo. From the results in Chapter 5, we can easily deduce
that C([a, b]) with the supremum norm || - || is complete.

Theorem 6.38 (C([a,b]) with supremum norm is complete)
Let [a,b] be a bounded closed interval. The normed linear space C(|a,b]) of con-
tinuous functions on [a,b] equipped with the supremum norm

[ flloe = s @), fecl(ab)),

z€la,b

s complete.

Proof of Thoerem 6.38: The proof of this non-trivial result follows relatively
easily with our knowledge from the previous subsections and from Chapter 5: In

Lemma 6.15 (a) we have seen that C([a,b]) with the supremum norm || - || is a
normed linear space. From Example 6.27, we know that convergence in (C([a, b)), || -
|lo) is uniform convergence and that a Cauchy sequence in (C([a,b]), | - |le) is a

uniform Cauchy sequence.

Now let {f,} be a Cauchy sequence in C([a, b]). From the uniform Cauchy principle
(see Theorem 5.18), we know that { f,,} converges uniformly on [a, b] to some function
f :la,b] — R. Since the f, are continuous, from Theorem 5.19, the limit is also
continuous, that is, f € C([a,b]). Thus C([a, b]) equipped with the supremum norm
is complete. O

6.2.3 Bounded Sets and the Bolzano-Weierstrass Theorem
for R"

In first year, you will have learned the Bolzano-Weierstrass theorem for the real
numbers: every bounded sequence {z;} in R (with the absolute value norm) has a
convergent subsequence. Bounded means here that there exists some number r € R
such that |zy| < r for all k£ € N.

In this subsection we will introduce bounded sets in metric spaces and in normed
linear spaces. Then we will prove the Bolzano-Weistrass theorem for R with the



6. Metric Spaces and Normed Linear Spaces 185

Euclidean norm || -||2: every bounded sequence in (R", ||-||2) has a convergent
subsequence. It has to be noted that the Bolzano-Weierstrass theorem does not
hold in arbitrary normed linear spaces (or arbitrary metric spaces), and we will give
an example to illustrate this.

We start by defining bounded sets in a metric space.

Definition 6.39 (bounded set in a metric space)
Let (X, d) be a metric space. The following definitions of a bounded subset of X
are equivalent:

(i) A set E C X is said to be bounded if there exist o € X and r > 0 such
that
d(x,zo) < for allx € E.

(i) A set E C X is said to be bounded if for every xy € X there existsr > 0
such that we have

d(xz,zo) < for all x € E.

For the special case of a normed linear space Definition 6.39 implies the following
definition.

Definition 6.40 (bounded set in a normed linear space)
Let (X, || -||) be a normed linear space. The following definitions of a bounded
subset of X are equivalent:

(i) A set E C X is said to be bounded if there exist o € X and r > 0 such
that
|z — zo|| <7 forall x € E.

(i) A set E C X is said to be bounded if for every xy € X there existsr > 0
such that
|z —zo|| <7 forallz € E.

(111) A set E C X is bounded, if there exists some r > 0 such that

||| <r  forallz € E.

Example 6.41 (bounded sets in R)
The intervals [a,b], (a,b), (a,b] and [a,b) with —oo < a < b < oo are bounded in R
with the absolute value norm | - |.
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Proof: We want to use Definition 6.40 (iii). Let r := max{]al, |b|}. Then we have
for all x € [a,b] that a < 2 < b and thus

2| < max{al, ||} = r. (6.20)

Since (a,b) C [a,b], (a,b] C |a,b], and [a,b) C [a,b], we see that the estimate (6.20)
holds also for all = in these intervals as well. Thus [a, b], (a,b), (a, b], and [a, b) with
—00 < a < b < oo are bounded in (R, |- ). O

Remark 6.42 (on Definitions 6.39 and 6.40)
We want to investigate why the statements in Definitions 6.39 and 6.40 are equiv-
alent.

In both Definitions 6.39 and 6.40 it is clear that (ii) implies (i), but the reverse
direction needs explaining.

Proof of (i) = (ii): Assume that there exist xo € X and r > 0 such that
d(x,zo) <r  forallxe€E. (6.21)

Now consider any other point yo € R\ {zo}. Then we have from the triangle
inequality and (6.21)

d(@,y0) < d(x, z0) + d(wo,yo) < v+ d(wo,90)  forallz € E.
Thus with 7 := 1 4 d(z9, yo), we have
d(xz,yo) <7  forallx € E,

and thus (i) holds true in Definition 6.39. Since Definition 6.40 is just a special
case of Definition 6.39 where the metric is defined by d(x,y) = ||z — y||, we have
also proved that (i) implies (ii) in Definition 6.40. O

It remains to show that (iii) in Definition 6.40 is equivalent to (i) and (ii).

Since (ii) implies that for xo = O there exists r > 0 such that ||z —x¢|| = ||z — O] =
|lz|| < r for all x € E, (1) clearly implies (iii). Assume now that (iii) is true, that
is, ||z|| < r for all x € E, and consider an arbitrary xo € X. Then

|z — zo|| < ||| + ||zol| < 7+ ||xol| forallx € E.

Since T + ||zo|| is a positive constant, this implies (i1). O
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Remark 6.43 (on the Definitions 6.39 and 6.40)

The fact that (i) implies (ii) tells us the following: if for one xy € X there exists
an r = r(xg) > 0 such that d(x,zo) < r for all x € E, and ||z — zo|| < r for all
x € E, respectively, then for every yy € X there exists an 7 = 7(yo) > 0 such that
d(xz,yo) <7 for allx € E, and ||x — yo|| < 7 for all x € E, respectively. Thus for
investigating whether E 1s bounded, it is enough to check whether

d(x,xo) <r foralz€E, and |z —xol| <r  forallx € E, (6.22)

respectively, holds true for one particular xo. (Indeed if (6.22) was not true for
the xo of our choice then Definition 6.39 (ii), and Definition 6.40 (ii), respectively,
would be violated.)

From the observations in the remark above we can draw the following conclusions.

Corollary 6.44 (test for boundedness in a metric space)
Let (X, d) be a metric space, and let E be a subset of X. Let xg € X be an
arbitrary point in X. If there exists some r > 0 such that

d(z,z9) <r forallxz € E, (6.23)

then E is bounded, and if it is impossible to find an r > 0 such that (6.23) is
true then E is not bounded.

For the special case of a normed linear space we have the following corollary.

Corollary 6.45 (test for boundedness in a normed linear space)
Let (X, || -||) be a normed linear space, and let E be a subset of X. Let xyg € X
be an arbitrary point in X. If there exists some r > 0 such that

|z —xo|| <7 forallx e E, (6.24)

then E is bounded, and if it is impossible to find an r > 0 such that (6.23) is
true then E is not bounded.

Since Corollary 6.45 follows from Corollary 6.44 by replacing the metric d by its
definition d(z,y) := ||z — y||, it is enough to prove Corollary 6.44.

Proof of Corollary 6.44: The first statement is essentially the definition (i) of
boundedness (see Definition 6.39).

The second statement can be easily proved by contradiction: Assume that for the
given x it is impossible to find an r > 0 such that (6.23) holds true, but E is still
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bounded. Then we know from (ii) in Definition 6.39 that for every =y € X there
exists an r > 0 such that

d(x,xo) < for all z € X.

This is a contradiction to our assumption, and therefore F is unbounded. O

We give some examples of bounded sets in metric spaces and normed linear spaces.

Example 6.46 (bounded sets in R")
For the Euclidean space R™ with the Euclidean norm || - || we have: a set E in R”
is bounded if there exists r > 0 such that

n 1/2
d(x,0) = [|x = 0|2 = ||x]|2 = (Z [Ei) <r for all x € E. O
k=1
Example 6.47 (bounded set in (C([0,2]), || - [|))
The subset
E:={f,:0,2] = R, fu(z):= e n e N}
of continuous functions is bounded in (C([0,2]), || - ||c)-

Proof: We have for every n € N that

[ falloo = e loe = sup || =e %" = = 1.
z€(0,2]
Since every function f,(z) = e /™ in E satisfies || fy]loc = [|e7*/"||oc = 1, we see
that
anHoo = ||€_n/x||oo <1 for all n € N,
and thus the set £ C C([0,2]) is bounded. O

Example 6.48 (unbounded set in (C([0,1]), ] - |ls))
Investigate whether the set

E:={fu:[0,1] =R, fu(z):= ne " € N}
is bounded as a subset of C(]0,1]) with the supremum norm || « |-

Solution: The set E is unbounded in (C([0, 1]), || - ||co)- This can be seen as follows:

We have

[fullo = sup |ne™" =ne " =ne’ =n, n € N.

z€0,1]
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Thus for every r > 0, we can choose N € N such that » < N, and thus

| falle = sup \ne_m/"|:n>r, for all n > N.
z€[0,1]
This proves that F is unbounded. O

Example 6.49 (bounded set in (C([0,1]), || - []1))
Let the set £ C C([0, 1]) be defined by

E:={f,:]0,1] = R, fo(z) :=2": o € Rwith o > 0}.
The set E' is bounded in (C([0,1]), ] - |l1), where || - ||y is the L;-norm
1
I = [ 1f@lde. et

Proof: We work out the norms of the functions in £. For any a € R with o > 0,

1 1 1 gt |1 1
Il = [ Ufatlde = [Carlde= [Caar= T =
We have 1
iglgnfaul =S5 =L
and thus, for every a > 0, the function f,(x) = z* satisfies || f,||1 < 1. Thus the set
E is bounded in (C([0, 1]), || - [|1)- O

To prove the Bolzano-Weierstrass theorem for R™, we need the Bolzano-Weierstrass
theorem for R (from first year) which is stated below.

Theorem 6.50 (Bolzano-Weierstrass theorem for R)
Every bounded sequence {xy} in R with the absolute value norm |- | has a con-
vergent subsequence.

Now we can prove the Bolzano-Weierstrass theorem for R".

Theorem 6.51 (Bolzano-Weierstrass Theorem for R")
Every bounded sequence {x®} in R™ with the Euclidean norm || - ||z has a con-
vergent subsequence.

Proof of Thoerem 6.51 Let {X(k)} be a bounded sequence in R", that is, there
exists 7 > 0 such that ||x*)||, < r for all k¥ € N. This implies that every component
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sequence {xgk)} is bounded: for each j =1,2,...,n and for all £k € N

n 1/2
2] < (Z@E’“)?) = |Ix*| < (6.25)

i=1

Thus we know from the Bolzano-Weierstrass theorem in R (see Theorem 6.50 above)
that, since {:ng)} is bounded, {:ng)} has a convergent subsequence which we will
denote by {x&kl)} (where {k;} is a subsequence of {k} = N). Now we consider
{:cgkl)} which is bounded according to (6.25). (Note that we do only consider the
subsequence of {xék)} corresponding to the selection k& = k; from the first step.)
From the Bolzano-Weierstrass theorem, we know that, since {(**)} is bounded there
exists a convergent subsequence {xgkz)} of {:Eékl)} (where {ks2} C {k1}). We continue
this process and find finally that there exists a convergent subsequence {xﬁf") }. Since
the sets of indices are nested, that is {k,} C {kn,—1} C ... C {ko} C {k1} C N,
we see that {x§k”)} is a convergent subsequence for all j = 1,2,...,n. Thus from
Lemma 6.29, we know that {x*)} is a convergent subsequence of {x*)}. O

The Bolzano-Weierstrass theorem does not hold in arbitrary normed linear spaces.

Remark 6.52 (no Bolzano-Weierstrass Theorem for (C([a,b]), || - ||x))

The Bolzano-Weierstrass Theorem does mot hold for the space of continuous
functions with the supremum norm: A bounded sequence {f,} in C([a,b]) with
the supremum norm (that is, {f.} satisfies ||fn|loe < 7 for all n € N with some
fized v > 0) does in general not have a convergent subsequence.

For example, consider C([0,1]) and let {f.} be defined by f,(x) := 2", z € [0, 1].
Then {f,} and any subsequence {fn,} of {fn} converge pointwise to the function
f:]0,1] = R defined by

o if x©el0,1),
f@)'_{l if =1

Since the pointwise limit is not continuous, we know that the convergence is not
uniform, and the convergence of any subsequence will also not be uniform. The
sequence { fn} is bounded because || fullco = ||2"||cc = 1 for allm € N, but it does not
have any uniformly convergent subsequence.
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6.3 Open and Closed Subsets in Metric and Normed
Linear Spaces

In this section we discuss open sets and closed sets in metric spaces and normed
linear spaces and related terminology.

In Subsection 6.3.1, we start by defining open balls and closed balls in metric
spaces and normed linear spaces. Then we use the open balls to define interior
points of a subset of a metric space and normed linear space. With the notion of
interior points we can then finally define open subsets and closed subsets

In Subsection 6.3.2, we define the notion of an accumulation point of a subset
of a metric space or normed linear space. The concept of an accumulation point
can be also described with the help of sequences, and will derive various useful
characterizations of closed subsets with the help of the concept of accumulation
points.

6.3.1 Interior Points and Open and Closed Sets

We start by introducing open balls and closed balls in metric spaces.

Definition 6.53 (open and closed ball in a metric space)
Let (X, d) be a metric space. The open ball centred at y € X with radius r > 0
is defined by

B(y;r) ={x € X : d(z,y) <1},

and the closed ball centred at y € X with radius v > 0 is defined by

B(y;r) ={r e X : d(z,y) <r}.

For the special case of a normed linear space we obtain from Definition 6.53 the
following definition.
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Definition 6.54 (open and closed ball in a normed linear space)
Let (X, - ||) be a normed linear space. The open ball centred at y € X with
radius r > 0 is defined by

Blyir):={z e X : lx—y| <r},
and the closed ball centred at y € X with radius r > 0 is defined by

Bly;r) ={re X : |z -yl <r}.

We give some examples of open and closed balls.

Example 6.55 (open and closed balls in (R™, || - ||2))
In the Euclidean space R" with the Euclidean norm || - ||;. The open ball centred
at y € R with radius r» > 0 is given by

n 1/2
B(y;r):=(x€R" : [x -yl = (Z(yj—l"j)Z) <7,
k=1
and the closed ball centred at y with radius » > 0 is given by
" 1/2
B(y;r) ={x€R" : [x —yl>= <Z(yj—xj)2> <roe,
k=1

respectively. A little later we will see that the open ball B(y;r) is really open and

that the closed ball B(y;r) is really closed. O

For the case of the plane R? with a given norm we can easily plot open and closed
balls, and we will do this in the next example.

Example 6.56 (open balls and closed balls R? with various norms)
Define and plot the open ball B(0;1) and closed ball B(0;1) of radius r = 1 in R?
endowed with each of the following norms:

(a) [[(z1, z2)|ly := |21] + |22f;
(b) (21, 22)[l2 = /2T + 23;

() (@1, 22) ]| 1= max {|z1], 22|}
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Solution:
(a) In (R%]| - [[1), we have
B(0;1) = {(x1,22) : [w1] +]zo] <1} and  B(0;1) = {(x1,22) : [a1] + |za] < 1},

and we have plotted B(0;1) and B(0;1) in the left picture of Figure 6.1. The open
ball B(0;1) is the interior of the slanted square (without the boundary), whereas
the closed ball B(0;1) is the slanted square including the boundary.

(b) In (Rza || ’ ||2)> we have

B(0;1) = {(xl,@) RVETE 1} and B(0;1) = {(xl,@) (et +al< 1},

and we have plotted B(0;1) and B(0;1) in the middle picture of Figure 6.1. The
open ball B(0;1) is the interior of the disc (without the boundary), whereas the
closed ball B(0;1) is the disc including the boundary.

(c) In (R?, [ - [loc), we have

B(0;1) = {(x1, o) : max{|xy|,|z2|} < 1} and

B(0;1) = {(z1,25) : max{|z], |2} <1},

and we have plotted B(0;1) and B(0; 1) in the right picture of Figure 6.1. The open
ball B(0; 1) is the interior of the square (without the boundary), whereas the closed
ball B(0;1) is the square including the boundary. O

=

y

NVARY
Y

(a) (b) (c)
Figure 6.1: The open ball B(0;1) and closed ball B(0;1) in the space (a) (R2, ||-||;),
(b) (R%, ]| ||2), and (c) (R?, || - ||s0). In each plot B(0;1) is given by the area without
the boundary, and B(0;1) is given by the area including the boundary.
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We have seen in the last example that balls are not always balls as we imagine them
geometrically.

We consider another example.

Example 6.57 (open and closed balls in R with the discrete metric)
In Example 6.4, we saw that R with the discrete metric

_J0 ifx =y,

is a metric space. We want to determine what the open and closed balls in (R, d)
are. Consider the open ball B(y;r). From the definition of the discrete metric we
see that

{y} it r <1,

B(y;r)::{xe]R:d(x,y)<r}:{R ——

Likewise we see that the closed ball B(y;r) is given by

m::{xeﬂ%:d(x,y)gr}:{]g/} i :;1,

So we see that the open ball B(y;r) and the closed ball B(y;r) are either {y} or R,
depending on the value of r. O

Now we introduce, with the help of open balls, the notion of an interior point
of a subset of a metric space. Then we can define open (sub)sets and closed
(sub)sets in a metric space.

Definition 6.58 (interior points in a metric space)
Let (X,d) be a metric space, and let E be a subset of X. An element y € E is
called an interior point of E if for some r > 0 we have B(y;r) C E. We write

E for the set of all interior points of E.

Definition 6.59 (open set in a metric space)
Let (X, d) be a metric space and let E be a subset of X. The set E is called open

if every point in E is an interior point, that is, if £ = F.
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Definition 6.60 (closed set in a metric space)

Let (X,d) be a metric space, and let E be a subset of X. The set E is called
closed if its complement

X\E={reX :z¢FE}

1S open.

Note that the Definitions 6.58, 6.59, and 6.60 define automatically interiors points,
open sets, and closed sets in a normed linear space, since every normed linear space
(X, |l - 1) is, according to Lemma 6.8, a metric space with the metric

d(l’,y) = ||$’—y||, ZE',yGX.

Thus we obtain the following definitions for the special case of a normed linear space.

Definition 6.61 (interior points in a normed linear space)
Let (X, || - ||) be a normed linear space, and let E be a subset of X. An element
y € E is called an interior point of E if for some r > 0 we have B(y;r) C E.

We write E for the set of all interior points of E.

Definition 6.62 (open set in a normed linear)
Let (X, || -]|) be a normed linear space, and let E be a subset of X. The set E is

called open if every point in E is an interior point, that is, if E = F.

Definition 6.63 (closed set in a normed linear)

Let (X, | -]|) be a normed linear space, and let E be a subset of X. The set E is
called closed if its complement

X\E={reX :z¢E}

18 open.

A direct consequence of Definitions 6.60 and 6.63 is the following lemma:

Lemma 6.64 (complement of an open set is closed)
Consider a metric space (X, d) or a normed linear space (X, || -||), and let E be
a subset of X. The set E is open if and only if its complement X \ E is closed.
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Proof of Lemma 6.64 =: Suppose E is open. Then we see that X \ F is closed
because X \ (X \ E) = F is open.

<: Now if X \ F is closed, by definition its complement is open, that is, the set
X\ (X \ E)= FE is open. O

Now we will discuss some examples to become familiar with the notions of open and
closed sets.

Example 6.65 (open and closed sets in R)

(a) (0,1] is neither open nor closed in R.
(b) (0,1) is an open subset of R.
(c) [0,1] is a closed subset of R

Proof: We prove the three statements.

(a) Consider the point x = 1 in (0, 1]. For every ¢ > 0, the open ball
B(lie)={zeR : |1—z| <&}

contains the number 1+ ¢/2 (since |1 — (14 ¢/2)| = | —¢/2| = £/2 < ¢) which is
not in (0,1]. Thus 1 is not an interior point and (0, 1] is not open. To show that
(0,1] is not closed we consider the complement

R\ (0,1] = (—00,0] U (1, 00)

and show that it is not open. Consider the point = 0 in R\ (0, 1]. For every € > 0,
the open ball B(0;¢) contains the number min{e/2,1/2}, since

0 m'ng1 m'ng1 <E<5
272 2’2 — 2 ’

0 < mi el <1

min 555

we see that min{e/2,1/2} lies in (0, 1]. Thus min{e/2,1/2} lies not in R\ (0, 1], and
consequently B(0;¢) is not a subset of R\ (0, 1]. Thus 0 € R\ (0, 1] is not an interior
point of R\ (0,1], and R\ (0, 1] is not open. Consequently (0, 1] is not closed.

and from

(b) Consider an arbitrary point in x € (0,1). Take

r—0 1—=x
d :=mi
mm{ 5 g }
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We claim that B(z;0) = {y € R : |y — x| < §} is a subset of (0,1). If this is true
then any x € (0, 1) is an interior point and hence (0, 1) is open.

Now we show that B(z;d) C (0,1). Consider any y € B(x;d), then

y=rv+@y—2) < v+|y— o

< +0 + mi t—01-a
xXr = X min E—
2 7 2

1—=x 1+2z )
T+ 5 T 3 <1 since r < 1,

IA

and

y=r+(Yy—x) > rv—|y—7|

{ -0 1—:6}
> r—0 = z—min

> x— 5 :x—§:§>0 since z > 0.

Thus 0 < y < 1, that is, y € (0,1) as claimed. Hence B(z,d) C (0,1), and we see
that (0, 1) is open.

(¢) With a similar argumentation as in (b) we can show that the complement of
0, 1], given by
R\ [0,1] = (—00,0) U (1, 00)

is open. Thus [0, 1] is by definition closed. O

Remark 6.66 (open and closed intervals in R)
In analogy to the previous example we can show the following for intervals in R:

(a) [a,b] :={z €R : a<x<b} is closed.
(b) (a,b) :={x €R : a <z <b} is open.

(c) [a,0) :={z €R : a <z <b} and (a,b] :={x € R : a <z < b} are neither
open nor closed.

(d) The space R = (—o0, 00) and the empty set ) are both open and closed.

Next we show that open balls in R™ equipped with the Euclidean norm are open
subsets of R"™.

Example 6.67 (B(x;r) C R" is open)
Consider R™ with the Euclidean norm || - ||o. For x € R™ and r > 0, show that the
open ball B(x;r) C R" is an open set.
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Proof: We need to show that every y € B(x;r) is an interior point of B(x;r), that
is, for every y € B(x;r) there exists some € > 0, such that B(y;e) C B(x;r).

To prove this directly, we need some measurements. Since y € B(x;r), we have,
by definition that ||y — x| < r. Let 0 := |y — x||2, then 7 — 6 > 0, and we take
e := (r—9)/2. We want to show that B(y;e) C B(x;r), that is, if z € B(y;e),
then z € B(x;7). To see this, we use the triangle inequality as follows: For any
z € B(y;e),

[z—x[2 = [[(z—y)+(y —%)|2
< z—yl2+[ly — x|z
r—20 r+90
< 0 = 0 = <
e+ 5 + 5 T,

where we have used that § < r in the last step. Since ||z — x|[s < r, we have
z € B(x,r), and thus B(y;e) C B(x;r). O

We discuss some more examples.

Example 6.68 (open sets in R with the discrete metric)
In Example 6.4, we saw that R with the discrete metric

] 0 if r=uy,

is a metric space. Show that any subset F of R is open.

Solution: Let E be an arbitrary subset £ C R, and consider an arbitrary x € E.
Then we have to show that x is an interior point, that is, there exists an € > 0 such
that B(x;e) C E. For ¢ = 1/2, we have that (see Example 6.57)

B(m;%):{yER ; d(x,y)<%}:{x}CE.

Thus z is an interior point, and the set E is open. O

In the next example we want to determine the set of interior points of a given subset
of a metric space and then use this information to determine whether the set is open
or not.

Example 6.69 (interior points and open sets)
Find the set of interior points of each of the following subsets of the given normed
linear space, and determine whether the subset is open or not.
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(a) B(0;1) := {x = (21,%2,...,2,) € R" 1 ||X[|oc = max |z;] < 1}
1<j<n

as a subset of R” with the norm ||x||.c = max |z;|, x € R".
1<j<n

(b) The set of constant functions

E:={f€CR): f(z) :=C for all z € R and for any C' € R}

as a subset of C(R) with the supremum norm || f||o :=sup |f(x)|, f € C(R).
zeR

Solution:

(a) Claim: Every point x in B(0;1) is an interior point, and thus B(0; 1) is open.
Proof: Consider x € B(0;1). Then 6 := ||x]|; satisfies 0 < § < 1, and we will show
that

1-9¢
B(x;(1-9)/2) = {y = (WY yn) €R™ 2 ly = Xloo = max |y; — a5 < —}
<j<n 2
is a subset of B(0;1). Consider an arbitrary point y € B(x; (1 — §)/2); then from
the triable inequality and 0 < 1

1-9¢ 1446
ly =0l = llylls < lly = xll + fIx[h < ——=+d=—— <1
Thus y € B(0;1) and therefore B(x; (1 — §)/2) C B(0;1), and we see that all
x € B(0;1) are interior points and that B(0;1) is open. O

(b) Claim no function f in F is an interior point, and thus £ is not open.

Proof: Consider an arbitrary f € FE, that is, f(z) := C for all z € R with some
constant C' € R. For arbitrary ¢ > 0, the open ball

B(:2) = {9 € CR) < g~ flle = suplo(a) — (0] <
contains the function g : R — R, given by
g(x) = % sinx + C, x e R
Indeed, we have

£ £ 5 £
lg — flloo :ilengﬁ sin:E+C> —C‘ :ilég 5 sin:c‘ =3 sin (g) =5<¢

and thus g € B(f;¢) but ¢ ¢ E. Thus the open ball B(f;¢) is not contained in
E, and since € was arbitrary, we see that the constant function f(z) = C'is not an
interior point. Since f € F was arbitrary, we see that E contains no interior points.

The set of interior points E is empty, and the set E is not open. O
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6.3.2 Accumulation Points and Characterizations of Closed
Sets

In order to find a simpler way for checking whether a set is closed, let us first
introduce the notion of accumulation points. Then we will establish a simple
tool, Lemma 6.77 below, for determining whether a set £ C R" is closed.

Definition 6.70 (accumulation point)

Let E be a non-empty subset of a metric space (X,d) or a non-empty subset of
a normed linear space (X, || - ||). A point x € X is said to be an accumulation
point of E if for every e > 0, there is ' # x satisfying x' € B(x;e) N E. For a
non-empty set E C X, we denote by E' the set of all accumulation points

of E. Points in E who are not accumulation points are called isolated points.

Example 6.71 (normed linear space: interior pt. = accumulation pt.)
Let E be a non-empty subset of a normed linear space (X, || - ||). Any interior point
of F is an accumulation point. (Note this is not true in a metric space!)

Proof: We start by observing that, since X is a normed linear space, any open ball
B(y;~) contains elements other than y itself. (This is not necessarily true in a
metric space!) Now let z be an interior point of . Then there exists § > 0 such
that B(z;9) C E. Thus for any € > 0 the set B(x;¢) N B(z;0) is B(x; min{e;0})
and contains points other than z itself, and since B(x, min{e;d}) C B(x;6) C E,
we have a point y € B(x;¢) N E. Thus x is an accumulation point of E. O

We find the accumulation points and isolated points for some subsets of the normed
linear space R with the absolute value norm | - |.

Example 6.72 (accumulation points and isolated points)
Consider R with the absolute value norm |- |.

(a) The set of accumulation points of (0, 1] is [0, 1].

Proof: From Remark 6.71, we know that all z € (0,1) are accumulation points
since they are interior points. We claim that x = 0 and x = 1 are accumulation
points. Indeed, let &€ > 0 be arbitrary, and consider B(0;¢) and B(1;¢). Then
e/2 € B(0;e) N (0,1] and 1 —¢/2 € B(1;¢) N (0,1]. Thus x = 0 and = = 1 are
accumulation points.

For any point x € R\[0,1],let 6 :=x—1ifz > land § := 0—x = —zif v < 0. Then

we can show that B(x;60/2) N (0,1] = 0. Thus z € R\ [0, 1] is not an accumulation
point.
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We find that the set of all accumulation points is given by £’ = [0, 1]. O

(b) Similarly we can show that the set of all accumulation points of [0, 1], of [0, 1),
and of (0,1) is also [0, 1].

(¢) Consider E = [0,1] U {2}. Since B(2;1/2) N E = {2}, we see that x = 2 is not
an accumulation point. From (a), it follows that the set of accumulation points is
E’ =10,1]. The point = 2 is an isolated point.

(d) The set £ :={1/k : k € N} has the set of accumulation points E’ = {0}.

Proof: We have to show that for every ¢ > 0 the open ball B(0;¢) contains an
element from E. Let Let K € N be such that

1

? < E.
Then 1/K € EN B(0;¢). Thus x = 0 is an accumulation point of E. Since for
any point 1/k € E we have B(1/k;(2k(k + 1))"") N E = {1/k}, we see that all
points in F are isolated points (since they are not accumulation points). Any point
x ¢ FEU{0} is not an accumulation point because § := inf{|z — 1/k| : £ € N} >0

and thus B(z;/2) U E = (. O

Remark 6.73 (accumulation points may belong to £ or not)

Note that an accumulation point may or may not belongs to EE C R™. For example,
let E = (0,1] C R. In Ezample 6.72 (a) we have seen that both x = 0 and v = 1
are accumulation points of (0,1]. We observe that 1 € E whereas 0 ¢ E. O

We give another example.

Example 6.74 (subsets of R with the discrete metric)
In Example 6.4, we saw that R with the discrete metric

0 ifx=y
d = ’
(z.9) {1 if v # vy,

is a metric space. Any non-empty subset E of R with the discrete metric contains
only isolated points.

Proof: We have to show that no x € R is an accumulation point of E. Consider an
arbitrary € R. From Example 6.57 we know that for any ¢ < 1, the open ball
B(z;¢) contains only x itself, that is,

B(z;e) NR = B(x;¢) = {x} for all e < 1.
Thus x is not an accumulation point of E. This implies that any x € E is not an

accumulation point of E' but an isolated point of F. Thus F contains only isolated
points. O
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The next corollary is a consequence of the Bolzano-Weistrass theorem for R”
with the Euclidean norm || - ||2, and its proof shows that in (R™, || - ||2) there is a
close link between accumulation points and convergent sequences.

Corollary 6.75 (infinite bounded set in R” has an accumulation point)

1/2
Consider R™ with the FEuclidean norm ||x|| := (Z?:l sz) . Every non-empty

bounded infinite set E C R" has at least one accumulation point.

Remark 6.76 (comment on Corollary 6.75)
Note that Corollary 6.75 does not hold for general metric spaces or general normed
linear spaces. For example the closed bounded unit ball

B(0;1) :={x €R : d(z,0) < 1}
m R with the discrete metric

o

is bounded, and, in Evamples 6.57 and 6.74, we have seen that B(0;1) = R and that
R contains only isolated points, thus B(0;1) = R can have no accumulation point.

Proof of Corollary 6.75: Since F is infinite and bounded, the set £ contains a
bounded infinite sequence {x*)} C E of distinct points x*). From the Bolzano-
Weiertrass theorem (see Theorem 6.51), we know that {x(*)} contains a convergent
subsequence {x*1)}. Let x € R denote the limit of this subsequence. Then for every
e > 0 there exists N = N(e) € N such that

[x*) — x|y < e for all k; > N. (6.26)

From (6.26) and because the elements x*1) are distinct, we see that for every & > 0,
the open ball B(x;¢) contains an x*1) = x. Thus x is an accumulation point of the
infinite bounded set E. O

Now we learn two useful criteria for checking whether a subset of a metric
space or normed linear space is closed.

Lemma 6.77 (closed = contains all accumulation points)
Consider a metric space (X, d) or a normed linear space (X, ||-||). A set E C X
is closed if and only if E contains all its accumulation points, that is, E' C E.
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Proof of Lemma 6.77: =: Let E be closed. Assume that E’ is not contained
in F, that is, there exists an accumulation point x € E’\ E. Since E is closed,
X \ E is open. By the definition of an open set, there is some € > 0, such that
B(xz;e) € X \ E. On the other hand, since x € E’, there is some 2’ # z satisfying
2’ € B(x;e) N E. This contradicts the fact that B(z;¢) C X \ E. Thus we know
that our assumption was wrong and that all accumulation points of E are in E.

<: To show that £’ C E implies that F is closed, we need to show that X \ E is
open. Given any point € X \ E, we have to show that = is an interior point of
X \ E. Assume that X \ E is not open. Then there exists some z € X \ E such
that for every ¢ > 0, B(z;¢) is not completely contained in X \ E. Then there is
some x' € B(x;¢) that is not in X \ E, hence 2/ € E. In other words, for every
e > 0 there exists 2/ € B(x;¢) N E. Since x ¢ E, we have that 2/ € B(z;e) N E
satisfies 2/ # x, and we see that z is an accumulation point of E. Since = ¢ E, this
contradicts the assumption that £’ C E. Thus we know that our assumption, that
X \ E was not open, is wrong. Hence X \ E is open and thus F is closed. O

By adding all its accumulations points to a given set, we obtain the so-called closure
of a set.

Definition 6.78 (Closure of F)
Let E be a non-empty subset of a metric space (X, d) or a non-empty subset of
a normed linear space (X, || - ||). The set E := E' U E' is called the closure of E

We show that the closure is closed as the word seems to imply.

Lemma 6.79 (closure is closed)
Let E be a non-empty subset of a metric space (X, d) or a non-empty subset of
a normed linear space (X, || - ||). The closure E of E is closed.

Proof of Lemma 6.79: The set E = EUE' contains E and all accumulation points
of E. If we can show that this implies that E contains also all its accumulation
points, then we know that E is closed (from Lemma 6.77). We will show that every

accumulation point of E is also an accumulation point of E and thus is contained
in E, since E=FEUE.

Let = be an accumulation point of E. Then for every € > 0 there exists some y € E
with y # x and y € B(x;¢/2). Either y € Eory € E'. If y € E' but y ¢ E, then
there exists z € B(y;¢/2) with z € E, since y € E’ is an accumulation point of E.
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From the triangle inequality
€ €
d(l’, Z) S d(l’,y) +d(y,2’) < 5 + 5 =g,

and thus z € B(z,¢). Thus for every ¢ > 0, there exists a point in w € B(x;e) N E
with w # x, and therefore x is also an accumulation point of E. Thus x € E’ and
consequently z € E = EUE’. Thus E contains all its accumulation points and is
closed, from Lemma 6.77. O

The second criterion for a subset of a metric space being closed exploits the following
fact: Any accumulation point of a subset E of a metric space is the limit
of a convergent sequence {z;} whose members are all distinct (that is,
x # T if k # m). The limit of any convergent sequence {z;} in a normed
linear space whose members are all distinct is an accumulation point of
the set F := {x; : k € N}. These two statements will be derived, explained, and
used in the proof of Lemma 6.80 below.

Lemma 6.80 (criterion for being closed)

Consider a metric space (X, d) or a normed linear space (X, ||-||). A set E C X
is closed if and only if for every sequence {xy} C E that is convergent in X to
some x € X, the limit x lies in F.

Proof of Lemma 6.80: <: Assume that for every sequence {z;} that is convergent
to some x € X the limit x lies in E. We show that this condition implies that
E' C E. Let x € E' be an arbitrary accumulation point. Then for every k£ € N,
there is some zy € B(z;1/k) N E and x # x. Thus d(zx,x) < 1/k and {xx} C E.
Thus for every ¢ > 0, for N := min{k € N : 1/k < £} we have d(zg,z) < ¢ for
all £ > N, and we see that {z}} converges in X to x. From the assumption, this

implies € E. Thus all accumulation points lie in £ and from Lemma 6.77 the set
E is closed.

=: Suppose E is closed. We have to show that for every convergent sequence {zy}
the limit lies in £. From Lemma 6.77, we know that all accumulation points lie in
E. Now consider a sequence {x;} C E that converges in X to z € X. We have
to show two cases: (1) either {z}} contains infinitely many different points, or (2)
{1} contains only finitely many distinct points.

Let us first consider second case: If {x;} is convergent and contains only finitely
many distinct points, then we have z;, = xy for all £ > N with some N € N. Since
ry € E, we have that the limit x =z is in E.
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Now consider the first case: Let {x;} contain infinitely many distinct points. Be-
cause {zy} converges to z, for every € > 0, there exists some N such that d(zy, x) < ¢
for all £ > N. Thus there exists some z;, € B(x;¢)NE with x;, # x and with k > N.
This means that the limit = is an accumulation point of £ and hence lies in F since
E is closed. O

Lemma 6.80 is a very convenient tool for studying open and closed sets.

Example 6.81 (R and () are each open and closed)

1/2
In R™ with the Euclidean norm ||x||s := <Z?:1 a:?) the set R™ and the empty set

() are each closed and open.

Proof: First we want to show that R™ is open and () is closed. Consider an arbitrary
point x € R™ Then B(x;e) C R" for every ¢ > 0, and thus x is an interior
point. Since x € R™ was arbitrary, we know that all points in R™ are interior points.
Consequently, R™ is open, and its complement () = R™ \ R" is closed.

Now we show that R™ is closed and that () is open. Consider an arbitrary sequence
in {x®} C R" that converges in R" to some x € R". Then the limit is in the subset
R"™, and w know from Lemma 6.80 that the subset R" is closed in R™. Thus R" is
closed and it complement () = R™ \ R” is open. a

Example 6.82 (closed balls in R" are closed)
Show that the closed ball B(y;r) C R" is closed.

Proof: We want to apply Lemma 6.80. Let {x®)} be an arbitrary sequence in
B(y;r) with limy_., x* = x. Then ||x®*) —y||, <r for all k € N, and

ly =xll2 = 7 = x®) + x© =32 < [ly = x®flo + [Ix® = xl < 7+ [|x = x¥J2.

For k — oo we see that ||y — x|| < r because limj_., x*) = x and consequently
limy o ||Xx*) — x||s = 0. Thus x € B(y;r). From Lemma 6.80 we conclude that
B(x,r) is closed. O

Example 6.83 (closed set in R with the absolute value norm)
Show that the set £ C R (where R is equipped with the absolute value norm | - |),
given by

E::{%:keN}U{O}

is closed.
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Proof: We have seen in Example 6.72 that all points 1/k, k € N are isolated points,
and that 0 is the only accumulation point. Since 0 € E, the set E contains all its
accumulation points, and we know from Lemma 6.77 that F is closed in (R,|-|). O

The following example is a subset of R? with the Euclidean norm which is neither
open nor closed.

Example 6.84 (neither open nor closed set)

1/2
Let R? be equipped with the Euclidean norm ||x||, := <Z§:1 xf) = /i + 3.
Show that the set

V::{(a:,y)E]R2 : x>0,y20}

is neither open or closed.

Proof: First we show that V' is not closed. Consider the sequence {(1/k,0)} C V.
Then the limit in R? of {(1/k,0)} is limy_..(1/k,0) = (0,0), which is not in V.
Thus according to Lemma 6.80, V' is not closed.

Now we show that V is not open by showing that R?\ V is not closed. Let us
consider the sequence {(1,—1/k)} € R?\ V. Clearly limj_(1,—1/k) = (1,0), but,
since (1,0) € V, we see that (1,0) ¢ R?\ V. By Lemma 6.80, R? \ V is not closed.
Thus V' is not open. O

We discuss some more complicated examples.

Example 6.85 (closed unit ball in (C([a,b]), || - ||o)
The closed unit ball

B(0;1) = {f € C([a,0]) : [ flloo < 1}

in C([a, b]) with the supremum norm

[flle = sup [f(x),  f €C([a,b])

z€[a,b]
is closed.

Proof: Consider an arbitrary sequence of functions {f,,} C B(0;1) that converges
uniformly to some f € C([a,b]). Then

lim [ £y~ flloe =0
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and || fn]loo < 1 imply that

and thus, from lim,, . || f — fullec = 0, letting n — oo in (6.27) yields

1flleo < 1.

Since || f|loc < 1, we have f € B(0;1), and thus B(0; 1) is closed. O

Example 6.86 (closed sets in R with the discrete metric)
In Example 6.4, we saw that in R with the discrete metric

0 if x =y,
1 if © £y,

a closed ball B(y; ) is {y} if r < 1 and Rif » > 1. We want to show that any closed
ball B(y;r) is indeed closed.

d(z,y) := {

If > 1 then B(y;r) = R, and every convergent sequence {z;} in B(y;r) = R
has its limit in R. If 7 < 1 then B(y;r) = {y}, every sequence in B(y;r) = {y}
is constant, that is, {x;} satisfies x;, = y for all & € N. Thus {z}} converges to
y € B(y;r). Thus we see that B(y;r) is closed. O

Example 6.87 (closed set in (C(R),| - ||o))
The subset

E:={f€CR): f(zr):=Cforal x € R and any C € R}

of C(R), endowed with the supremum norm || f||~ := sup | f(z)], is closed.
zeR

Proof: We use Lemma 6.80 to prove that F is closed. Consider any uniformly
convergent sequence {f,} C E. From the definition of E, we know that every
function f,, : R — R is a constant function, that is,

falz) :=C, with some constant C,, € R.

Since the sequence {f,} converges uniformly to some function f € C(R), we have in
particular also that {f,} converges pointwise to f, that is

lim f,(x) = lim C, = f(z) for all z € R.

n—oo

Since for every = € R, the value f(z) is the limit of the sequence of real numbers
{C,}, we see that
f(z)=lim C, =:C  forall z € R,

n—~0o0
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that is, f : R — R is constant and thus belongs to E. Since the limit of every
uniformly convergent sequence { f,} C E lies in F, we know from Lemma 6.80 that
E is closed in (C(R), || - ||oo)- O



Appendix A

Appendix: Handout ‘Derivatives
and Integrals’

You are expected to know the following derivatives and integrals, and the listed
rules for dealing with derivatives and integrals.

1. Rules for dealing with derivatives

e product rule: Let f, g be differentiable on (a,b). Then

d

—(f(@)g(@) = f'(2) g(2) + f(2) ¢’ (@), @€ (a,D).

e quotient rule: Let f, g be differentiable on (a,b), and let g(z) # 0 for all
x € (a,b). Then

d (f(x)) _ (@) g(x) — f(z)g'(x)
dz \ g(v)

x € (a,b).

e chain rule: Let ¢ : (a,b) — (c,d) be differentiable, and let f : (¢,d) — R be
differentiable. Then

d

L og)w) = o) = Fle@) @), we (ab)
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2. Important derivatives

d
1. —(C)=0 for any constant C

dz
2. % (") =na™ !
3. % (") =e"
4. %(lnx):é for x > 0
5. o (sinz) = cosz
6. e (cosx) = —sinx

7. e (sinhx) = coshx

8. e (coshz) = sinh x
d 1 x T\ wi
9. e (tanz) = (cos2)? for v € (kr — 5, kn — §) with k € Z
10 4 (cotz) = — ! for x € (km, (k+ 1)7) with k € Z
Cdx ~ (sinz)? ’

Note that you can easily work out the last two derivatives with the quotient rule.

3. Rules and techniques for manipulating integrals

e fundamental theorem of calculus: Let f be continuous on (c,d), and let
F be a primitive of f. Then for all a,b € (¢, d)

/ f(z)dx = F(b) — F(a).
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e integration by parts: Integration by parts is based on the product rule.

Let F' and G be continuously differentiable on (c,d) and let let a,b € (c,d).
Then

/ Fl(2) G(x) dx = F(z) G@)]’ — / Flz) G (x) da.

e substitution: Substitution is based on the chain rule.
Let f : (¢,d) — R be continuous on (¢,d’), and let F' : (¢,d') — R be a
primitive of f, that is, F'(z) = f(x) for all z € (¢, d'). Let ¢ : (¢,d) — (¢, d')
be continuously differentiable. Then for any a,b € (¢, d)

b w(b) .
/ flo(x) ¢ (x) do = / . F(u) du = F(u)|%0) = F(p(b) — F(o(a)). ()

Formally we work this out by setting u = ¢(z). Then du/dx = ¢'(x), or
equivalently du = ¢'(x) dz, and replacing in the expression on the left of (%)
and using the assumptions yields (x).

e integrals of products and powers of trigonometric functions: Here the
following can for example be helpful:

— trigonometric identities

(repeated) integration by parts

— substitution

2 2

— replace (sinx)? =1 — (cosx)? or replace (cosz)? =1 — (sinz)

e trigonometric substitutions:

— if the integrand involves v a? — a2, set x = « sin f
— if the integrand involves va? + 22, set x = a tan 6
— if the integrand involves Va2 — a2, set x = « (cos 0)~*

e partial fractions: Partial fractions separation is used to evaluate integrals

[ aw*

where both P and () are polynomials (that is, the integrand is a rational

of the form

function) and where the polynomial degree of the numerator P is strictly less
than the polynomial degree of the denominator Q).
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If the polynomial degree of the numerator P is not strictly less than the poly-
nomial degree of the denominator @), then perform long division, in order to
decompose into the sum of a polynomial and a rational function of the form
P(z)/Q(z), with P and Q polynomials and degree(P) < degree(Q). After
this perform partial fraction separation for P(z)/Q(x).

We can have the following three cases (as well as combinations of them):

1. non-repeated linear factors: The denominator () is of the form
Qx) = (z—r)(x—r2)- - (x —70)

with all r; distinct (that is, r; # r; if ¢ # j). Then there exist constants
Ay, ..., A, such that
P(ZL’) Al A2 An

_ + ot .
Qlx) x—r1 x—19 T —r,

2. repeated linear factors: The denominator () is of the form
Q(x) = (x — r)™ - other factors,

where m > 2 is the largest possible power of (x — r) in this factorization
(This means the other factors do not contain any powers of (x — r).)
Then we obtain from the portion of the fraction corresponding to the
factor (x — r)™ a contribution

Al A2 Am

$—7“+(1’—7“)2+‘”+W

to the partial fraction. Again the Ay, As, ..., A,, are constants.

3. quadratic factors: The denominator () is of the form
Q(z) = ((x — @)® + %)™ - other factors,

where m > 1 is the largest possible power of ((x — «)? + 3?) in this factor-
ization. (That means the other factors contain no powers of ((z — «)? + 3?).)
Then we obtain from the portion of the fraction corresponding to the fac-
tor ((x — a)*+ #*)™ a contribution

01I+D1 CQZL'—I—DQ I le'+Dm
(e 0P+ 3 (w—ap+p)y (@ aP )"

to the partial fraction. Here Cy, Dy, Cs, D, ..., C,,, D,, are constants.
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4. Important integrals

b
1. / Cdr=Cz>=C(b—a) forany constant C' € R

b n+1
2./:c"d:c: <
a n+1

b
3. e dr =P = el — e
a
a

b
bn+1 an+1

a_n+1_n+1

b
1
4./Edmz(ln|x\)\gzln\b|—ln|a\ with either a <b<Oor0<a<b

b
d. / sinx dr = — cos x|’ = cosa — cosb
a

cosz dr = sinz|? = sinb — sina

&
z\
o

b
sinh 2 do = cosh z|® = coshb — cosha

T~

@

b
/ cosh z dr = sinh 2| = sinh b — sinha

©

b
1
: / mdm = tanz|’ = tanb — tana
x
a

with @ < b and a,b € (k7 — 5, k7 + 5), where k € Z

b

1

10. / ———dv = —cot x|’ = cota — cotb
o (sinz)?

with @ < b and a,b € (km, (k + 1)7), where k € Z

b
11. / tanz dr = —(In|cosz|)|° = In|cosa| — In| cos b|
with a < b and a,b € (kr — 5, km + 7)), where k € Z
b
12. / cotzdr = (In|sinz|)|’ = In|sinb| — In|sin al

with @ < b and a,b € (km, (k + 1)7), where k € Z

Note that the last two integrals can be easily worked out with substitution.



